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Preface

This book is a detailed description of the basics of three-dimensional digital
image processing. A 3D digital image (abbreviated as “3D image” below)
is a digitalized representation of a 3D object or an entire 3D space, stored
in a computer as a 3D array. Whereas normal digital image processing is
concerned with screens that are a collection of square shapes called “pixels”
and their corresponding density levels, the “image plane” in three dimensions
is represented by a division into cubical graphical elements (called “voxels”)
that represent corresponding density levels.

In the context of image processing, in many cases 3D image processing will
refer to the input of multiple 2D images and performing processing in order
to understand the 3D space (or “scene”) that they depict. This is a result of
research into how to use input from image sensors such as television cameras
as a basis for learning about a 3D scene, thereby replicating the sense of
vision for humans or intelligent robots, and this has been the central problem
in image processing research since the 1970s.

However, a completely different type of image with its own new problems,
the 3D digital image discussed in this book, rapidly took prominence in the
1980s, particularly in the field of medical imaging. These were recordings of
human bodies obtained through computed (or “computerized”) tomography
(CT), images that recorded not only the external, visible surface of the subject
but also, to some degree of resolution, its internal structure. This was a type
of image that no one had experienced before.

The biggest problem when processing such 3D images is that they include
new problems in 3D digital geometry. Examples include surface/axis thin-
ning (equivalent to thinning the lines in a 2D image), topology-preserving
processing, calculation of Euler numbers, etc. Another problematic aspect is
the limitation of human vision. Humans are not able to directly view a 3D
image that includes internal structure. Neither is it a simple task to hold a
complex 3D form in one’s head. For areas such as these, computer processing
is superior to human sight. Another consideration in 3D scene comprehension
is “dimensional degeneration” (where it is necessary to recreate a 3D scene
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of handling 3D digital images.
This book describes the geometric properties of 3D images and the fun-

damentals of 3D image processing. First, Chapter 2 formally defines the con-
cepts and notation used with 3D images and their processing (calculations
performed on the image). Next, Chapter 3 introduces localized processing,
also known as filtering. This chapter shows how methods of 2D image pro-
cessing are extended to 3D images, and introduces some localized processes
that are frequently used in 3D image processing.

Chapters 4 and 5 are the core portion of the book. Chapter 4 begins with
a definition of connectivity and defines some fundamental concepts such as
topology preservation conditions, Euler numbers, and path and distance func-
tions, thereby leading to some important properties. Chapter 5 uses the ideas
developed in Chapter 4 to present algorithms for processing connected compo-
nents (for example, labeling, surface/axis thinning, distance transformation,
etc.). Algorithms are given as specific examples in a code-like form, and a
detailed explanation as to how they were derived is also given.

Chapter 6 is a simple explanation of processing connected components
having density values. The book ends with a description of 3D image visu-
alization in Chapter 7. The chapter uses techniques from computer graphics
(CG) as typified by volume rendering, but the discussion is limited to those
techniques necessary for 3D image visualization, not CG as a whole.

The book has a reference listing at its end. The list is divided by source
into those from individual papers, such as from academic journals, and those
from technical books. This is done for the benefit of those readers requiring
the detailed knowledge available from the technical books. The purpose of the
individual papers is of one of three types. The first type is concerned with
when and based on what research matters discussed in this book were pre-
sented. That is why many of those papers are from when the author was at
Nagoya University. The second type indicates when the matters discussed in
this book were first presented. These two types taken together indicate the
author’s desire to record, to the author’s knowledge, when and where original
results came about. The third type indicates originating research centers from
which the algorithms and experimental results included in this book came
about. The list includes several papers from Japanese academic journals, each
having gone through the academic review processes prescribed by the associ-
ated academy. Each should be obtainable from the academy, including those
originally written in Japanese. Of course, the English version of each paper
is listed where such a version exists. Creating an exhaustive listing of every
related paper would be extremely difficult, and so the listing is not claimed as
being complete. Hopefully the list will provide a starting point in the pursuit
of any further information that may be required.

based on some small number of images of 2D visible surfaces). For these points
to be implemented, however, it is first necessary to establish the fundamentals
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INTRODUCTION

1.1 Overview

This book is a systematic and detailed description of the basics of 3D images
and their processing. Before beginning with specific details, however, we will
discuss an overview of 3D images and their processing, and also will introduce
the contents of each chapter in the book.

1.1.1 3D continuous images

Generally, 2D images are printed onto paper or film or displayed on a screen.
Therefore, the brightness (luminosity or density), reflectivity, transmissivity,
etc. of a given point (x, y) on the screen can be clearly represented by a two-
variable real function f(x, y). The value of f is clearly defined physically as
the “density” or the “intensity” of the point.

The 3D images (more precisely, the 3D continuous images) covered in this
book are formal extension of such 2D images into 3D. In other words, a point
(x, y, z) in 3D space is taken as data with a density value function f(x, y, z).
The content of the density function f , however, will be completely different. It
will change greatly for each individual image, without the high commonality
of density as is found in 2D images. For the time being, however, this book
will continue to use the term “density.” More precise definitions are given in
Chapter 2. Specific examples are given in Section 1.2.

1.1.2 3D digital images

This book is concerned with digital image processing; in other words, image
processing using computers. In order for such processing to take place, the 3D
continuous image must be digitized. By analogy with 2D images, the screen
is split up into pixels and the density value of each is represented by a finite
number of bits. The pixels themselves also are extended to 3D and are called
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voxels, the 3D equivalent of pixels. An image that has been digitized in such a
manner is called a three-dimensional digital image, abbreviated as 3D image
in this book. Chapter 2 will discuss the details of digitalization and the formal
expression of digital images.

Ideally, digital images should be created so that an original continuous
image is digitized with the same precision in the x, y, and z axes in 3D space.
However, doing so is not always an easy task, given current image acquisition
technologies (imaging technologies). A common practice, as we will see in an
example below, is to create multiple 2D cross-sectional images that are parallel
to a given direction and separated by an appropriate spacing and to create
a 3D image by aligning and stacking those images. In such a situation, the
size of the pixels in the cross section, that is, the precision of digitalization,
and the spacing between cross sections are not necessarily the same. In most
cases, the spacing between cross sections will be larger. We will discuss the
details in Chapter 2; however, this book will assume that, unless mentioned
otherwise, digitalization both between and within cross sections is at the same
resolution.

Remark 1.1. Common usage infers that an image refers to a 2D representa-
tion drawn on a plane. Our use of the term “3D image” probably gives readers
an impression somewhat different from the standard meaning of what “image
usually means.” It is not clear why that word is applied here. The term prob-
ably comes from the use in medical imaging and other applied fields of images
along with 2D images as a method of diagnostic imaging, and because humans
have been observed as a series of cross sections, in other words, a collection of
2D images, etc. Their 3D-ness is likely not particularly considered, and so the
term “image” is used naturally, without any particular sense of incongruity

Remark 1.2. Generally speaking, there are two ways to handle images in
which the spacing between cross sections is larger. One is to just treat it as
a 3D image, taking voxels not as cubes but as rectangular solids. The other
is to use some appropriate method to interpolate new cross sections between
the existing ones in a manner such that the sampling spacing becomes as
similar as possible in all three directions. In reality, the sampling distance
in each direction will not be at an integral ratio; thus, creating precisely
cubical elements (in other words, voxels that are exact cubes) will not be
possible. Some image processing algorithms can be directly applied to non-
cubic elements; however, the majority of processes cannot, and those will
be limited to approximating values within a given range of precision. When
measuring certain features on digital images, it therefore will be necessary to
verify the image acquisition process and then make any necessary corrections.

This is also related to the equipment and methods used for imaging and
digitalization. For example, when the imaging is performed on digital process-
ing equipment, the sampling distance will be determined by the capabilities of
the imaging device, and so the quality of the resulting image will depend on
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the device used. For example, for cross-sectional images generated by the med-
ical imaging devices such as X-ray CT or magnetic resonance imaging (MRI),
factors such as the capabilities of the imaging devices and the meaning of the
data obtained, as well as the burden placed upon the patient, must be taken
into consideration. Recent X-ray CT devices allow for the reconstruction of
cross sections at an arbitrary cross-sectional spacing (reconstruction pitch)
after acquisition of the sensing data.

On the other hand, in the case of microscopic imaging of pathological sam-
ples, digitalization is sometimes performed by creating a continuous image (a
micrograph) from scans of cross sections after exposure by sequential shaving
of the specimen. In such a case, the spacing of cross sections is determined
at the point where the photograph is taken or the specimen is shaved, but
selection of the sampling distances within the cross section is limited only by
the capabilities of the scanner, leaving a wide degree of freedom.

1.2 What does “3D image” mean?

The terms “3D image” and “3D image processing” are generally used with a
wide variety of meanings. This section and the one following it give a simple
overview of those meanings.

1.2.1 Dimensionality of the media and of the subject

It is first necessary to make a clear distinction between the dimensionality of
the media (or, the dimensionality of the data structure) and that of the subject
(or content).

The former refers to the dimensionality of the space (media) that con-
tains the record of the image. When density values for each point in an n-
dimensional space are recorded, the result is referred to as an n-dimensional
image. For example, an image drawn on a 2D plane such as paper is a 2D im-
age, and an image recorded in a 3D space is a 3D image. For an n-dimensional
digital image, density values are recorded in an n-dimensional array.

Dimensionality of the subject refers to the dimensionality of that thing
(scene) that is recorded in the image, or to that object that is the main
subject of processing. For example, an image that records a 3D scene or a 3D
object might be called a 3D image, even if it is recorded on paper. Similarly,
a 3-dimensional scene drawn using computer graphics is referred to as 3D
graphics, even when displayed on a 2D screen.

1.2.2 Types of 3D images

The meaning of the word “dimension” discussed above is used with a variety
of meanings. The following are differing types of what each are called 3D
images:
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(1) Image data that are recorded (stored) in a 3D array: This is a 3D image (a
continuous image, or a digital image) of the type described in Section 1.1,
and the main type discussed in this book. Specific examples are given in
the following section and subsequently throughout the book, starting in
Chapter 2. More specifically, however, this book is most concerned with
3D images in which recorded data are related not only to visible surfaces,
but also to structures internal to the subject.

(2) Images depicting 3D scenes and 3D objects: In this case, the term 3D
image is used despite the fact that it is a picture, photograph, or graph
drawn on a 2D space (paper, etc.). In actuality, however, we will limit this
to those images in which steps have been taken so that the image will be
recognized by the viewer as that of a 3D scene or object.

(3) Images intentionally created so as to create a stereoscopic effect (a sense
of 3-dimensionality) in the viewer: This would refer to, for example, a pair
of 2D images intended to be viewed with one eye each (a stereogram). The
image described in Remark 1.3 falls into this category.

(4) Images in which the density value itself contains information related to a
3D space: For example, range images and certain types of relief contour
maps (see Remark 1.4).

(5) Special images in which the form of a 3D object is recreated optically: This
would include various types of holograms.

(6) 2D dynamic images: This refers to a time series of 2D images that record
changes over time (movement of an object, etc.) in the subject scene.
These images are also recorded in a 3D array, but the coordinate axes are
spatiotemporal, measuring 2D positioning in space along with time, and
so in that sense are not truly isotropic. An extension of this type would be
a 4D image that records the changes over time of a 3D image as described
in (1) (in other words, a 3D movie).

Of the above, only images of the type described in (1) contain information
related to the overall structure of a 3D object, including its interior. In this
book, when it is necessary to make a distinction with other types, such images
will sometimes be called true 3D images or voxel construction images.

Remark 1.3. There exist a variety of different ways to create images that
cause a feeling of reality or immersion in the viewer of a 3D space. Projection of
images onto extremely large, curved screens or domed screens is one example.
Such methods cause the viewer to visually interpret themselves as being inside
of a surrounding 3D environment. Of course, actual objects are not recreated,
and so only those faces shown in the picture can be seen. The viewer could
not move so as to see the opposite side of an object, for example.

Aside from this, there are methods by which an image is created so
that the same light rays or wave fronts as when viewing the actual object
are visualized by the observer. Examples are holograms and volumegraphs
[Dohi00, Nakajima00]. These examples allow viewers to change, to some ex-
tent, the visible face of an object by changing their point of view.
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1.2.3 Cues for 3D information

Given a 2D image, or two to three 2D images (2D in the sense that they are
drawn on a plane or that the dimensionality of the media is 2), the following
types of cues contain information related to the third dimension and create a
3D effect, or a sense of depth (Fig. 1.1):

(1) In a single image
• Shading (object surface brightness or changes therein)
• Shadows (changes in brightness of an object brought about by blockage

of light upon it by another object)
• Occlusion (the hiding of a background object by a foreground object)
• Deformation of known patterns by the surface of the subject (defor-

mations of slit light due to surface irregularities, etc.)
• Drawings using perspective transformations (shapes drawn using meth-

ods of perspective)
• Blurring and contrast (for example, drawing objects far away as

blurred)
• Hues (for example, drawing objects far away with a bluish tinge)
• Reflections (reflection of another object on the surface of the subject)

(2) In two or more images
• A combination of multiple images of the same object, depicting a dif-

ferent angle (a multi angle image). Examples of this are pairs of images
corresponding to the information brought in by each of the right and
left eye (stereocorrespondence), or tri directional design drawings.

(3) In images that include motion
• Objects that move quickly on the screen appear to be closer, while

those moving more slowly appear to be farther away.

Using a 2D image to understand the state of a 3D scene (the positioning
of objects, etc.) based on these limited cues is a topic of primary importance
in the field of computer vision. Depending on the cues used, these problems
have names of the form “shape from X,” for example, “shape from shading,”
“shape from texture,” etc. [Horn86] see also Section 1.4. Because these cues
contain at least some information related to the 3D object, they are sometimes
called 2.5D images.

1.2.4 Specific examples of 3D images

This section discusses several specific examples, focusing on true and near-true
3D images (see Fig. 1.2).

(a) Computed tomography (CT)

CT, an X ray-based method first made practical in the early 1970s, uses
the Radon transform to measure the strength of X-rays penetrating a human
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(a) (b)

(c) (d)

(e) (f)

Fig. 1.1. Cues to depth perception in a monocular image: (a) Arrangement of the
same shape of figures with shading; (b) perspective - a pedestrian overpass; (c)
perspective - a five-storied pagoda; (d) perspective - a gate of a Buddhist temple;
(e) perspective - a passage across a pond in Japanese garden; (f) perspective - a
passage of a hotel.

body from multiple directions (a 1D projection) to recreate a 2D cross section.
This is referred to as X-ray CT [Bankman00, Ritman03]. Later, the method
was further developed by moving the subject (a human body) parallel to the
device and continuously rotating the X-ray tubes and sensor system. By doing
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(g) (h)

(i) (j)

(k) (l)

Fig. 1.1. (Continued): (g) Aerial photograph of Japanese Alps; (h) building faces
of changing brightness; (i) spherical monument with metallic surface in a museum;
(j) perspective of a hall in a hotel; (k) sculptures with smooth surfaces lit by street
light; (l) building faces of different brightness.

so multiple parallel cross sections are created, allowing for continuous scanning
of the subject. Methods also developed for extremely high-speed imaging of
slices, allowing a specific portion of the patient to be recreated in 3D through
the use of tens up to hundreds of parallel images (helical or spiral CT, or multi
slice CT). At present, this method allows for the creation of images that are
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(a)

(b)

Fig. 1.2. Examples of 3D images: (a) Slices of CT images of the human body; (b)
microscope images of tissue sections.

the closest to true 3D. Recent devices are approaching true 3D images with an
approximately isotropic resolution of 1 mm [Bankman00, Ritman03]. These
images require large amounts of data, and in a medical setting there is a good
chance that many images, for example, 512× 512× 512 3D gray-scale images,
might be created.

The principles behind CT also are being applied to other fields. One well-
known example is emission CT, where radioactive isotopes (RIs) are injected
into patients, and then gamma ray emissions are acquired to recreate cross
sections (see Remark 1.4). X-ray CT has also started to be used for the internal
inspection and measurement of industrial products. New applications are also
attracting attention, including, for example, applications to computer-aided
design (CAD), precise measurement of products, and internal inspection of
machine parts while the device is in operation [Hardin00]. In each case, the
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X-ray attenuation coefficient at specific points within the object is measured,
and this along with spatial changes show the internal structure of the sub-
ject, allowing use of the data as 3D shape information. Currently, recording
similar resolutions both between and within slices is somewhat difficult, with
spacing between slices tending to be to some extent larger. Developments in
the technology are extremely rapid, however, and so such problems will likely
be improved soon.

Remark 1.4. More specifically, this is referred to by names such as positron
emission tomography (PET) and single photon emission CT (SPECT). These
technologies are attracting attention as ways to measure brain functioning. As
with X-ray CT, the measurement of the integral of attenuation along the path
of an X-ray is required. Recent devices allow for imaging while simultaneously
performing X-ray CT.

(b) Magnetic resonance imaging

Magnetic resonance imaging (MRI) is a technique in which the subject is
placed within a magnetic field that is altered at a specific frequency, causing
the subject to emit signals at the spin resonance frequencies of the nuclei of
its component atoms, and the strength of those emissions are measured. By
placing the subject in a precisely controlled magnetic field and controlling in-
formation from signal detection positions, the strength of the resonance signal
at any arbitrary point and surrounding micro scale area can be measured, even
from within the subject [Bankman00]. The strength of the resonance signal
gives the number (ratio) of atoms corresponding to the signal in that area.
At present the technique is used mainly on human subjects as a way to view
hydrogen ratios, making it an effective tool in cancer and tumor diagnosis, as
well as acquiring information about brain, heart, muscle, and other soft tis-
sue form and composition. Isotropic data are more easily obtained than with
the X-ray CT method described above, though some distortion is caused by
empty cavities. Types of information that can be obtained using this method
are still increasing rapidly.

(c) Tissue sample microscopy

In medicine, examination of pathological samples is performed by hardening
an actual sample, shaving off slices in thicknesses measured in microns, and
then observing those slices under an optical microscope. By taking and digital-
izing sequential photographs of the image in the microscope (or by connecting
a CCD camera to directly acquire images from the microscope), a 3D image
can be obtained. When using this technique, however, it is difficult to keep
the distancing within the slice and between slices the same, and aligning the
position of adjacent slices is problematic. In theory large-scale 3D images of
up to 1000× 1000× 500 elements can be obtained, but digitalization requires
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extreme effort, and building up a 3D structure can be difficult. Nonetheless
the technique is an extremely important one, as it allows judgments to be
made based on direct observation of the actual sample (see Fig. 1.2).

(d) Artificial imaging

This refers to computer-based creation of the image data in their entirety,
with an array of 3D data created as a time series and used as the subject
of visualization. Some examples include the behavior of physical phenomena
based on numerical solutions to differential equations (the behavior of fluids,
deformation of materials, electromagnetic field strengths, etc.), saving image
data as voxel data for use in computer graphics, creating a virtual space and
storing it as voxel data, etc. As computer performance continues to improve,
computer simulations have rapidly become increasingly more important as
a fundamental method of scientific research. Computational physics is one
example. In such cases, it is typical for data resulting from computer ex-
periments to be created and stored as large-scale voxel structure data and
visualization tools used to make viewing of the data possible. Along with
the increasing importance of such methods, a variety of techniques has been
developed for visualization and is currently an important topic in 3D image
processing [IEEE95c, Johnson06].

(e) Range imaging

A range image is one in which a reference point (or reference plane, generally
the location of the point of view or that of the measuring device) is chosen,
and the distance from that point to the surface of all objects forward from the
point is measured and recorded. Systems measuring propagation times from
reflected lasers or ultrasound (called “range finders”) are used to find the dis-
tance to reflective surfaces. Similar devices include fish detectors, ultrasound
equipment used in medical imaging, and display screens on radar receivers.
These devices do not allow internal structures to be recorded, but can handle
applications related to external surface forms. Though these cannot be called
true 3D images, they can be thought of as 3D in the sense that they can
measure the distance to complex curved surfaces from multiple directions, the
representation of which requires the use of a 3D space. The devices have been
used in a variety of methods and areas, including the use of lasers to record the
shape of human faces and bodies, the input of simple 3D shapes, examination
of the image of human organs using ultrasound, observation of micron-order
surface features on VLSI components using confocal microscopy, etc.

A somewhat analogous scenario is to take a 2D gray-scale image f(x, y)
as a surface in 3D space described by x, y, f . Taking this perspective one can
analyze the features of the 3D curve, which is taken as a part of 2D image
processing. Extending this to a true 3D image as discussed above makes it a
4D image (see Chapter 6).
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Standard X-ray images of the human body (meaning not CT, but rather
the previous standard imaging) is not quite so precise, yet it too has its own
depth of information. In fact, by examining several X-ray images taken at
different angles, one can to some extent recreate a 3D image showing the
internal structure of organs and blood vessels.

(f) Animated images

A true 3D image is stored in a 3D array and moreover has three axes (i, j, k),
indicating position in space. In other cases, a time series of 2D images (in
other words, an animation) may be stored in a 3D array and treated as a
single 3D image. In such cases these objects are treated as true 3D images
having rectangular image elements (in most cases, the direction of the time
axis and that of the other axes will represent different physical meanings and
resolutions), but generally they are not referred to as 3D images. Instead they
are often called spatiotemporal images. (In other cases, images may show
foreground and background relationships between objects due to occlusion, or
as discussed above an otherwise 2D image may carry some 3D information.
Such images are often called 2.5D images.) Video and television images are
trivial examples. Some processing, for example, tracking and measuring the
movement of specific objects in an image or editing support, is effectively
performed when the image is treated as a 3D one. There has been interesting
research in recent years related to creating a virtual environment (including
temporal changes) within a computer in real time, based on a 3D space created
using images from multiple TV cameras, and furthermore adding 3D image
data for objects that do not actually exist. This is referred to as mixed reality
[Ohta99].

(g) Variable focus microscopy images

By using a device that can view a single object from a fixed angle, making
fine adjustments to the position of the focus surface (that object surface on
which the focus is aimed), and taking a series of photographs after moving the
focus surface by tiny amounts, one can create a composite image that records
surface irregularities in the direction of the optic axis. This allows for distance
measurements between points on the visible surface of the object along the
primary axis of the photographic lens. A 3D image of those surface irregular-
ities then can be created. If the object of study is transparent, then observa-
tion of its internal structure is also possible. A well-known example of such a
device is the confocal laser microscope. Examples of applications include mi-
croscopy of tissue samples from living specimens and examination of surface
features on VLSI devices [Ichikawa94, Ichikawa95, Ichikawa96, Vitria96]. See
also [Geissler99].
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Fig. 1.3. Example of a 3D image. Surface of a sample of a VLSI observed by a
confocal microscope [Ichikawa96].

1.3 Types and characteristics of 3D image processing

1.3.1 Examples of 3D image processing

Taking “3D image” in its meaning as described above, then “3D image pro-
cessing” will mean the process of creation, display, transmission, identification,
etc., of such a 3D image. The following are a few examples.

(a) Processing of true 3D images

This is literal 3D image processing and refers to all processing performed on
true 3D images, especially to their display, measurement, identification, and
understanding. This type of processing is the main focus of this book.

(b) Comprehension of 3D objects and 3D scenes

This refers to making computers identify and comprehend the state of 3D
objects and scenes on the basis of a single or relatively small number of 2D
images. When doing so, cues such as those described in Section 1.2.3 are uti-
lized. As described previously, this is a core theme in the field of computer
vision. Unless otherwise specified, this is often what the phrase “3D process-
ing” refers to [Watt98, Kanatani90, Horn86].

(c) Creation and display of semi-3D images in 2D

This refers to the display (rendering) of an image that appears to the human
eye to be in 3D (i.e., types (2) and (3) in Section 1.2.2 above) on a 2D screen
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such as a computer display. Such processing lies within the realm of computer
graphics and is also called 3D graphics. Important features include determi-
nation of shapes using the laws of perspective (perspective projections) and
creation of shading and shadows using a variety of supplied methods (re-
flectivity models of the object surface, correspondence relationships between
distance and density values, characteristics related to the shape of the object
and the shape of light sources, characteristics of component materials, etc.).

(d) Creation and display of 3D images using optical and visual
effects

A variety of 3D images of types (3) and (4) as described in Section 1.2.2, such
as stereovision and holograms, can be created and displayed.

(e) Stereology

When only a small number of cross sections of the 3D object can be observed,
mainly geometric and statistical methods can be applied to whatever infor-
mation can be ascertained from them to obtain information about the 3D
space. Active research into such attempts has been ongoing over the past two
or three decades in a wide variety of applied fields, including biology, pathol-
ogy, crystallography, and mineralogy. The methodology also has been to some
extent theoretically systematized and is now called stereology. Academically,
stereology is included in a field called the science of form, and active research
continues. In recent years, advances in imaging and computer technology have
made possible the measurement of entire spaces in other areas, and so inter-
est has waned. The underlying logic remains valid, however, and there remain
cases where for some subjects information can be obtained only from only a
very limited number of cross sections, and so this remains an important basic
method. See, for example, the original articles by [Toth72, Weibel79], etc.

1.3.2 Virtual spaces as 3D digital images

True 3D images are recordings of some characteristic value for an entire 3D
space, including both the interiors and exteriors of any objects. When those
values are read into a computer, the subjects, or an overall 3D structure, are
recorded therein. Viewing such as a virtual reality (VR), one can say that
the objects (or the space) have been virtualized and now reside within the
computer. Of course, such objects are no longer restrained by the laws of
reality and can be manipulated as desired. This is an important perspective,
and presents great possibilities for VR technology applications. For example,
taking CT imaging of a human subject as a representative example of a true 3D
image, that image represents a virtualized human body within the computer.
This makes it possible to perform a number of actions that are difficult to
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perform on an actual human body, such as observations, examinations (for
example, virtual endoscopy [Toriwaki00, Toriwaki04]), and simulated surgeries
[Taylor96]).

1.3.3 Characteristics of 3D image processing

The following is a simple summary of some of the characteristics of 3D image
processing, as compared to 2D image processing (in particular, transforma-
tions, recognition, and understanding).

(a) As compared to human recognition and understanding of
images

Not everything is understood about human pattern recognition capabilities,
but they are extremely powerful, at least in the case of 2D images. Further-
more, humans have a high level of intellectual ability with regard to under-
standing 3D conditions (the form and relative location of objects) based on
visual input from a 2D source. Reproducing such capabilities in a computer
is a central problem in the field of computer vision, yet as of today in most
cases the abilities of computers lag far behind that of humans. The 3D images
treated in this book, on the other hand, while perhaps limited by the capa-
bilities of imaging technology, retain information about all points in the 3D
space, including the interiors of subjects. Humans, it would seem, go through
a process of combining 2D images, cross sections, to mentally build a 3D
structure. Strictly speaking, we cannot yet guarantee that such a process is
actually occurring, but when viewed from the outside it seems as if that is
indeed the case.

For computers, on the other hand, moving from two dimensions to three
is simply a routine extension to the processing of data held in an array, and
is not fundamentally different. Computers can easily access any given image
element in either two or three dimensions, but humans are not able to directly
view the internals of a 3D image. Furthermore, because true 3D images also
include all information about the internal structure of the subject, complex
processing related to the recovery of a 3D image from a 2D source, such as
occlusion or stereopsis, is unnecessary. In that regard, computer processing is
even preferable to human vision.

Moreover, while most true 3D images are of completely new things that
until very recently humans have had no contact with, most 2D images are
of things that humans have been in constant contact with since the days of
the wall paintings of Altamira and Lascaux. As such, it probably would be
extremely difficult for a human viewer to have a direct comprehension of a
3D image in the same manner as with a 2D image.
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(b) Amounts of data

As compared with 2D images, 3D images represent massive amounts of data. A
single X-ray CT image, for example, may be 512×512×512bytes, while images
from tissue sample microscopy may be as large as 3000 × 2000 × 500 bytes.
This has huge effects on all aspects of the image processing system. Already,
data transfer between sensors and processors poses a significant problem in
CT devices.

(c) The importance of display technology

As described in (1) above, it is difficult for humans to have a direct compre-
hension of 3D images. The use of appropriate display rules (visibility rules)
is therefore extremely important, not only when displaying the results of pro-
cessing input image files, but also in researchers’ evaluation of intermediate
results. Processing information contained within a 3D image for display onto
a 2D screen is in a sense the opposite of the problem posed by computer vi-
sion. This technology is currently within the realm of computer graphics or of
information visualization. Three-dimensional image processing is therefore a
new field, requiring an integration of image pattern recognition and computer
graphics. This also has a deep connection to virtual reality, and therefore has
an even greater significance in this age of multimedia processing.

(d) Properties of image geometry

Several properties arise in 3D images that did not exist in 2D images. Typi-
cal examples include the existence of knots, links, and holes. In general, the
topological characteristics of figures are extremely complex. As a result, the
design and evaluation of related algorithms, for example, axis (surface) thin-
ning, edge tracing, etc., becomes more difficult. A large portion of this book
is devoted to analysis of such topics.

(e) Diversity of density values

The physical meaning of density values is not limited to image subjects and
their recordings, but will vary greatly according to the space they are con-
tained in and the measurement (imaging) technologies used, even when the
same subject is being treated. An example is given in Table 1.1. According to
these factors, the characteristics and content of detected edges, outlines, high
density areas, etc., will be very different.

1.3.4 Objectives in 3D image processing

When processing true 3D images, one must consider whether the 3D image will
be directly manipulated during processing. The following are some objectives
to keep in mind when making that decision:
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Table 1.1. Examples of meanings of density values in 3D images.

X-ray CT images attenuation coefficient of X-ray at a small volume
of an object

magnetic resonance images strength of resonance signals at a small volume
element of an object

ultrasound images absorption, reflection, or transmission coefficient
of ultrasound wave at a small volume element

confocal laser microscopi images strength of reflected light or distance to the
surface of an object

positron emission CT (PET) absorption rate of γ-ray at a small volume of
an object

(1) Applying some processing methodology to a set of independent 2D images
and using the result to build or reconstruct the 3D image (2D image
processing with 3D image reconstruction)

(2) Processing each cross section, but during processing taking into considera-
tion the status and consistency of neighboring slices (for example, vertical
relationships), and using such processing methods as necessary. (Here, this
will be referred to as 2.5D processing)

(3) Performing 3D processing on 3D image data (3D processing).

The decision also will be dependent upon the characteristics of the input
image. When the sampling distance between cross sections is large as com-
pared to the resolution (size of pixels) within cross sections, if additional cross
sections will not be inserted, then 2.5D processing may be effective. On the
other hand, if a true 3D image with approximately similar resolutions is ob-
tained, the 3D processing should be used whenever possible. Conversely, as
humans excel at intuitive judgments related to 2D images, starting out with
the 2D image processing with 3D image reconstruction discussed in (1) above
may not be without merit.

The focus of this book is 3D image processing. If a true 3D image of the
subject is available, then the 3D processing of (3) above should be performed
whenever possible. However, in actual practice the other two methods also
should be put to use as circumstances demand. One must also keep in mind
that the condition of the input image or the computing environment may force
such decisions.

Let’s look at an example. Figure. 1.4 shows a schematic image containing
an arboroid structure like that of a bronchial tube. Here, ellipsoids might be
extracted from 2D cross-sectional images of the tube using 2D image pro-
cessing, and the extracted ellipsoid structures smoothly connected to extract
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Fig. 1.4. A 3D image constructed from a sequence of cross sections.

the arboroid structure. Such a procedure (2D processing with 3D image re-
construction) would be worthwhile if the distance between cross sections is
large as compared to the resolution within cross sections. In order to make
such a method work, however, the structure must extend in a direction near
perpendicular to the plane group of cross sections. If the direction that the
figure predominantly extends in is not known beforehand, then features that
run parallel to the cross sections may be lost.

When extracting the ellipsoids from the cross sections (the 2D images),
implementing a method by which processing of the nth cross section will only
extract those ellipsoidal forms that form a vertical overlay with those in the
immediately preceding (n − 1)th cross section also might be an appropriate
technique by which to make smooth vertical connections in the perpendicular
direction of the subject. Such a technique would be a natural method when
there is some degree of spacing between cross sections.

As an alternative method, standard 3D processing technique might, for
example, use a 3D difference filter and threshold processing to extract a 3D
edge surface and then perform 3D axis thinning to find diagram cores. If the
distance between cross sections is sufficiently small (for example, within about
twice the size of the picture elements used in the cross sections), then pro-
cessing might consist of the use of appropriate methods (linear interpolation,
etc.) to fill in additional cross sections, or conversely elements from within
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the cross section may be pruned so as to form a sufficiently isotropic true 3D
image. Some 3D processing algorithms can be applied even to images with
differing resolutions in each directional axis (images created from rectangu-
lar solid picture elements), taking such anisotropy into consideration without
modification of the source images (one example is the distance transform of
Section 5.5).

On the other hand, the construction of a 3D image by appropriately con-
necting a group of given shapes that depict cross-sectional forms is also im-
portant and has been studied extensively in the field of computer graphics
[Watt98]. Figure. 1.4 shows a schematic diagram. As can be predicted from
the figure, the inclusion of branchings or features running parallel to the cross
sections will make processing more difficult.

1.4 The contents of this book

Of the types described above, this book is a systematic explanation of the
fundamentals of processing true 3D digital images. Its content is divided into
two parts, the geometric characteristics of 3D digital forms (in other words,
the digital geometry of 3D forms), and fundamental algorithms for 3D image
processing. The latter is written assuming knowledge of the former. Methods
of visualization of 3D gray-scale images are also described, because, as dis-
cussed in Section 1.3.3, visualization is an indispensable tool not only with
regard to the development of processing methodologies for individual images,
but also for all aspects of the study and learning of digital geometry, as well
as the development and evaluation of algorithms.

Chapter 2 begins with a formal and precise definition of 3D digital image.
Next, image processing is defined algebraically as calculations on images, or
as a mapping defined within an image space, and then compositions of image
calculations (both serial and parallel compositions) are defined. Additionally,
the executable form of a representative case of application to a digital image
is presented. From this, understanding and development of image processing
algorithms can be performed effectively.

Chapter 3 introduces localized processing of 3D gray-scale images, with
the focus on density value manipulations such as smoothing filters, difference
filters, Laplacians, and region expansion. Most of these methods can be di-
rectly expanded from 2D graphic processing equivalents, and so are relatively
easy to understand.

Chapters 4 and 5 are concerned with the geometric properties of 3D digital
images and the basic processing algorithms that are associated with them.
These chapters are the most important in the book, from the standpoint that
they deal with those characteristics specific to 3D, and are what make the
book a unique work.

First, in Chapter 4 we will discuss the fundamentals of what is referred to
as digital geometry, defining such terms as neighborhood, connectivity, sim-
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plex, deletability, path, and distance metric, and we will discuss their proper-
ties. We will also consider Euler numbers, connectivity indexes, and distance
functions as features of the topology of 3D digital shapes. Some specific algo-
rithms that compute these values also will be given.

Chapter 5 explains some processing algorithms that will probably be nec-
essary for 3D image analysis, such as labeling, axis thinning, surface thin-
ning, border tracing, distance transformation, skeleton extraction, and figure
restoration. Here our goal will be understanding not only the content of the
processing performed, but also the structure and design methodology of the
algorithm. We will make as clear as possible the required capabilities of such
processing, along with requirements that must be fulfilled (for example, topol-
ogy preservation, deletability testing, Euclid distance calculations, and figure
restorability), and give specific examples.

Whereas Chapter 5 is solely concerned with shape forms (and geometric
properties), Chapter 6 discusses thinning, ridge line tracing, and gray weighted
distance transformations used on gray-scale images as examples of transfor-
mations required to incorporate density value information.

As described before, Chapter 7 describes display (rendering) algorithms
used as visualization tools for 3D gray-scale images. The discussion is not one
of computer graphics in general, but rather focuses on observation tools for
gray-scale data. Specifically, the use of ray casting for the generation of images
is discussed, for example, particular surface rendering and shading models, ray
tracing, volume rendering, and gradient shading.



2

MODELS OF IMAGES AND IMAGE
OPERATIONS

2.1 Introduction

In order to study methods of image processing, theoretically we need to first
make clear what the image to be processed is and what is meant by processing
an image. In this chapter we present a theoretical model of digitized images
and the processing of these images. For the convenience of explanation, let us
start our discussion with a two-dimensional image.

In Section 2.2, we define both a (two-dimensional or 2D) continuous image
and a (2D) digitized image as a function of two variables and a 2D array,
respectively. Relationships between images, such as equality and greater than,
are introduced later in Subsection 2.2.6.

In Section 2.3, we give the formal description of image processing using
the definitions of images above. Application of an image process algorithm
is defined as mapping from one image space onto another. In other words, a
process that generates a new image from an input image is formulated as a
kind of operator on an image space. Relationships between image operators
are defined based on the relationships between images. Operations between
two or more image operations are then introduced in the similar way to those
among images. Two different types of compositions of image operations, called
parallel composition and serial composition, are explained in detail.

In the last section, Section 2.4, image operations are classified based on
their features. We will discuss several important families of operations (or
types of algorithms) such as sequential type, parallel type, local operations,
iterative operations, and shift invariant operations. Concepts and methods to
treat images and image process algorithms discussed here will be used very
effectively in the following chapters to study characteristics of each algorithm
theoretically and to extend their applications to wider area of practical image
processing problems.
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2.2 Continuous and digitized images

2.2.1 Continuous images

We will begin with the modeling of a 2D image with a 2D continuous image
as a digitized image is obtained by digitizing a continuous one.

An image, specifically a 2D image, is defined as a scalar function of two
variables f(x, y), where f denotes a gray value at a point (x, y) on an image
plane. We call this a continuous image. The physical meaning of the value of
f varies according to the individual imaging process. A few examples are as
follows:

(1) drawings on a sheet of paper: reflectivity.
(2) photographic negative recording of an outdoor scene: the transmission co-

efficient is proportional to the amount of light energy exposed to the film.
This usually represents the intensity of the light reflected by the object in
the scene.

(3) medical X-ray image: attenuation coefficient to X-ray of an object.
(4) ultrasound image: the intensity of the sound wave reflected by an object.
(5) thermogram: the temperature on the surface of an object.

We simply call the value of f image density or gray value.

Remark 2.1 (Density). In some cases the terms intensity and density are
clearly distinguished from each other. The intensity refers to the amount of
light energy exposed to a sensor, and the density represents the logarithm of
the intensity. It is said that the response to a light stimulus for the human vi-
sual system is approximately proportional to the logarithm of the light energy
exposed to the eye [Hall79].

2.2.2 Digitized images

A continuous image is digitized via a two-step procedure: sampling and quan-
tization.

(a) Sampling: There are two ways to understand sampling. The first is that
a function f(x, y) representing a continuous image is sampled at points
(sampling points) of an ordered array (such as a rectangular array or
square lattice) or a triangular array (or triangular lattice). The second
approach is to consider an image plane as being divided into a set of small
cells of the same shape and size, called image cells, image elements, or
pixels. The average of values of f over each cell is considered as the density
value of the image at the center point of the cell. Usually a square cell or a
hexagonal cell is adopted in practical applications. Two interpretations are
eventually possible if we consider the sampling point as the center point of
an image cell. Note that the square lattice corresponds to the square pixel
system and the triangular lattice to the hexagonal pixel system (Fig. 2.1).



2.2 Continuous and digitized images 23

(a) (b)

Fig. 2.1. Sampling of a 2D image (•: Sample point; solid and broken lines: pixel):
(a) Sampling with a square pixel (or a square lattice); (b) sampling with a hexagonal
pixel (or a triangular lattice).

(b) Quantization: The density value at each pixel (or sampling point) is as-
signed to one of the finite set of integers selected as suitable. This process is
called quantization. Quantization is in principle the same as that of a uni-
variate function, such as a time-varying signal transmitted in the commu-
nication system. Typically, a set of integers 0 , 1 , 2 , . . . , 2m , m = 5 ∼ 12
is employed to represent the density values of a digitized image. A digi-
tized image defined in this way takes only integer density values. This is
almost always true in applications in which only the finite number of bits
are available. It is not so convenient, however, for the theoretical analysis
of image processing, because in many image operations such as smooth-
ing, differentiation and spatial frequency enhancement, density values of
an output image may in principle take on an arbitrary real value. There-
fore, we assume that a digitized image can take arbitrary real values as
its density values unless stated otherwise.

The size of an image is always finite in practical cases. In the theoretical
considerations in this book, we treat both an image of the finite size and that
of the infinite size. From now on we will consider that a digitized image is
sampled at the square lattice or is divided into square pixels unless stated
otherwise. An image is called binary image if the density at any pixel assumes
only two values. We assign 0 and 1 to the densities of a digitized binary
image unless defined otherwise. Pixels of a binary image with values 0 and 1
are called 0-pixels and 1-pixels, respectively. An image that may take various
different density values is called gray-tone image.

Let (i, j) denote a pixel location in the i-th row and the j-th column, and
F = {fij} denote a digitized image in which the value of the density at a
pixel (i, j) is given by fij . We represent an arbitrary pixel in the way such as
a pixel P, a point P, a pixel P = (i, j), and a pixel x.
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Fig. 2.2. Digitization of signals and images.

2.2.3 Three-dimensional images

In this section, we will address 3D images.
A 3D continuous image is defined by a scalar (real) function of three

variables f(x, y, z), where f represents a characteristic value at a point (x, y, z)
in 3D space.

A 3D continuous image is digitized in the same way as the 2D case; that
is, a function f is sampled at points of a cubic ordered array (3D grid or
3D lattice of sample points). Otherwise, the 3D space is divided into a set of
small cubic cells, and the value of the function f averaged over each cube is
assigned it . Hence, the cube is called volume cell or voxel instead of a pixel in
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Fig. 2.3. Examples of CT slice images.

the 2D case. Quantization of density values is identical to that of a 2D image
(Fig. 2.2).

A voxel at the i-th row and the j-th column on the k-th plane is denoted
by a voxel (i, j, k). The notation F = {fijk} is employed to represent a 3D
digitized image (or simply a 3D image) in which the density value at a voxel
(i, j, k) is given by fijk. We usually understand the contents of a 3D image
by observing the array of 2D successive slices F k = {fij(k)} for different ks,
whereas a computer accesses the 3D array directly. An example of a 3D digital
image is a set of cross sections of the human body obtained by CT or com-
putered (computerized) tomography system and MRI (magnetic resonance
imaging) system used in medicine (Fig. 2.3).

The physical meaning of the value of the function f is quite different from
those of 2D images. In 3D images values of fxyz represent values of character-
istic features of an object at a point (x, y, z) and at the small volume element
including it. The contents vary according to the measurement technology em-
ployed in the imaging device. A few examples are shown below.

(1) X-ray CT image: Attenuation or absorption factor to the X-ray of an ob-
ject.

(2) PET (positron emission CT) image: Intensity of γ-ray emitted from the
volume element of an object.

(3) MRI (magnetic resonance imaging): Strength of magnetic resonance at
the volume element of an object.

(4) 3D ultrasound image: The intensity of the ultrasound wave reflected by
an object.

Remark 2.2 (3D lattice). An advantage of using a sampling point lattice
is that results known in physics, crystallography, and other fields can be used
effectively. A few well-known examples of lattices in 3D space are shown in
Fig. 2.4. In 3D image processing, use of voxels corresponding to those lattices
is also required. From the viewpoint of ease of treating voxels, the cubic lattice
is used in most practical applications.



26 2 MODELS OF IMAGES AND IMAGE OPERATIONS

(a) (b) (c) (d)

(e) (f)

Fig. 2.4. Lattice in 3D space and a neighborhood: (a) Cubic lattice 7 (6-
neighborhood); (b) cubic lattice 8; (c) face-centered cubic lattice 13 (12-
neighborhood); (d) face-centered cubic lattice 19 (18-neighborhood); (e) cubic lat-
tice 19 (18-neighborhood); (f) cubic lattice 27 (26-neighborhood).

(a) (b) (c)

Fig. 2.5. Digitization of a 2D and a 3D line figure: (a) Digitization by pixel (2D);
(b) digitization by grid (2D); (c) digitization by voxel (3D).

2.2.4 3D line figures and digitization

Digitization of a line figure in the 3D space must be discussed in full, because
a line figure has no width. Let us consider first the case of a 2D line figure.
The following two methods are used in the digitization of a 2D line figure
(Fig. 2.5).

(1) Digitization by pixel: Divide the continuous plane into pixels. A pixel
which a line figure passes is assigned the value 1, and otherwise the value 0.
Since the probability that a line figure exactly passes through the border
of a pixel is regarded as zero, a resulting digital line figure always becomes
4-connected.
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Fig. 2.6. Simple arc.

(2) Digitization by grid: Superimpose a grid on an image plane. Each grid
point is regarded as a center point of a pixel. At an every cross point of
a line figure and the grid, the nearest grid point is given a 1-pixel. The
resulting digital line figure is then 8-connected.

Both methods are utilized with a 3D image. In the first case, a voxel (a
cube) that a line figure passes through becomes a 1-voxel and the other a
0-voxel (voxel digitization). A 6-connected figure† is always obtained, if we
disregard the probability that a line figure passes exactly through a vertex or
a face shared by two voxels.

In the second method, a 3D grid plane is put on the 3D space, and cross
points between a line figure and the 3D grid are calculated. Each 3D grid
point is regarded as the center point of a cubic voxel. Then at each cross
point between the 3D grid and the line figure, the nearest grid point is se-
lected and a 1-voxel is put there. A resultant line figure obtained by this digi-
tization method is always 26-connected†. More detailed discussion is found in
[Jonas97].

Remark 2.3 (Simple arc). In the simplest form of a line figure, only two
voxels have one 1-voxel in their k-neighborhoods and all other voxels have
exactly two 1-voxels in their k-neighborhoods. We call such a figure simple
(k-connected†) digital curve, or briefly simple arc. Two voxels that have only
one neighboring 1-voxel are called edge voxel (edge point) and others are called
connecting voxels (connecting point) (Fig. 2.6).

The direction from an arbitrary 1-voxel on a digital line figure toward
the other 1-voxel in the k-neighborhood can be represented by using a code
specific to each direction (such as integers 1, 2, . . . , 26 ) (Fig. 2.7). This code is
called the direction code or chain code. A simple digital arc is exactly defined
by the start point and a sequence of the chain code.

Desirable properties of the digitization of a 3D line figure were explained
in [Jonas97] as introduced below.

† The term “k-connected” will be explained in detail in Section 4.1.2.
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Fig. 2.7. Chain code representation for a 3D line figure: (a) Direction code for a 2D
line figure (8-connectivity); (b) direction code for a 3D line figure (6-connectivity);
(c) direction code for a 3D line figure (26-connectivity).

(1) Axis symmetry: Digital expression is symmetrical with respect to the co-
ordinate transformation or the exchange of coordinate axes. According to
the expression adopted in the text, the expression of a 3D line figure is
invariant with respect to exchange among i, j, and k and the inversion of
the order of numbering.

(2) Direction symmetry: By exchanging a starting point and an end point, the
order of the direction codes and each direction itself are both inverted.

(3) Shift invariance: A digital expression does not vary by a shift of an orig-
inal line figure by integer times of the sampling interval.

(4) Finite memory: Digital expression of a line figure does not depend on an
arbitrarily distant part of a curve. That is, local change in a line figure
causes only local change in its digital expression.

(5) Line segment property: A digital expression of a line segment in the con-
tinuous space is a digital arc.

(6) Projection property: A digital expression of a projection of a 3D curve to
x − y plane is coincident to the projection of a 3D digital expression of
the same curve to the same x− y plane.

(7) Minimal property: Digitization of a curve in the 3D continuous space is
a result of the minimization of the distance (bias, discrepancy) in some
sense between an original continuous curve and its digital expression.

(8) Compactness: The number of codes (the number of chain codes, for exam-
ple) required for the digital expression of a given curve is minimal under
the condition that all of the above are satisfied.

These are only a guideline, as a method of digitization to satisfy all of them
does not seem to exist.

(a) (b) (c)
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Relationships between properties of a line figure in the continuous space
and its digitized version should be discussed under the assumption that dig-
itization satisfies at least several of the above conditions. For example, what
condition should be satisfied in order that a given 26-connected digitized
curve is a digitized version of a line segment in 3D continuous space? Al-
though a relatively clear solution has been obtained for a 2D line figure
[Rosenfeld74, Kim82a, Kim82b], it cannot be extended easily to a 3D fig-
ure [Kim83, Kim84]. Another example is the estimation of the length of an
original line figure from a chain code expression [Kiryati95, Chattopadhyay92,
Klette85, Kim83, Amarunnishad90]. These problems can be studied theoret-
ically by first assuming a method to map a curve in continuous space onto
digitized space.

2.2.5 Cross section and projection

A cross section of a 3D continuous image f(x, y, z) along an arbitrary plane
H (= a distribution of density values on the plane H) is considered as a 2D
image. We call this cross section (profile) of an image f (by a plane H).

The integration of density values of a 3D continuous image f(x, y, z) along
the perpendicular line to the plane H is called projection of f to the plane H .
The projection to the plane H is also a 2D image on the plane H .

For example, the cross section by the horizontal plane z = z0 is given by

fcross(x, y; z0) = f(x, y, z)|z=z0 . (2.1)

The projection of a 3D image f(x, y, z) to the plane H is represented as

fproj(x, y) =

∞∫
−∞

f(x, y, z)dz. (2.2)

A cross section and a projection of a 3D digitized image are defined in the
same way (Fig. 2.8). For example, the cross section at k = k0:

fcross(k0) = {fijk0}, (2.3)

the projection to the i− j plane:

fproj(k) = {
K∑

k=1

fijk}. (2.4)

Calculation of a cross section by a plane of an arbitrary direction and a
projection to an arbitrary plane are not always easy for 3D images. Various
algorithms to calculate them have been studied in computer graphics and
visualization. Both a cross section by the plane of an arbitrary direction and
a projection to an arbitrary plane as well as the cross section along a curved
surface are often used in medical applications.
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Fig. 2.8. Cross section and projection: (a) Cross section and projection (1); (b)
cross section and projection (2).

Remark 2.4 (Cross section and projection). Two terms, cross section
and projection, are used also in different ways as follows (Fig. 2.8).

Definition 2.1. Consider a continuous one-valued real function f(x, y, z) and
a real value t (called level or threshold value). Then, cross section of f at a
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level t is defined as follows.

St(f) ≡ {(x, y, z) ∈ D; f(x, y, z) ≥ t}, (2.5)

where D is the domain of the function f = the region of all points (x, y, z)
such that their density values are larger than or equal to t .

Then, a 3D continuous function f(x, y, z) is represented in the form

f(x, y, z) = sup{t ∈ R; (x, y, z) ∈ St(f)}, (2.6)

where R = set of all real numbers = supremum of the level t such that a
cross section includes a point (x, y, z). If all cross sections are given, then the
function f is fixed uniquely.

In a 3D image in which density values are quantized into M levels, there
exist M cross sections. The cross section at a level k is the set of all voxels such
that density values are larger than or equal to k. Inversely, the density value
of a voxel (x, y, z) is equal to the maximum level such that a cross section
includes the voxel (x, y, z).

Definition 2.2. Consider a 4D space (i, j, k, f). Then, the set of points
(i, j, k, f) such that f(i, j, k) ≥ t is called umbra (or projection) of the im-
age f(i, j, k) and denoted by U(f). That is,

U(f) ≡ {(i, j, k, f); f(i, j, k) ≥ t} (2.7)

Inversely, given the umbra U(f), then f(i, j, k) is determined by

f(i, j, k) = sup{t; (i, j, k, f) ∈ U(f)} (2.8)
(= the maximum of t in the umbra, when (x, y, z) is fixed.)

Intuitively, the umbra is the subspace of the 4D space (i, j, k, f) below the
curved surface t = f(i, j, k) including the surface itself.

Thus both the cross section and the umbra (projection) are sets of points,
although the cross section is in the 3D space and the umbra in the 4D space,
respectively. We can consider a binary image that takes the value 1 on the set
(cross section or umbra) and takes 0 otherwise. According to the terminology
of the set theory, they are characteristic functions of sets called cross section
and umbra, respectively. All of cross sections or umbras are equivalent to the
original 3D image itself. In other words, a 3D gray-tone image can be described
equivalently by a 4D binary image or by a set of 3D binary images.

2.2.6 Relationships among images

For formal treatment of an image and an image operation we will give a formal
definition of a digitized image as follows.
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Table 2.1. Binary relations among images.

Relation Definition Notation

Equality ( is equal to ) fijk = gijk,∀(i, j, k) ∈ I × I × I =
Comparison ( is smaller than )

( is larger than )
fijk < gijk,∀(i, j, k) ∈ I × I × I <

( is smaller than or equal to )
( is larger than or equal to )

fijk ≤ gijk,∀(i, j, k) ∈ I × I × I ≤

Definition 2.3 (Digitized image). (A 3D digitized image is defined as a
mapping

I× I× I→ R (2.9)

where I is the set of whole integers, and R is the set of all real numbers. An
element (i, j, k) of the direct product I× I× I is called voxel (or simply point),
and the image of the voxel (i, j, k) by this mapping is called density.

An image in which the density value at a voxel (i, j, k) is given by fijk is
denoted as F = {fijk}.

The set of all images is called an image space and is denoted by P . If a
density value fijk is equal to 0 or 1 for all voxels (i, j, k), then F = {fijk} is
called binary image. The set of all binary images is denoted by PB. The term
gray-tone image is used when we need to show explicitly that a density fijk

takes an arbitrary value. A gray-tone image F = {fijk} is called a semipositive
image if fijk ≥ 0 for all i, j, and k and a constant image of the value C if
fijk = C (a constant) for all i, j, and k. If an image F is a semi-positive
image, the set of all positive voxels and all 0-voxels in F is denoted by R(F )
and R(F ), respectively. They also may be referred to as the figure and the
background. A digitized image is simply called an image unless the possibility
of a misconception exists.

Relationships among these digitized images are defined below and can be
effectively utilized for analysis of image operators.

Definition 2.4 (Binary relation). Binary relations between two images
F = {fijk} and G = {gijk} are given as shown in Table 2.1, which are
based upon relations between density values fijk and gijk.

2.3 Model of image operations

We will now present a theoretical model of image operations and examine
basic properties of image operations. An image operation is defined as a map-
ping from a set of images to another set of images. By using this model and
relationships between images we introduce binary relationships between two
operators such as equal to and greater (less) than (in Section 2.3.2).
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Fig. 2.9. Unary operation of an image.

In 2.3.4 we discuss an operation among image operations which is a process
to generate a new image operation by combining two or more operations. Two
operations introduced here - a parallel composition and a serial composition -
are widely used in the following chapters. We will also present basic properties
of image operations such as inverse, iterative operation, and commutative and
distributive laws.

Finally in Subsection 2.3.5 we introduce several important operators in-
cluding a shift operator and position (shift) invariant operators.

2.3.1 Formulation of image operations

We will give a formal definition of image processing as a basis of theoretical
study in subsequent chapters. A process that generates a new image from an
input image is theoretically formulated as a unary operator on an image space
as follows.

Definition 2.5 (Unary operator). A process to derive a new image from a
given image is defined as a unary operator on an image space or as a mapping
from an image space P1 onto P2, that is,

mapping O : P1 → P2 (2.10)

where P1, and P2 are subsets of P( = the set of all images ) which are called
domain and range of the mapping O, respectively. The set of all operators is
called an operator space and is denoted by O. The image that is obtained by
applying an operator O to an image F is expressed by O(F ) (Fig. 2.9).

An operator in which the domain is a set of binary images is called a binary
image operator.

An operator I such that

I(F ) = F , ∀F ∈ P1, (2.11)

is called an identity operator with the domain P1. The identity operator does
not cause any effect on an image in its domain.
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2.3.2 Relations between image operators

We can define the relationships between two image operators based upon those
between images presented in 2.2.6.

Definition 2.6 (Relation between image operators). For two operators
O1 and O2 with the common domain P1,

O1(F ) = O2(F ), ∀F ∈ P1 ↔ O1 = O2, (2.12)

O1(F ) > O2(F ), ∀F ∈ P1 ↔ O1 > O2. (2.13)

Other relations such as <, ≤, and ≥ between image operators are defined in
the same way.

2.3.3 Binary operators between images

An operator generating a new image from two input images also plays an
important role in the analysis of image processing algorithms.

Definition 2.7 (Binary operator). A mapping:

P1 × P2 → P3, (2.14)

where P1, P2, and P3 are arbitrary subsets of the image space is called a
binary operator between images (or simply binary operator). Here, P1 × P2

and P3 are domain and range of the mapping.

The notation, H = φ(F ,G), or H = F ∗G, is employed to state that an
image H = {hijk} is derived from images F = {fijk} and G = {gijk} by the
above mapping. If the following equation holds among F , G, and H,

hijk = φ(fijk, gijk), ∀(i, j, k) ∈ I× I× I, (2.15)

where φ(x, y) is an arbitrary real function of two variables independent of i,
j, and k, then the operation is called a pointwise operation on F and G.

The density value at a voxel (i, j, k) in an output of a pointwise operation
is calculated by using density values at the voxel of the same location (i, j, k)
in two input images and the function φ defining the operation. The form of
the function should be common to all voxels (Fig. 2.10).

Many pointwise operations can be defined by using different functions
φ(x, y) in Eq. 2.15. In each of these specific cases we use an appropriate symbol
instead of ∗ to represent the particular pointwise operation. Most commonly
used examples are given in Table 2.2.

A pointwise operation on two images is regarded as a set of arithmetic
operations performed on all voxels independently of each other. Thus they
satisfy several general rules similar to those of real numbers as follows:
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Fig. 2.10. Binary operation among images.

Table 2.2. Examples of pointwise operations among images.

Definition Notation

(1) Addition φ(x, y) = x+ y = +
(2) Subtraction φ(x, y) = x− y = −
(3) Multiplication φ(x, y) = x× y = ×
(4) Division φ(x, y) = x÷ y = ÷
(5) Max φ(x, y) = max(x, y) = ∧
(6) Min φ(x, y) = min(x, y) = ∨
(7) Logical sum φ(x, y) = x⊕ y = ⊕
(8) Logical product φ(x, y) = x⊗ y = ⊗
(9) Logical difference φ(x, y) = x� y = �

∗ (7)(8) and (9) in the table are binary image operators applied to binary images
and , and x and y are binary variables

commutative law: F + G = G + F , F ×G = G× F (2.16)
right distributive law: (F + G)×H = (F ×H) + (G×H) (2.17)

associative law: (F + G) + H = F + (G + H),
(F ×G)×H = F × (G×H) (2.18)

2.3.4 Composition of image operations

Let us consider generating a new image operation by composing or combin-
ing two or more procedures. This process is formulated as operations among
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F
F
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image operations. Two types of compositions - parallel composition and serial
composition - are important for our objectives.

Definition 2.8 (Parallel composition). A parallel composition (by a point-
wise operation “∗”) of arbitrary two operators O1 and O2 that share a com-
mon domain P0 is defined as follows:

(O1 ∗O2)(F ) ≡ O1(F ) ∗O2(F ), ∀F ∈ P0. (2.19)

The parallel composition is denoted by O1 ∗O2 in general, and a more ap-
propriate symbol may be used instead of the asterisk to designate a particular
type of composition (e.g., (O1 + O2)(F ) ≡ O1(F ) + O2(F ) ).

The parallel composition O1 ∗O2 represents the processing that generates
an image H by applying the pointwise operation ∗ to the result of the operator
O1 applied to an image F and that of the operator O2 applied to an image
G (Fig. 2.11 (a)).

Definition 2.9 (Serial composition). Serial composition of two arbitrary
operators O1 and O2, denoted by O1 ·O2, is defined as follows:

(O1 ·O2)(F ) ≡ O1(O2(F )), (2.20)

where the domain of O1 is assumed to be coincident with the range of O2.
The domain of O1 ·O2 is equal to the domain of O2; the serial composition
O1 ·O2 means the processing that is equivalent to applying the operator O1

to the output of the operator O2 (Fig. 2.11 (b)).

Remark 2.5. More specifically, a serial composition O1 ·O2 can be defined
well if the range of the operator O2 is contained in the domain of the operator
O1. The requirement that the domain of O1 should be coincident with the
range of O2 is added only for the sake of simplicity in theoretical analysis.

Two basic operators, the inverse and the power of an operator, are defined
using these compositions as follows.

Definition 2.10 (Inverse, the power of an operator). The result of n
times of serial compositions of the same operator O is called n-th power of
the operator O and is denoted by On. That is,

On ≡ O ·On−1, n ≥ 2 , (2.21)

where we assume that On−1 always exists and its range is included in the
domain of O for all n ≥ 2 .

For a given operator O, if there exists an operator O′ such that

O′ ·O = O ·O′ = I (= identity operator) , (2.22)

then O′ is called the inverse operator of O and is denoted by O−1.
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Fig. 2.11. Composition of image operations: (a) Parallel composition; (b) serial
composition; (c) iterative composition (n-th power); (d) associative law of serial
compositions; (e) distributive law.

Furthermore, O−n is defined as follows:

O−n ≡ O−1 ·O−(n−1), n ≥ 2 , (2.23)

where we assume that O−(n−1) exists and its range is included in the domain
of O−1 for all n ≥ 2 (Fig. 2.11 (c)).

To represent iterative application of more than one operator, we use no-
tations similar to those of real numbers. For example,
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n∑
i=1

Oi = O1 + O2 + . . .+ On = (. . . ((O1 + O2) + . . .) + On, (2.24)

n∏
i=1

Oi = On ·On−1 · . . . ·O2 ·O1 = (. . . (O3 · (O2 ·O1)) . . .). (2.25)

These algebraic operations among image operators have the following prop-
erty.

Property 2.1. For arbitrary image operators O1, O2, and O3, the following
relations hold:

(O1 ·O2) ·O3 = O1 · (O2 ·O3) (associative law), (2.26)
(O1 ∗O2) ·O3 = (O1 ·O3) ∗ (O2 ·O3) (right distributive law), (2.27)

where we assume that domains and ranges of relating operators satisfy ap-
propriate conditions such that compositions “ · ” and “∗” in these equations
are meaningful (Fig. 2.11 (d), (e)).

Remark 2.6. The left distributive law

O3 · (O1 ∗O3) = (O3 ·O1) ∗ (O3 ·O1) (2.28)

does not hold true in general, and requires proof of correctness for individual
cases. In serial composition, O1 ·O2 is not always equal to O2 ·O1.

2.3.5 Basic operators

Let us introduce here a few basic image operators that are relatively simple
but important in the subsequent parts of the text.

(a) Monotonic operator

Definition 2.11 (Monotonicity). An operator O with the domain P is said
to be monotonic if the following relation holds:

O(F ) ≥ O(G), ∀F ∈ P , ∀G ∈ P such that F ≥ G. (2.29)

For example, an operator O1 which maps a set of binary images onto a set
of binary images may replace some of 1-voxels by 0-voxels, but never changes
0-voxels. Then the operator O1 is monotonic if that figures (a set of all 1-
pixels) in a binary image F cover figures in G implies that figures in the
output of the operator O1 for F cover figures in the output of O1 for G for
arbitrary binary images F and G. The local minimum filter and the local
maximum filter are examples of the monotonic operator. Thinning discussed
in Chapter 4 and 5 is not monotonic, although it never changes 0-voxels. In
fact, a circle is reduced to an isolated single pixel by thinning, but a long
stick-like figure that is smaller than the circle may be converted to a long thin
line segment by thinning.
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(b) Shift operator

Definition 2.12 (Shift operator). An operator O which derives an image
G = {gijk} from an image F = {fijk} by the equation

gijk = fi−p,j−q,k−r , (p, q, r) ∈ I× I× I (2.30)

is called a shift operator and denoted by T[p, q, r] where p, q, and r are integer
parameters.

The shift operator T[p, q, r] translates an input image by p voxels in the
i-direction, q voxels in the j-direction, and r voxels in the k-direction.

Property 2.2. The following holds concerning a shift operator:

(1) Defining operators D ≡ T[1 , 0 , 0 ], R ≡ T[0 , 1 , 0 ], and B ≡ T[0 , 0 , 1 ],
the inverses D−1, R−1 and B−1 exist, and

T[p, q, r] = Dp ·Rq ·Br, (p, q, r) ∈ I× I× I (2.31)

(2) For two shift operators T[p, q, r] and T[u, v, w],

T[p, q, r] ·T[u, v, w] = T[u, v, w] ·T[p, q, r] = T[u+p, v+ q, w+ r]. (2.32)

(3) The following left distributive laws hold:

T(F ∗G) = T(F ) ∗T(G), ∀T ∈ T , ∀F , ∀G ∈ P , (2.33)
T · (O1 ∗O2) = (T ·O1) ∗ (T ·O2), ∀T ∈ T , ∀O1, ∀O2 ∈ O (2.34)

where T is the set of all shift operators, P is the set of all images, O is
the set of all image operators, and ∗ is an arbitrary pointwise operation
of two images (or parallel composition of image operators).

(c) Point operator

Definition 2.13 (Point operator). Point operator is defined as the operator
that calculates the output G = {gijk} by the equation

gijk = ψ(fijk), ∀(i, j, k) ∈ I× I× I (2.35)

where F = {fijk} is an input image and ψ is an arbitrary real function.

Thus, in a point operator the output gray value at a voxel (i, j, k) is deter-
mined only by the input gray value at the voxel of the same location. Various
point operators are defined by selecting different functions for ψ. Some point
operators are denoted by symbols specific to them. Examples are shown in
Table 2.3.

Property 2.3. The parallel and serial compositions of arbitrary two point
operators are point operators.
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Table 2.3. Examples of point operations.

Definition ψ(x) Notation

(1) Multiplication by constant ψ(x) = cx M[c]
(2) Substitution of constant ψ(x) = c S[c]
(3) Addition and subtraction by constant ψ(x) = x+ c A[c]
(4) Power by constant ψ(x) = xc P[c]
(5) Exponential ψ(x) = ex EXP
(6) Logarithmic ψ(x) = log(x) LOG
(7) Absolute value ψ(x) = |x| ABS

(8) Thresholding (1) ψ(x) =

{
x, if x ≥ t
0 , if x < t

U1[t]

(9) Thresholding (2) ψ(x) =

{
x, if x > t
0 , if x ≤ t

U2[t]

(10) Thresholding (3) ψ(x) =

{
1 , if x ≥ t
0 , if x < t

U3[t]

(11) Thresholding (4) ψ(x) =

{
1 , if x > t
0 , if x ≤ t

U4[t]

(12) Idempotent ψ(x) = x I
(13) Negation ψ(x) = 1 − x N

(d) Shift-invariant operator

Definition 2.14 (Shift invariance). An operator O is said to be shift in-
variant (or position invariant) if it is commutative with a shift operator T,
that is, if the following equation holds:

O ·T = T ·O, ∀T ∈ OT (2.36)

where OT is the set of all shift operators.

Both the serial and the parallel compositions of shift invariant operators
are again shift invariant. A point operator and a shift operator itself are always
shift invariant.

2.4 Algorithm of image operations

In the last section, an image operator was defined as a mapping on an image
set or an algebraic operation applied to a set of images. It is another problem,
however, to perform such an operation with a general purpose computer or
a special purpose image processor. In this section, we will examine in more
detail concrete algorithms to perform unary operators of images. After giving
a formal expression as a general image operation, we will introduce several
important types of algorithms including a sequential type, a parallel type, and
local parallel operations.
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2.4.1 General form of image operations

In order to obtain an output image G = {gijk} of an image operation O, we
need to clearly determine the procedure to calculate the density value gijk of
the output image G = {gijk} for all (i, j, k)s. Thus a very general form of an
image operation is represented by

gijk = φijk(F ), ∀(i, j, k) ∈ S = I× I× I, (2.37)

where φijk is an appropriate multivariable function, S is a set of all integer
triads (i, j, k) corresponding to the numbers of rows, columns, and planes, and
F = {fijk} is an input image. For example, an image generation process in a
kind of imaging system is modeled by the equation

gijk =
∑

(p,q,r)∈S
h(p, q, r; i, j, k)fpqr, ∀(i, j, k) ∈ S. (2.38)

Note here that the form of the function φijk in Eq. 2.37 may depend on (i, j, k),
the position on the relating image space, and the calculation of one density
value gijk at a voxel (i, j, k) of an output image requires all of density values
in an input image F .

2.4.2 Important types of algorithms

An image operator may be implemented or executed by different types of algo-
rithms. From the viewpoint of algorithms, we describe here several important
aspects of an image operation characterizing how to implement an operation
defined as a mapping on an image set.

(a) Local and global operations

In some classes of image operations, density values of an input image F =
{fijk} in a small finite area around a voxel (i, j, k) are used to calculate an
output density value gijk at the voxel (i, j, k). That is, the output density gijk

is obtained by the equation,

gijk = φijk({fpqr; (p, q, r) ∈ Nijk((i, j, k))}) (2.39)

where
Nijk((i, j, k)) ≡ {(i+ p, j + q, k + r); (p, q, r) ∈ Sijk} (2.40)

and Sijk is an appropriate subset of the set of all integer triads I× I× I.
The subarea of the image space Nijk((i, j, k)) is called the neighborhood

of (i, j, k). Note that Nijk((i, j, k)) may or may not include the voxel (i, j, k)
in it. The operation defined by Eq. 2.39 is called a local operation if the
size of the neighborhood Nijk((i, j, k)) (= the number of voxels contained in
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Table 2.4. Examples of neighborhood.

Notation Definition

6-neighborhood N [6]{(i, j, k)} {(i+ p, j + q, k + r); |p| + |q| + |r| = 1}
18-neighborhood N [18]{(i, j, k)} {(i+ p, j + q, k + r); 1 ≤ |p| + |q| + |r| ≤ 2}
26-neighborhood N [26]{(i, j, k)} {(i+ p, j + q, k + r); p, q, r = 0 ,±1}
3 × 3 × 3 neighborhood N333{(i, j, k)} {(i+ p, j + q, k + r);max(|p|, |q|, |r|) = 1}

{(i+ p, j + q, k + r);max(|p|, |q|, |r|) ≤ 1}
= N [26]{(i, j, k)} ∪ (i, j, k)

K × L×M neighborhood NKLM{(i, j, k)} {(i+ p, i+ q, k + r);
−[(K − 1 )/2 ] ≤ p ≤ [K/2 ]
−[(L− 1 )/2 ] ≤ q ≤ [L/2 ]
−[(M − 1 )/2 ] ≤ r ≤ [M/2 ]}

k-th order K × L×M neighborhood N [m]{(i, j, k)} {i+ k′p, j + k′q, k + k′r (k′ = 1 , 2 , 3 , . . .)}

Nijk((i, j, k))) is sufficiently small compared with the size of an input image.
If it is comparable to the image size, the process is called a global operation
(Fig. 2.12). Obviously, only local information about an input image is used
to determine an output gray value of each voxel in a local operation. For
example, the discrete Fourier transform (DFT) is a typical global operation,
and most of procedures discussed in Chapters 3, 4, 5, and 6 of the text are
local ones.

Remark 2.7. By the word local, we mean that only voxels close to the current
voxel (i, j, k) are referred to, as well as that the number of referred voxels are
small. Hence we do not regard the shift operator as a local one despite its use
of only one density value of an input image for calculating one output density
value.

Examples of the neighborhood frequently used are shown in Table 2.4. In
particular, 3 × 3 × 3 voxels centered at a voxel (i, j, k), that is,

Nijk((i, j, k)) = {(i+ p, j + q, k + r); p, q, r = 0 , 1 ,−1} (2.41)

are employed most frequently.

(b) Parallel type and sequential type

If the Eq. 2.39 has the form

gijk = φijk(fi1j1k1 , fi2j2k2 , . . . , finjnkn), ∀(i, j, k) ∈ I× I× I,
(in, jn, kn) ∈ Nijk((i, j, k)), ∀n(N ≥ n ≥ 1 ) (2.42)

where φijk is an arbitrary N -variable function, N is an arbitrary integer, and
Nijk((i, j, k)) is the neighborhood of the voxel (i, j, k), an image operation is
called parallel (type) operation.

The operation is called sequential (type) operation if it is presented by the
equation
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Fig. 2.12. Types of execution of image operations: (a) Image processing - general
form; (b) global operation; (c) local operation.
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Fig. 2.12. (Continued) Types of execution of image operations (continued): (d)
Parallel type operation; (e) sequential type operation; (f) tracing type operation.



2.4 Algorithm of image operations 45

gijk = φijk(gi1j1k1 , gi2j2k2 , . . . , gimjmkm ,

fim+1jm+1km+1 , . . . , fin−1jn−1kn−1 , finjnkn),
(in, jn, kn) ∈ Nijk((i, j, k)), ∀n(N ≥ n ≥ 1 ) (2.43)

where φijk is an arbitrary n-variable function, and m and n are arbitrary
integers such that n ≥ m ≥ 1 . The right-hand side of the Eq. 2.43 must not
contain gijk itself (Fig. 2.12 (d),(e)).

The parallel and the sequential type of operations are characterized as
follows:

[Parallel type]

(1) An output value gijk is determined using the gray values of an input image
F = {fijk} only.

(2) Values of gijk for different (i, j, k)s can be calculated independently (and
concurrently if suitable hardware is available).

[Sequential type]

(1) An output value gijk at a voxel (i, j, k) is determined by using both an
input image F = {fijk} and part of an output image G = {gijk} at voxels
for which values already have been obtained.

(2) Output values must be computed one by one, sequentially, in a predeter-
mined order.

Many image operations can be performed by either type of algorithm. In
such cases, we distinguish the operation (the function) in general and the
method of execution by using the term algorithm to refer to the latter case.
In some classes of sequential operations the order of calculation among voxels
depends upon an input image. In the case of operations called tracing type
we start at a suitably selected initial voxel and proceed to the adjacent voxel
sequentially according to the set of predetermined rules based upon densities
of an input and/or an output image (Fig. 2.12 (f)).

A shift invariant local operation, sometimes called local parallel operation,
or simply filtering operation, is most important for practical applications.
Specific types of them utilizing the 3 × 3 × 3 neighborhood have been called
mask operation or simply neighborhood logic in the literature.

The order of processing among all voxels, that is, the order in which voxels
are processed, is of critical importance in a sequential operation (or a sequen-
tial algorithm). A frequently used order in the sequential operation is called
raster scan, examples of which are shown in Fig. 2.13. One of them (mode I,
for example) is called forward raster and the other (mode II) backward raster.

Remark 2.8 (Existence of sequential operation). Whether a sequential
operation exists or not which is equivalent to an arbitrarily given parallel op-
eration is a theoretically interesting problem which has not been solved com-
pletely. The idea of the sequential type operation was shown by Rosenfeld first
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Fig. 2.13. Raster scan.

for 2D image processing concerning the distance transformation and the skele-
ton (see Chapter 5) [Rosenfeld67]. The above issue was also referred to very
briefly there. This problem was discussed by Yamashita et al. [Yamashita83]
from a more general viewpoint, being related to the geometrical shape of the
neighborhood and the type of the raster scan employed.

(c) Iterative operation

An operation defined or represented by a sequence of one or more operations
applied repeatedly a number of times is called an iterative operation. Iterations
are terminated either after the resultant output image satisfies predetermined
requirements (data dependent) or after a given number of repetitions (data
independent).

An iterative operation is regarded as the serial composition of one or more
identical (or very similar) operations. That is, an iterative operation O is
represented in the following form:

O = On ·On−1 · . . . ·O2 ·O1 (2.44)

where Ois are identical operations or the same class of operations with differ-
ent values of parameters. In most practically important iterative operations,
Oi is a parallel local operation with the 3 × 3 × 3 neighborhood.

The significance of the iterative operation is summarized as follows.
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(1) A very complicated parallel local operation can be implemented by the
iteration (or serial composition) of relatively simple parallel local opera-
tions.

(2) A global operation may be realized by iterative use of operations Oi, even
if Oi is a local operation with a very small neighborhood.

(3) A certain type of the recursive expression is derived to specify an image
operation which is difficult to represent by a closed form. This often sim-
plifies theoretical analysis of the behavior of image operations. In fact, a
data-dependent operation cannot be expressed by an explicit form before-
hand. By using the iterative form, on the other hand, we may give a smart
explicit representation of such operation with some parameters including
the number of iterations. Examples of iterative local parallel operations
which are of practical importance include distance transformation, fusion
(morphological operation), and thinning.
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LOCAL PROCESSING OF 3D IMAGES

In this chapter we discuss the basics of 3D local operations using density
values in small subareas of an input image. A smoothing filter, a difference
filter, and features of the curvature of a surface are explained in detail.

3.1 Classification of local operations

3.1.1 General form

The general form of a local process was given in Section 2.4.2 as shown below.

Definition 3.1 (Local processing, local operation). The output density
gijk is obtained by the equation,

gijk = φijk({fpqr; (p, q, r) ∈ Npqr((i, j, k))}) (3.1)

where
Npqr((i, j, k)) ≡ {(i+ p, j + q, k + r); (p, q, r) ∈ Sijk}, (3.2)

Sijk is an appropriate subset of the set of all integer triads I× I× I.

The subarea of the image space Npqr((i, j, k)) is called the neighborhood
of (i, j, k). This means that a density value at a voxel (i, j, k) of an output
image is calculated by a function φijk using the density values of an input
image F = {fijk} in the neighborhood Npqr((i, j, k)). We call the function
φijk a local function. In the most general case, both the neighborhood and
the local function may be changeable according to their location on an image.
In the explanation in this book, however, it is assumed that they are the
same over the whole of an image to be processed, unless claimed otherwise
(position-invariant processing).

Remark 3.1. Local processes are sometimes called filtering and mask pro-
cessing. More specific names such as ∗ ∗ ∗ filter and ∗ ∗ ∗ operator are
also used for these processes. For example, terms such as edge detection filter,
difference filter, Gaussian filter, and smoothing filter are often used.
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3.1.2 Classification by functions of filters

(a) Smoothing filter

This is a filter designed to suppress random variations of density values in
the neighborhood of an image called a smoothing filter. The basic policy of its
design is:

(i) To calculate a simple (or a weighted) average of density values in the
neighborhood.

(ii) To detect an outlier (a voxel of a density value extraordinarily different
from other voxel’s density values) and suppress its value.

(b) Difference filter, edge extraction (detection) filter

This is a filter that calculates local differences in density values called a (spa-
tial) difference filter. These filters are used to detect parts of input images in
which the differences in local density values are relatively large and can be
used to define these differences.

(c) Local pattern matching (local template matching)

A typical pattern (or a density value distribution) in the subarea of a shape
and the size of the image neighborhood is used as a template, and the simi-
larity measure (or the degree of matching) between the subarea of an input
image and the template is calculated for each voxel of the input image.

(d) Local statistics filter

Various statistics of density values in the neighborhood area are calculated
for each voxel of an input image. An example of these statistics is as follows:
average, variance, median, maximum, minimum, k-th order statistics, range,
etc. Sometimes, a filter is denoted by the name of the calculated statistics,
such as a median filter and a range filter.

(e) Morphological filter

Morphological operations are performed on each voxel between subarea pat-
terns (template) defined beforehand and on subarea patterns of an input image
in the neighborhood.

3.1.3 Classification by the form of a local function

The concrete form of a local operation (or a filter) discussed here is determined
by the local function φ in Eq. 3.1. Filters also are classified by the local function
φ.
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(a) Linear filter

A linear filter is a filter defined by a local linear function. In other words, the
output value for each voxel is calculated by a linear combination (the weighted
sum) of density values on an input image in the neighborhood of each voxel.
Formally it is represented by Eq. 3.3.

Linear filter LF [W ] : F = {fijk} → G = {gijk}

gijk =
P∑

p=1

Q∑
q=1

R∑
r=1

wpqr · fi−[P/2]+p,j−[Q/2]+q,k−[R/2]+r (3.3)

Here a neighborhood of P×Q×R voxels is employed. A set of filter parameters
wpqr is called a weight matrix or mask, and these are often illustrated by a 3D
array of the size P ×Q×R. Since a weight can take 0 , the generality is not
lost by considering only this parallelepiped neighborhood.

(b) Difference filter

The local function of this type of filter contains the calculation of the difference
between density values of an input image. The simplest form is the calculation
of the difference of two voxels adjacent to each other. Most edge detection
filters such as Laplacian are operated by the difference filter as shown in
Section 3.3.

(c) Local statistics filter

The local statistics filter introduced in the previous section is also considered
to define a local function.

3.2 Smoothing filter

Most smoothing filters in 2D image processing can easily be applied to a 3D
image. We present a few examples.

3.2.1 Linear smoothing filter

If a negative value is not contained in a weight matrix in Eq. 3.3, the filter has a
smoothing effect when used on a local function. The weight values are selected
according to individual applications. If all weights are 1 , the filter is called a
uniform weight smoothing filter and represented by UF. This is equivalent to
the filter of which the output at each voxel is the sum (or average) of density
values in the neighborhood of an input image. A uniform weight smoothing
filter with the 3 × 3 × 3 neighborhood is most frequently used due to the
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simplicity of its calculation. The decomposition to a serial composition of
three 1D UFs is also possible as in a 2D case.

Uniform weight linear filter UF [C] : F = {fijk} → G = {gijk}
gijk =

∑
c · fijk. (3.4)∑

represents the sum over all voxels in the neighborhood N ((i, j, k))

We assume c = 1 in the sequel, if not described otherwise.
In order to describe explicitly that a weight W of the size of the neigh-

borhood P ×Q×R voxels is employed, we use the notation

Linear filter LF [W P ×Q×R] : F = {fijk} → G = {gijk}. (3.5)

The fast algorithm of the recursive type is available in the same way as the
2D UF [Preston79].

A weight matrix derived based on the probability density of Gaussian
distribution is frequently employed to smooth an input image in practical
applications. This type of filter is called a Gaussian filter.

Remark 3.2 (Gaussian distribution). The probability density function of
the 3D Gaussian distribution (normal distribution) p(x1, x2, x3) is given as
follows

p(x1, x2, x3) = (2π)−3/2|Σ|−1/2 exp{−(x− µ)tΣ−1(x− µ)/2}
x = (x1, x2, x3)t

µ = (µ1, µ2, µ3)t = mean vector

Σ =


σ11 σ12 σ13

σ21 σ22 σ23

σ31 σ32 σ33


 = covariance matrix (3.6)

To derive a weight matrix, we assume that the origin is located at the
center voxel of the neighborhood. Therefore, we assume the mean vector as
(0 , 0 , 0 ). An arbitrarily selected positive definite matrix can be given as a
covariance matrix Σ. A scale factor may be neglected. Thus we determine
each element of the weight matrix by the equation.

exp{−(x− µ)tΣ−1(x− µ)} (3.7)

3.2.2 Median filter and order statistics filter

The median filter is a filter that outputs at each voxel (i, j, k) the median of
density values of an input image in the neighborhood of (i, j, k). Formally it
is defined as follows.
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Median filter MED : F = {fijk} → G = {gijk}
gijk = the median of {fpqr; (p, q, r) ∈ N ((i, j, k))} (3.8)

N ((i, j, k)) = the neighborhood

This filter changes the density distribution of an input image into a
smoother one by replacing the density value fijk of a voxel (i, j, k) by the
median of density values in its neighborhood. Extraordinary density values
can be eliminated without being affected by its absolute value, and the filter
can preserve edges to some extent. Computing cost is relatively high because
sorting of density values in the neighborhood is performed at every voxel in
an input image.

Remark 3.3 (Order statistics filter). The concept of the median filter is
easily extended to the one that outputs the k-th order statistics (or the k-th
largest density value in the neighborhood). This we call order statistics filter
OS[k]. Formal description is given as follows.

Order statistics filter OS [m] : F = {fijk} → G = {gijk}
gijk = the m-th largest of {fpqr; (p, q, r) ∈ N ((i, j, k))} (3.9)

N ((i, j, k)) = the neighborhood

Assuming the neighborhood N ((i, j, k)) contains n (= odd) voxels, OS
[m] reduces to the median filter, if m = [(n+ 1 )/2 ]. If m = 1 and m = n, we
call those filters maximum filter and minimum filter, and denote by MAX
and MIN, respectively. Both MAX and MIN filter and their repetitive ap-
plication are very important in the distance transformation and the fusion
presented in Chapter 5 in detail. The basic structure and computation of an
algorithm essentially do not depend on the dimensionality of an input image.
The 1D order statistics filter has been studied in detail in the field of signal
processing [Nodes82, Bovik83, Arce87, McLoughlin87]. However, some of the
features such as edge preservation characteristics and the existence of ker-
nels (an invariant component to the iterative application) may not always be
extended to 3D image processing.

3.2.3 Edge-preserving smoothing

The smoothing operation changes the spatial distribution of the density values
in an input image and makes it smoother. It also eliminates or weakens a
significant variation in density values such as in the edges and borders of a
3D figure. Because of this, there is always a trade-off between noise reduction
by smoothing and the edge detection (detection of abrupt change) in density
values.

A method to deal with this difficulty is by smoothing while preserving the
edge. The basic idea is to roughly estimate the possible existence of edges
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before executing the smoothing procedure. One idea is to divide the neigh-
borhood area into several smaller subareas and to consider the possibility that
each subarea contains a border. A suitable measuring of density variations in
each subarea must be applied to do this. A smoothing operator is executed
only in the subarea, regarded as such as “no border exists in it.”

The concept of edge-preserving smoothing was firstly developed for a 2D
image. The extension of the idea to be applied to a 3D image is not com-
plicated. However, the devision of the neighborhood and the estimation of
the existence of a border requires careful consideration, as the result may
be a serious increase in computation time. Different ideas were presented in
[Tomasi98, Wong04] with applications to 3D CT and MRI images of the brain.

3.2.4 Morphology filter

Let us consider an input image F = {fijk} and a gray-tone image B =
{bijk; (i, j, k) ∈ N ((0 , 0 , 0 ))} defined at the origin (0 , 0 , 0 ) and on its neigh-
borhood. Then we define the following two operations, dilation and erosion.

Definition 3.2 (Dilation and erosion). Dilation of an input image F by
the structure element B is defined as

Dilation DIL [B] : F = {fijk} → G = {gijk}
gijk = max

(p,q,r)
{fpqr + bsp−i,q−j,r−k; (p, q, r) ∈ N ((i, j, k))}. (3.10)

Erosion of an input image F by the structure element B is defined as

Erosion ERO [B] : F = {fijk} → G = {gijk}
gijk = min

(p,q,r)
{fpqr − bsp−i,q−j,r−k; (p, q, r) ∈ N ((i, j, k))}. (3.11)

where Bs = {bsijk} is a gray-tone image symmetric to B with respect to the
origin.

The following notations are also used frequently.

Dilation of F by B = F ⊕B. (3.12)
Erosion of F by B = F �B. (3.13)

Both are also called morphological filters with the structure element B (and
with the neighborhood N ((i, j, k)). If bijk = 0, (i, j, k), then the dilation and
erosion reduce to the maximum filter and the minimum filter, respectively.

Serial compositions shown below are called morphological operations, too.
They are sometimes called the closing and opening, respectively.

(F �B)⊕B (operator expression DIL[B] ·ERO[B]) (opening)(3.14)
(F ⊕B)�B (operator expression ERO[B] ·DIL[B]) (closing) (3.15)
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They both can eliminate (or suppress) isolated random variations in an input
image; they change a curved surface w = f(i, j, k) transferring to an input
image into a smoother one.

Remark 3.4. The following holds concerning the morphological operations.
Putting an input image by F = {fijk} and an output image by G = {gijk},
(i) Erosion: G ≤ F . It eliminates an isolated protrusion smaller than a given

width.
(ii) Dilation: G ≥ F . It eliminates an isolated cavity or a depression smaller

than the given size by filling them.
(iii) Opening: G ≤ F . It makes an image smoother by whittling isolated

points, protrusions, and ridges smaller than the given size.
(iv) Closing: G ≥ F . It makes an image smoother by filling holes, depressions,

cavities, and valleys smaller than a given size.

By representing a 3D gray-tone image by a set of cross sections or a set of
umbras, we treat a 3D gray-tone image only by morphological operations on
a binary image or the operation on a set.

Remark 3.5. We will introduce another expression of the dilation and the
erosion. Note that an input 3D image F = {fijk} can be regarded as a curved
surface w − fijk = 0 , ∀(i, j, k) in the 4D space. Let us consider the subspace
R1 of this 4D space defined by

R1 = {(i, j, k); z − fijk ≤ 0} = umbra of F . (3.16)

Next let us consider a weight function {wijk ∈ N ((0 , 0 , 0 ))} defined on the
neighborhoodN ((0 , 0 , 0 )) of the origin ((0 , 0 , 0 )). We denote byRw((0 , 0 , 0 ))
the region z−wijk ≤ 0 (= umbra of {wijk}). Then let us denote by Rw(i, j, k)
the result of the translation of Rw((0 , 0 , 0 )) to (i, j, k). Then, the following
point set S

S = {(i, j, k);Rw(i, j, k) ⊂ R1} (3.17)

is called figure erosion of the region R1 by the weight function (the mask
function, structural element) Rw. Furthermore, putting the region {(i, j, k); z−
fijk ≥ 0} by R2, the point set S̄ (= the complement of S′), where

S′ = {(i, j, k);Rw(i, j, k) ⊂ R2} (3.18)

is called figure dilation of the region R2 by the weight function (structure
element)Rw. The operations to derive the figure dilation and the figure erosion
are also examples of morphological operations (Fig. 3.1).

Remark 3.6. Generally speaking, if an input image and a mask (a weight
function) are both binary, a morphological operation of the image is treated as
a morphological operation on the set, regardless of the dimension of an image
to be processed [Haralick87, Maragos87a, Maragos87b, Matheron75, Serra82].
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R
w
(weight function, structual element)

Fig. 3.1. An example of morphological operations for a 1D curve.

Applications of the morphological operation to practical image process
have increased during the last ten years. In the computer aided diagnosis of
medical 3D images, for example, this procedure is applied to the segmentation
of organs from chest and abdominal CT images and to the nodule detection
in lungs. Design of an appropriate weight or a structural element is the most
important factor in such practical applications.

Remark 3.7. Let us show an example of the morphological operation. An
input is a 1D image (waveform), and a mask is a circle of the radius r (Fig. 3.1).
In this example, Rw = the region below the curve.

Figure erosion = the trace of the center of circles (weight) such that all the
circles stay below the curve.

Figure dilation = the trace of the center of circles (weight) such that the
entire circle stays above the curve or the circle touches the curve at least
at one point.

3.3 Difference filter

3.3.1 Significance

When we see an unknown image (a 2D image) for the first time, we focus on
the following areas:

(i) an area with subtle variation in density,
(ii) abrupt change in density values,
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(iii) connections of common features.

Human vision is sufficient when working with a 2D image, making the
above statements valid for this type of image. For a 3D image, however, we
tend to develop methods for computer processing. At first we tend to imagine
that an area of nearly uniform density suggests the existence of a 3D object.
Secondly we expect that borders or edges of 3D objects may exist. A sudden
change in density values will be detected by calculating the spatial difference
of a 3D image.

3.3.2 Differentials in continuous space

Before proceeding to the explanation of a difference filter, we will summarize
the basics of differentials of a continuous function. Let us consider a func-
tion of three variables f(x, y, z). We presently assume f(x, y, z) at least twice
differentiable.

(a) Gradient

∇f(x, y, z) = (∂f/∂x) · i + (∂f/∂y) · j + (∂f/∂z) · k, (3.19)

where i, j, and k are unit vectors in x, y, and z directions, respectively.

(b) Maximum gradient

‖∇f‖ =
[
(∂f/∂x)2 + (∂f/∂y)2 + (∂f/∂z)2

]1/2
. (3.20)

(c) Direction of the maximum gradient

θ∗ = tan−1 [(∂f/∂y)/(∂f/∂x)] . (3.21)

ϕ∗ = tan−1{(∂f/∂z)/
[
(∂f/∂y)2 + (∂f/∂x)2

]1/2}. (3.22)

(d) Coordinate transform (Fig. 3.2)

(r, θ, φ)(polar coordinate system)→ (x, y, z)(Cartesian coordinate system)
x = r cos θ cosφ, y = r sin θ cosφ, z = r sinφ. (3.23)

(x, y, z)(Cartesian coordinate system)→ (r, θ, φ)(polar coordinate system)
r = (x2 + y2 + z2)1/2, θ = tan−1(y/x), φ = tan−1(z/(x2 + y2)1/2). (3.24)

(e) Derivative in angular direction (θ′, ϕ′)

(∂f/∂x) cos θ′ cosφ′ + (∂f/∂y) sin θ′ cosφ′ + (∂f/∂z) sinφ′. (3.25)
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Fig. 3.2. The Cartesian coordinate system and polar coordinate system. Cartesian
coordinates (x, y, z) ↔ polar coordinates (r, θ, φ).

(f) Laplacian

∇f = (∂2f/∂x2) + (∂2f/∂y2) + (∂2f/∂z2). (3.26)

(g) Derivatives in the direction of coordinate axis

(first-order derivatives)

fx = (∂f/∂x), fy = (∂f/∂y), fz = (∂f/∂z) (3.27)

(second-order derivatives)

fxx = (∂2f/∂x2), fyy = (∂2f/∂y2), fzz = (∂2f/∂z2)
fxy = (∂2f/∂x∂y), fyz = (∂2f/∂y∂z), fzx = (∂2f/∂z∂x) (3.28)

The set of these partial derivatives are often denoted in the form of matrix
called Hessian, that is,

Hessian


 fxx fxy fxz

fyx fyy fyz

fzx fzy fzz


 (3.29)

3.3.3 Derivatives in digitized space

Derivatives are approximated by differences on a digitized image. Several ex-
amples are shown below.
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fx = (fi+1,j,k − fi−1,j,k)/2∆i (3.30)
fxx = (fi+1,j,k − 2fijk + fi−1,j,k)/4∆i (3.31)
fxy = (fi+1,j+1,k − fi−1,j+1,k − fi+1,j−1,k + fi−1,j−1,k)/4∆i∆j, (3.32)

where ∆i and ∆j are sampling intervals (= the length of voxel edges) in the
i and the j directions, respectively. They are unit length usually. The value
of ∆k may be larger when the interval between slices is larger than the voxel
size within a slice as is often seen in CT images of the human body. Various
other methods and equations to numerically evaluate differentials are found
in books about numerical analysis.

Remark 3.8. Values of derivatives can be estimated by executing a curve
fitting in the neighborhood of each voxel. The outline of the procedure is as
follows in the case of 3D image processing:

Given an input image F = {fijk}, we consider to fit a suitable function
φ(x, y, z; a) at a voxel (i, j, k) and its neighborhood, where x, y, and z repre-
sent variables in the coordinate axes i, j, and k, and a is a parameter vector
specific to the function φ. Then we obtain values a = (a1, a2, . . . , aM ) which
minimizes the following estimation error eijk

eijk =
∑

(p,q,r)

[fpqr − φ(p, q, r; a)], (3.33)

where
∑

means the sum over the neighborhood N (i, j, k) of a voxel (i, j, k).
Next, we estimate the density fijk at a voxel (i, j, k) by φ(i, j, k; a). Values

of derivatives at the same voxel are also approximated by ∂φ/∂x, ∂2φ/∂x2,
etc.

Process of calculation is obvious. The value of a is obtained by solving the
equation.

∂eijk/∂ak = −2
∑

(p, q, r)[fpqr − φ(p, q, r; a)](∂φ/∂ak) = 0 , k = 1 , 2 , . . . ,M
(3.34)

The solution is obtained from values of (i, j, k) and density values of an input
image in the neighborhood N ((i, j, k)). The calculation process is simplified
by putting the origin at the center of the neighborhoodN ((i, j, k)), because it
is enough to calculate values of φx(0, 0, 0; a), φxx(0, 0, 0; a), etc., without using
values of φx(0, 0, 0; a) etc. at a general position of (i, j, k). The underlying idea
here is the same as the processing of a 2D image as is seen in [Haralick81,
Haralick83]. Examples of applications to 3D images are found in [Brejl00,
Hirano03].

3.3.4 Basic characteristics of difference filter

Derivatives are approximated by differences in digital image process. A local
processing to perform this is called a difference operation (difference operator,
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difference filter). Basic characteristics of difference filters are almost the same
as those of 2D images. We neglect the details here and will discuss the most
important features.

(i) The simplest form of the difference filter is one in which the difference
between densities of two voxels (denoted by P and Q for explanation) is
calculated. In this case, the output for an edge running in the direction
near the line connecting two voxels P and Q is small. On the other hand,
for an edge perpendicular to the direction connecting P and Q, the output
will be a larger difference value. Therefore, the response of a difference
filter strongly depends on both the direction of the difference and that
of an edge. This type of difference filter is called a directional-type filter.
A filter giving a significant output to any direction of edges is called
an omnidirectional-type filter.The directional type is effective if we have
precise knowledge of the edge direction or if we want to detect only edges of
restricted directions. However, the omnidirectional-type filter is preferred
if we do not have enough knowledge about the edge direction or if detecting
the edges of all directions is necessary.

(ii) We can derive an omnidirectional filter from directional filters. This is
called omnidirectionalization. Details of this procedure are explained in
Subsection 3.3.5.

(iii) The difference in density between two voxels separated in a definite dis-
tance from each other may be used instead of the difference between adja-
cent voxels. By adjusting the distance k between two voxels for which the
density difference is calculated, we can design a filter that may respond
to edges and borders (line detection type) and to a massive figure (mass
detection type). This feature is basically common to 2D image processing
[Preston79].

(iv) A disadvantage of the difference filter is that it is too sensitive to ran-
dom noise. This sensitivity is prevented by applying a smoothing filter
before applying a difference filter or by developing a filter that has both
smoothing and difference calculation functions. This type of filter we call
a smoothed difference filter. Formally this is regarded as the serial compo-
sition of a smoothing operator and a difference operator. If both operators
are linear, their serial composition is also linear.

3.3.5 Omnidirectionalization

Let us first apply a few relatively simple difference filters (element filters)
to obtain the final output by calculating a suitable function of those out-
puts. We call this process the integration of element filters. An omnidirec-
tional filter may be created by integrating directional filters. This is called
omnidirectionalization. Denoting n operations with those n element filters by
O1 ,O2 , . . . ,On , the final output is the parallel composition of element oper-
ators O1 ,O2 , . . . ,On .
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Let us denote by fp an output value of an element filter Op at a voxel
(i, j, k) (p = 1 , 2 , . . . , n). Then, the following examples show the output of an
omnidirectionalized filter fg.

(1) fq =
n∑

p=1

fp, (or fq =
n∑

p=1

fp/n). (3.35)

(2) fq =
n∑

p=1

‖fp‖, fq =
n∑

p=1

fp
2. (3.36)

(3) fq = order statistics of {|fp|}. (3.37)
(max{|fp|},min{|fp|},median of{|fp|}, etc.)

3.3.6 1D difference filters and their combinations

The simplest form of a difference filter is one in which voxels used for calcula-
tion are arranged along a line segment. This we call a simple difference filter.
Examples are shown below:

1st order difference

LDF1[p, q, r] : F = {fijk} → G = {gijk},
gijk = fi−p,j−q,k−r − fi+p,j+q,k+r (3.38)

2nd order difference

LDF2[p, q, r] : F = {fijk} → G = {gijk},
gijk = fi−p,j−q,k−r + fi+p,j+q,k+r − 2fijk (3.39)

1st order difference - rotationary type
LDFrot1[r, θ, φ] : F = {fijk} → G = {gijk},

gijk = f1(r, θ, φ)− f2(r, θ, φ) (3.40)

2nd order difference - rotationary type
LDFrot2[r, θ, φ] : F = {fijk} → G = {gijk}.

gijk = f1(r, θ, φ) + f2(r, θ, φ)− 2fijk (3.41)

In the rotationary type above, two voxels (i± r cos θ sinφ, j ± r sinφ sin θ, k±
r cos θ) are selected at each voxel (i, j, k), so that they are located separately
by r from the voxel (i, j, k) and symmetrically with respect to (i, j, k) in the
directional angles φ (Fig. 3.3). Then, f1(r, θ, φ) and f2(r, θ, φ) in the above
rotationary type represent input density values at these voxels.
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Fig. 3.3. A 3D simple difference filter. This figure shows a second-order difference
filter. A first-order difference filter is obtained by making a center weight to be zero.

Remark 3.9. Omnidirectionalization results of the rotational-type filters men-
tioned above are called rotational difference filter. Results were applied to 3D
chest CT images to detect lung cancer [Shimizu93, Shimizu95a, Shimizu95b].
Several examples are:

g
(p)
ijk(r) = max

(θ,φ)
{g(p)

ijk(r, θ, φ); 0 < θ, φ ≤ π}. (3.42)

g
(p)
ijk(r) = min

(θ,φ)
{g(p)

ijk(r, θ, φ); 0 < θ, φ ≤ π}. (3.43)

g
(p)
ijk(r) =

∑
θ

∑
φ

g
(p)
ijk(r, θ, φ) (p = 1 , 2 ). (3.44)

3.3.7 3D Laplacian

A 3D Laplacian is derived naturally from the sum of the output of three
second-order difference filters as is shown below, or of the sum of all outputs
of the first-order difference filters for all directions.

gijk = fi+r,j,k +fi,j+r,k +fi,j,k+r +fi−r,j,k +fi,j−r,k +fi,j,k−r−6fijk. (3.45)

Representations by masks are shown in Fig. 3.4 for r = 1 , and other variations
are given in Table 3.1 and 3.2.

3.3.8 2D difference filters and their combination

New types of 3D filters are derived by calculating a suitable function of outputs
of 2D filters on two parallel planes placed on the opposite side of a voxel
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Fig. 3.4. Examples of a weight function of 3D Laplacian.

Table 3.1. A Laplacian on the 3D 26-neighborhood.

Element filter (assuming r = 1 )
(1) The form of gijk = fi−1,j,k + fi+1,j,k − 2fijk (three directions)
(2) The form of gijk = fi−1,j−1,k + fi+1,j+1,k − 2fijk (six directions)
(3) The form of gijk = fi−1,j−1,k−1 + fi+1,j+1,k+1 − 2fijk (four directions)

Sum of 3 element filters → 6-neighbor Laplacian
Sum of 9 element filters of (1) and (2) → 18-neighbor Laplacian
Sum of 13 element filters of (1), (2) and (3) → 27-neighbor Laplacian

(i, j, k). For instance, 2D filters on planes (i = i − 1 ) and (i = i + 1 ) are
applied first, and then the sum of their outputs may be considered as the
output at the voxel (i, j, k). Even if 2D filters are omnidirectional, a resulting
3D filter may become directional, if we employ only one pair of planes. On
the contrary, a resulting 3D filter may become omnidirectional even if we use
directional ones in 2D planes.

Figure 3.5 shows an example of a 3D difference filter derived from a pair of
two 2D 4-neighbor Laplacians. The obtained 3D filter is directional, because
only one pair of filters arranged in the k-direction is employed there. Note
here that both 2D filters are omnidirectional in 2D planes.

Other examples are illustrated in Figs. 3.6 and 3.7. Those in Fig. 3.6 were
derived from 2D Sobel filters. The Sobel filter in Fig. 3.7 was derived directly
from a 3D image. Examples of operators for edge detection in a 3D image are
given in Table 3.2.

Remark 3.10. The directional characteristics of 2D and 3D filters in synthe-
sizing 3D ones from 2D ones are as follows:

(i) (2D, directional) → (3D, directional) → (3D, omnidirectional)
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Fig. 3.5. An example of a 3D difference filter derived by arranging two 2D Lapla-
cians. A 3D directional filter is obtained from 2D omnidirectional ones.

(a) (b)

Fig. 3.6. The combination of 2D Sobel filters for deriving 3D filters: (a) Juxtaposi-
tion of three 2D filters; (b) difference of two 2D directional filters. Both are obtained
from 2D directional filters and are directional as 3D filters.

Fig. 3.7. The extension of a 2D Sobel filter to a 3D Sobel filter: (a) 2D Sobel filter;
(b) 3D Sobel filter.

(ii) (2D, directional) → (3D, omnidirectional)
(iii) (2D, omnidirectional) → (3D, directional) → (3D, omnidirectional)
(iv) (2D, omnidirectional) → (3D, omnidirectional)

Remark 3.11. Large numbers of 2D filters have been developed for various
applications and have been studied theoretically and experimentally. Most
of their structures and properties are extended straightforward to 3D image

(a) (b)
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Fig. 3.8. An illustration of a curved surface according to values of curvature (K
means Gaussian curvature).

processing. The procedure of extension is obvious, hence they are not dis-
cussed in this book. Examples contain curve fitting in local areas such as in
the Heuckel operator, Laplacian-Gaussian, and the use of zero crossings, re-
cursive and nonrecursive filters that are frequently discussed in digital signal
processing, linear filters designed in the spatial frequency domain, separabil-
ity of filters and fast algorithms, etc. The 3D difference filters were perhaps
first reported in [Liu77, Herman78], and the optimization type was found in
[Zucker79, Zucker81]. In some 3D cases the computation cost may become too
much. The physical meaning of some of these filters may not be applicable
to 3D image such as the similarity between the response of the human vision
and the DOG (difference of Gaussian) filter.

3.4 Differential features of a curved surface

Consider a 3D continuous image f(x, y, z) and a 4D hypersurface S : u =
f(x, y, z). At an arbitrary point P on this surface, there exist three principal
curvatures. We denote them by k1, k2, and k3. They are calculated as follows
(see Fig. 3.8 also).

Let us denote the first and the second derivatives of a 3D gray-tone contin-
uous image u = f(x, y, z) by fx, fy, and fxx, and fxy, etc. Then we consider
the following two matrices, F1 and F2.



3.4 Differential features of a curved surface 67

(the first fundamental form)

F1 =


1 + f2

x fxfy fxfz

fyfx 1 + f2
y fyfz

fzfx fzfy 1 + f2
z


 (3.46)

(the second fundamental form)

F2 = −1/D


 fxx fxy fxz

fyx fyy fyz

fzx fzy fzz


 (3.47)

where
D = (1 + f2

x + f2
y + f2

z )1/2. (3.48)

Then, principal curvatures k1, k2, and k3 of a hypersurface S are obtained as
eigen values of a matrix

W = F−1
1 F2. (3.49)

Relations among them are classified as summarized below.

(i) Signs and orders in their sizes (20 cases).
(ii) Orders in sizes of their absolute values and zero and nonzero (26 cases).
(iii) The sign of the sum k1 + k2 + k3 (3 cases).

There exist 1560 cases of all these combinations. Noting that we can assume
|k1| ≥ |k2| ≥ |k3| without loss of generality, consideration of only 20 cases is
enough. They are given in Table 3.4.

These curvatures represent local shape futures of the surface S at a point
P and its vicinity. We could imagine shapes of a hypersurface from the analogy
on a 2D image (= shape of a 3D surface).

Sets of points satisfying various conditions may be utilized as shape
features of surfaces in the 3D space and a hypersurface in the 4D space
such as equidensity surface, a surface of a 3D object and border surface,
for example, [Enomoto75, Enomoto76, Nackman82] for a 2D image, and
[Watanabe86, Thirion95, Monga95, Brechbuhler95, Hirano00].

However, differential features are defined only at a differentiable point for
a continuous image. For a digitized image, the method to calculate difference,
the method of digitization, and the effect of random noise must be taken into
account.

Remark 3.12. For a 2D continuous image f(x, y), consider a curved surface
S2 : u = f(x, y), a point P on it, and a tangent A of the curved surface
(Fig. 3.8). Consider next a plane that includes a tangent A and the normal of
S2 at P. Then let us obtain an intersecting line C between this plane and the
surface S2. Since C is a curve on a 2D plane, the curvature at a point P can
be treated in the frame of 2D geometry. Because the curvature depends on a
tangential line A, we call this curvature the normal curvature of the surface
S2 at a point P in the direction A (Fig. 3.8).
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Table 3.3. A possible set of principal curvatures in a 4D curved surface.

Simple principal Absolute value Mean curvature
Number

curvature criterion criterion criterion

1 k1 > k2 > k3 > 0 |k1| > |k2| > |k3| > 0 k1 + k2 + k3 > 0

2 k1 > k2 > k3 = 0 |k1| > |k2| > |k3| = 0 ′′
3 k1 > k2 = k3 > 0 |k1| > |k2| = |k3| > 0 ′′
4 k1 > k2 = k3 = 0 |k1| > |k2| = |k3| = 0 ′′
5 k1 = k2 > k3 > 0 |k1| = |k2| > |k3| > 0 ′′
6 k1 = k2 > k3 = 0 |k1| = |k2| > |k3| = 0 ′′
7 k1 = k2 = k3 > 0 |k1| = |k2| = |k3| > 0 ′′
8 k1 = k2 = k3 = 0 |k1| = |k2| = |k3| = 0 k1 + k2 + k3 = 0

9 k1 > k2 > 0 > k3 |k1| > |k2| > |k3| > 0 k1 + k2 + k3 > 0

10 ′′ |k1| > |k2| = |k3| > 0 ′′
11 ′′ |k1| > |k3| > |k2| > 0 ′′
12 ′′ |k1| = |k3| > |k2| > 0 ′′
13 ′′ |k3| > |k1| > |k2| > 0 ′′
14 ′′ ′′ k1 + k2 + k3 = 0

15 ′′ ′′ k1 + k2 + k3 < 0

16 k1 > k2 = 0 > k3 |k1| > |k3| > |k2| = 0 k1 + k2 + k3 > 0

17 ′′ |k1| = |k3| > |k2| = 0 k1 + k2 + k3 = 0

18 ′′ |k3| > |k1| > |k2| = 0 k1 + k2 + k3 < 0

19 k1 = k2 > 0 > k3 |k1| = |k2| > |k3| > 0 k1 + k2 + k3 > 0

20 ′′ |k1| = |k2| = |k3| > 0 ′′
21 ′′ |k3| > |k1| = |k2| > 0 ′′
22 ′′ ′′ k1 + k2 + k3 = 0

23 ′′ ′′ k1 + k2 + k3 < 0

24 k1 = k2 = 0 > k3 |k3| > |k1| = |k2| = 0 ′′
25 k1 > 0 > k2 > k3 |k1| > |k3| > |k2| > 0 k1 + k2 + k3 > 0

26 ′′ ′′ k1 + k2 + k3 = 0

27 ′′ ′′ k1 + k2 + k3 < 0

28 ′′ |k1| = |k3| > |k2| > 0 ′′
29 ′′ |k3| > |k2| > |k1| > 0 ′′
30 ′′ |k3| > |k1| = |k2| > 0 ′′
31 ′′ |k3| > |k1| > |k2| > 0 ′′
32 k1 > 0 > k2 = k3 |k1| > |k2| = |k3| > 0 k1 + k2 + k3 > 0

33 ′′ ′′ k1 + k2 + k3 = 0

34 ′′ ′′ k1 + k2 + k3 < 0

35 ′′ |k1| = |k2| = |k3| > 0 ′′
36 ′′ |k2| = |k3| > |k1| > 0 ′′
37 k1 = 0 > k2 > k3 |k3| > |k2| > |k1| = 0 ′′
38 k1 = 0 > k2 = k3 |k2| = |k3| > |k1| = 0 ′′
39 0 > k1 > k2 > k3 |k3| > |k2| > |k1| > 0 ′′
40 0 > k1 > k2 = k3 |k2| = |k3| > |k1| > 0 ′′
41 0 > k1 = k2 > k3 |k3| > |k2| = |k1| > 0 ′′
42 0 > k1 = k2 = k3 |k1| = |k2| = |k3| > 0 ′′
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The normal curvature k(A) varies as a function of the direction A when
we rotate the tangential line A around the normal of the surface S2 at a point
P . Then the maximum k1 and the minimum k2 of k(A) and other values
calculated from them are called as follows. They are regarded as features of
local shape of the surface.

k1, k2 ; principal curvature (3.50)
H = (k1 + k2)/2 ; mean curvature (3.51)
K = k1 · k2 ; total curvature or Gauss curvature (3.52)
Directions of tangents corresponding to k1 and k2 ; principal directions (3.53)

The outline of local shapes on a surface of a 2D image (or a 3D surface) is
illustrated in Fig. 3.8 and Table 3.4.

3.5 Region growing (region merging)

3.5.1 Outline

A procedure called region growing (region merging) or more generally most
region-based segmentation procedures can be applied to a 3D image directly.
We will only explain them briefly.

Region growing is a procedure starting from suitably selected set of voxels
(initial regions, initial voxels) and expands them sequentially by adding adja-
cent voxels or regions while incorporating predetermined conditions. The core
of the region-growing algorithm consists of the following three parts:

(i) Selection of starting voxels (or regions).
(ii) Expansion (growing, merging) of regions .
(iii) Testing of terminating condition.

There are two typical procedures for the third step: a fixed rule (a procedure-
independent rule) and a procedure-dependent rule. For example, a maximum
voxel number for a region may be given beforehand (procedure-independent
rule). Alternatively, the procedure may be terminated unless a new voxel
involved in a merging condition is found (a procedure-dependent rule).

3.5.2 Region expansion

The kernel of the algorithm is the iterative execution of the second and the
third step of the above procedure summarized as follows:

Algorithm 3.1 (Region growing). Iterate the following for k = 1 , 2 , . . ..
Denote by Rk the region that has been detected when the k-th iteration of
processing starts. For k = 1 , R1 has been assumed to be given by the other
procedure.
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Table 3.4. The classification of local shapes in a 3D curved surface: (a) Classifica-
tion by principal curvatures k1 and k2; (b) classification by Gaussian curvature K
and mean curvature H .

(a)

k2 < 0 k2 = 0 k2 > 0

k1 < 0 peak ridge line saddle

k1 = 0 ridge line planar valley line

k1 > 0 saddle valley line hollow

(b)

K > 0 K < 0
(elliptic)

K = 0
(saddle like)

H < 0 peak ridge line saddle (ridge-line like)

H = 0 planar minimal surface

H > 0 hollow valley line saddle (valley-line like)

(1) Stop if a given terminating rule is satisfied. Otherwise, select candidate
of a voxel or a set of voxels rk (test) to be added to Rk according to the
procedure given beforehand. Stop if a candidate voxel set is not found.

(2) Calculate features of rk (test) and test whether they satisfy the criteria
for expansion (or merging).

(3) Replace Rk by Rk ∪ rk (test) if rk(test) meets the criteria. k ← k+1 , and
go to (1). Otherwise stop.

(4) If there exist more than one candidate sets rk (test) in (1), execute (1)
∼ (3) for all of them. If more than one Rk exists when the whole of the
procedure starts, apply (1) ∼ (3) for all of them.

The most important steps of the algorithm are the criteria for expansion
in (2) and selection of the candidate set in (1). Both of them determine the
performance of the algorithm. Examples that used (2) are many of the algo-
rithms:

(a) A set of voxels with properties similar to those in regions already ex-
tracted.

(b) A set of voxels neighboring to voxels extracted past or connected to them
in the predetermined way.

Voxels of density values within a suitable range around the average voxel
density previously extracted, that are 26-adjacent to regions extracted in the
past, are examples of the simplest criteria.

The expansion process may be executed either sequentially or in parallel.
A candidate may be tested and merged as soon as it is detected. In the other
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case, after all possible candidates have been detected at a suitable time point,
they may be tested and merged at the same time.

Region growing is the grouping of voxels or is regarded as a kind of clus-
tering of voxels based upon their features. Geometrical features, in particular,
with properties relating to connectivity are taken into account during the ex-
ecution of the algorithm. The region growing used was effective to extract the
whole of a region connected to the starting regions. In order to extract more
than one separate object the entire procedure must be repeated many times.

Region growing is frequently used in the processing of 3D CT images in
medicine, to segmentate organs in the human body such as the bronchus and
chest vessels, the stomach, liver, colon etc [Kitasaka02a, Yokoyama03]. Re-
gion growing is suitable to extract the entire objects spreading in a relatively
large area in an input 3D image. However, detection of a smooth surface and
deciding on exact locations of borders are difficult to accomplish by region
growing only [Duda01].
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GEOMETRICAL PROPERTIES OF 3D
DIGITIZED IMAGES

A digitized binary image contains only two groups of voxels, 1-voxels and 0-
voxels. We assume for now that we have interest in the set of 1-voxels and
will call it a figure. The other set we call the background. Properties of a
digitized figure are often very different from those of ordinary figures in the
continuous space. Treating geometrical properties of digitized figures is called
digital geometry. In this chapter, we briefly introduce the basics of digital
geometry before discussing them further. The most important basic concepts
of digital geometry are shown in Fig. 4.1.

In Section 4.1, after introducing the basic concepts of neighborhood and
connectivity, we discuss three important topological features including genus,
connectivity indexes, and the relationship between them. Then we explain the
concept of deletability of 1-voxels and the condition under which an arbitrary
algorithm preserves topological features of a figure in a binary image. We also
show a simple proof of this condition using the above topological features.

In this chapter we will deal with binary images only. We assume that
images consist of cubic voxel arrays of I rows, J columns, and K planes. It
is also assumed that the first row, the I-th row, the first column, the J-th
column, the first plane, and the K-th plane are all filled with 0-voxels. These
rows, columns, and planes are called the frame of an image.

4.1 Neighborhood and connectivity

4.1.1 Neighborhood

As is shown in Fig. 4.1, we will start the discussion of geometrical properties of
a binary image with the neighborhood and the connectivity and will introduce
a connected component. As it was already stated in Section 2.4.2 we define
the neighborhood as follows:

Definition 4.1 (Neighborhood). The neighborhood of a voxel (i, j, k), de-
noted by Nijk((i, j, k)), is defined by the equation
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Fig. 4.1. Basic concept of digital geometry.

Nijk ≡ {(i+ p, j + q, k + r); (p, q, r) ∈ S′ijk} S′ ⊂ S(≡ I× I× I), (4.1)

where I is the set of all integers and S ′ijk is a suitably given set of integer
triads.

Here we consider only the neighborhood that does not depend on the
position (i, j, k). Examples of the neighborhood were given in Table 2.4 and
Fig. 4.2. Three of them – the 6-neighborhood, the 18-neighborhood, and the
26-neighborhood – are most frequently used in practical applications and often
denoted in the following way (Fig. 4.2)

N [6](x0) = {xp, p ∈ S1}, (4.2)

N [18](x0) = {xp, p ∈ S1 ∪ S2}, (4.3)

N [26](x0) = {xp, p ∈ S1 ∪ S2 ∪ S3}, (4.4)

where S1 , S2, and S3 are sets of integers and show the numbers given to voxels
in 3 × 3 × 3 neighborhood as in Fig. 4.2. We also use two other numbering
systems as shown in the system T and U in Fig. 4.2.

Remark 4.1. Considering a voxel is a cube in a digitized image, then

(i) any of voxels in the 6-neighborhood of a voxel x shares at least one face
of the voxel x,

(ii) any of voxels in the 18-neighborhood of a voxel x shares at least one edge
of the voxel x,

(iii) any of voxels in the 26-neighborhood of a voxel x shares at least one
vertex of the voxel x.
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Fig. 4.2. Notations of voxels in the neighborhood and three basic neighborhoods:
(a) 6-neighborhood = S1; (b) 18-neighborhood = S1 ∪ S2; (c) 26-neighborhood =
S1 ∪ S2 ∪ S3.

If two voxels x and y satisfy the relation “x ∈ N [6](y),” it is said that x
and y are 6-adjacent to, each other, or that x is 6-adjacent to y, etc. The 18-
and 26-adjacency are also defined in the same way.

Remark 4.2. If the neighborhood of a voxel (i, j, k) is symmetrical in respect
to (i, j, k), x ∈ N [k](y) implies y ∈ N [k](x), and vice versa. This is not always
true otherwise or if the neighborhood is asymmetrical.

Remark 4.3. As was stated in Section 2.4.2, a neighborhood of a voxel x in
general may or may not contain the voxel x itself. For example, the 6- and the
26- neighborhood of x does not contain the central voxel x, but the K×L×M
neighborhood of x includes the voxel x.

4.1.2 Connectivity and connected component

Let us define the concept of connectivity between two voxels based on the
neighborhood.

Definition 4.2 (Connectivity). Two voxels x1 and x2 with a common value
are said to be 6-connected (18-connected, 26-connected), if a sequence of voxels
y0(= x1),y1, . . . ,yn(= x2) exists, such that each yi is in the 6-neighborhood
( 18-neighborhood, 26-neighborhood ) of yi−1(∀i(1 ≤ i ≤ n) and all yis
have the same value as x1 and x2. It is clear that 6-connectedness, 18-
connectedness, and 26-connectedness thus defined gives a kind of equivalence
relationship among voxels with the value 1 (or value 0 ).
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Remark 4.4 (Equivalence relationship). Given a set, assuming two arbi-
trary elements of the set, we can decide whether a predetermined relationship
“∼” holds or not. If the relationship “∼” satisfies all of the following laws, we
call it an equivalence relationship.

(i) x ∼ x (reflective law)
(ii) If x ∼ y, then y ∼ x (symmetric law)
(iii) If x ∼ y and y ∼ z, then x ∼ z (transitive law)

If x ∼ y, it is said that x is equivalent to y. The set of all voxels equivalent
to a voxel x is called an equivalence class of x.

Definition 4.3 (Connected component). All voxels in an image can be
classified into different classes by making voxels connected to each other be-
long to the same class. Each class derived from this procedure is called a con-
nected component. More precisely, each equivalence class of voxels defined by
6-connectedness is called a 6-connected component. An 18-connected compo-
nent and a 26-connected component are defined in a similar way. A connected
component of 0-voxels is called a 0-component, and that of 1-voxels is called
a 1-component.

Definition 4.4 (Cavity). Any connected component of 0-voxels that is not
connected to the frame of an image is called a cavity.

Definition 4.5 (Hole, handle). Let us consider a connected component of
1-voxels C. Then consider a figure FC in the continuous space obtained by
combining all 1-voxels in C. Each 1-voxel is treated as a cube here. The
figure FC is called a continuous figure corresponding to C. The surface of this
continuous figure FC is a closed curved surface in the continuous 3D space.
Then if this closed surface has a hole (handle), we call this hole (handle) a
hole (handle) of the connected component C (Fig. 4.3).

Definition 4.6 (Simply connected, multiply connected). A connected
component of 1-voxels with none of hole and cavity is said to be simply con-
nected, and otherwise, multiply connected.

Remark 4.5 (18′-Connectivity). Although any of 6-, 18-, or 26-connectivity
may be adopted for the analysis of any particular problem, care must be taken
to avoid a contradiction concerning the connectivity of 1-voxels and that of 0-
voxels. It is required that only the pairs of connectivity listed in Table 4.1 are
used. Here the 18′-connectivity is introduced for preserving theoretical con-
sistency. Definitions of the 18′-connectivity and the 18′ neighborhood are the
same as those of the 6-connectivity except the configuration given in Fig. 4.4.
This local configuration of six voxels is regarded as a plane of six voxels in the
18′-connectivity case and as a loop of six voxels in the 6-connectivity case.
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(a)

(b)

Fig. 4.3. Illustration of a hole of a 3D figure: (a), and a few examples of holes (b).
A figure in the left of (b) has two holes and the other two have one hole for each.

(a) (b) (c) (d)

Fig. 4.4. Illustration of 18′-connectivity: All voxels drawn here are 1-voxels and
0-voxels are not presented here. This configuration is regarded as a loop in the
6-connectivity (c), and as a surface in the 18′-connectivity (d).

There may be more than one (occasionally large numbers of) connected
components in a 3D input image. On the computer, we distinguish each com-
ponent from each other giving it a label. One method to assign a label to a
component is to store an integer to each 1-voxel in such a way that all 1-voxels
belonging to the same component have the same integer value, and 1-voxels of
different components have different integers. This integer is called a label of a
component, and the procedure to give labels to all 1-voxels is called labeling.
A labeling algorithm will be shown in the next chapter.
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Table 4.1. Acceptable pairs of connectivity for 1-voxels and 0-voxels.

1-voxel m 0-voxel m

6-connectivity 26-connectivity
18-connectivity 18′-connectivity
18′-connectivity 18-connectivity
26-connectivity 6-connectivity

Remark 4.6. Labels usually will be positive integers because the value 0 is
used as the label of the background.

There may exist more than one holes and cavities in one component. A
continuous figure corresponding to a 1-component in Definition 4.5 has the
same number of closed surfaces of cavities as that of cavities, in addition to
the outside surface of the component. A hole may exist on either of an outside
surface and a surface of a cavity. Examples of a handle are a center hole of
a doughnut, a floater, a coffee cup with a handle (one hole), a pot with two
handles, an eyeglass frame, pants (two holes), and the sponge (many holes).
Conceptually, a hole in a 2D figure corresponds to a cavity of a 3D figure. A
hole (handle) is the concept specific to a 3D figure.

Remark 4.7. It seems that an explicit definition of a handle (or a hole) in a
3D figure has not been given in literature. In [Lee93], for example, the number
of handles was explained from the viewpoint of the “nonseparating cut.” Also
linkage and the knot of a 3D figure were discussed also, although algorithms
to treat them were not been shown.

For a continuous 3D figure, on the other hand, the following is known as
one possible definition. Consider a division of a 1-component C into a set
of simplexes. Then the number of handles (holes) of the 1-component C is
defined as the number of independent 1D homology classes.

4.2 Simplex and simplicial decomposition

Simplex is one of most basic concepts in the study of topological properties for
a continuous figure. This is a typical example of a figure representing all figures
of each dimension as a concrete form realizing the concept of dimensionality.
For example, a point (zero dimension), a closed segment (one-dimension), a
triangle (two-dimension) and a tetrahedron (three-dimension) are simplexes
of lower dimensions.

We need to extend these simplexes to a digitized image. One way to per-
form this is given in Fig. 4.5.

Definitions of them are given as follows.

Definition 4.7 (Simplex). Simplexes used for decomposition of a 3D digi-
tized image should be defined as follows:
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Fig. 4.5. Simplexes in a 3D figure: Black circles show 1-voxels and white ones 0-
voxels. In the 18′-connectivity case a pattern with ∗ is added to the 6-connectivity
case, and only the pattern with ∗∗ is considered as a 3D simplex.

(1) 0-simplex = each of 1-voxels.
(2) 1-simplex = pair of two 1-voxels neighboring each other.
(3) 2-simplex = a set of three 1-voxels, any one of which is adjacent to the

remaining two voxels, or a set of four voxels that exist on the same plane
and any one of which is adjacent to two of the remaining three voxels.

(4) 3-simplex = a set of four 1-voxels, any one of which is adjacent to all of
the remaining three voxels, or a set of five or more 1-voxels that do not
exist on the same plane and make a closed polyhedron with the minimum
number of faces.

The 1-, 2-, and 3-simplexes are called edge element, face element, and
volume element, respectively. Concrete forms of simplexes vary according to
the type of the connectivity. We show in Fig. 4.5 all of the different possible
simplexes for four types of connectivity.

Let us assume that a figure is given in the 3D space and let us express
this figure as the set sum of simplexes. This expression in the form of the set
sum is called simplicial decomposition if it satisfies the following requirements
(Fig. 4.6).

(1) Neighboring two face elements share only one common 1-voxel or share
only one common edge element.

(2) Connections between a face element and an edge element happen either
in the form that one of vertexes of the edge element coincides with one of
vertexes of the face element or that the edge element coincides with one
of edges of the face element.
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Fig. 4.6. Illustration of requirements to the simplicial decomposition.

(3) Two edge elements are connected by one common vertex only.

The simplicious decomposition for a given 3D image is not always uniquely
determined for a given figure.

4.3 Euler number

We will now introduce a widely used topological property of a figure called
the Euler number or the genus.

Definition 4.8 (Euler number, genus). Consider a 3D digitized figure C
and its simplicious decomposition. Then the Euler number (genus) E of a
figure (a connected component) C is defined by

E(C) = n0 − n1 + n2 − n3, (4.5)

where nks denote the numbers of k-dimensional simplexes (k-simplexes). The
value of the Euler number varies according to the type of the connectivity.

The following equation is known as Euler-Poincare’s formula in the field
of topology.

Property 4.1.
E = b0 − b1 + b2, (4.6)

where b0 = number of 1-components (0-dimensional Betti number), b1 = num-
ber of holes in all of 1-components (1-dimensional Betti number), b2 = number
of cavities in all of 1-components (2-dimensional Betti number). For a given
binary image F , the sum of the Euler numbers of all connected components
in F is called the Euler number of an image F .

Remark 4.8. The Euler number E(C) of a 3D figure C defined above is
intuitively described as follows.

E(C) = 1 − the number of handle in C + the number of cavities in C. (4.7)
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For the whole of a binary image F that includes more than one figure in it,
the following is obtained by adding the above equation over all the figures in
F . The Euler number of an image F ,

E(F ) = the number of connected components in F

− the number of handles in F

+ the number of cavities in F (4.8)

Remark 4.9. The Euler number of a 3D figure C is alternatively given by
the Euler number of a continuous figure defined in Definition 4.5. If we need
to differentiate the Euler number by Def. 4.8 and the one using the above
method, the one by Def. 4.8 is called the volume Euler number, and the above
one the face Euler number. A 3D figure of the minimum size occupies at least
one voxel. Its boundary surface is a closed surface and has a cavity inside it.
Therefore, the face Euler number is

1 − 0 (= number of handles) + 1 (= number of cavities) = 2 . (4.9)

If a figure does not have a handle, the face Euler number is twice the volume
Euler number.

Remark 4.10. For a 2D image the Euler number E2D was defined as

E2D = the number of connected component − the number of holes . (4.10)

The natural extension of this to a 3D image is the volume Euler number.

4.4 Local feature of a connected component and
topology of a figure

A topological property of a 3D binary image is summarized in numbers of
connected components, handles, and cavities. The number of connected com-
ponents is apparent in the labeling. Algorithms will be presented in the next
chapter. The number of cavities also can be found in the same way after in-
verting 1 and 0 of a given image. The number of handles is presently difficult
to count directly.

Counting numbers of simplexes (n0, n1, n2, n3, in Eq. 4.5) is an exhaustive
procedure and requires much computation time. Then, by using Eq. 4.5 and
by solving Eq. 4.6 or 4.7 with respect to the number of holes, the number of
holes is indirectly known.

An image processing algorithm changes shapes of 3D figures in an input
image by replacing parts of 1-voxels by 0-voxels and 0-voxels by 1-voxels.
Then, if none of the following occur by the execution of the algorithm, this
algorithm (or processing) is said to be topology-preserving (or to preserve
topology):
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(1) separation of a connected component, hole, and cavity
(2) vanishment of a connected component, a hole, and a cavity
(3) creation of a new hole, cavity, and connected component

We have here a local feature which is effective in knowing shape features
relating to topology. Let us introduce several such features below.

Definition 4.9 (Deletability). A 1-voxel x is deletable (strictly, m-deletable
wherem represents the type of connectivity;m = 6 , 18 , 18 ′, 26 ), if its deletion
(= conversion into a 0-voxel) preserves topology of an input image.

Definition 4.10 (Connectivity number). The connectivity number (CN)
Nc(m)(x) at a 1-voxel x is defined as follows:

Ncm(x) = E(m)(x)− E(m)(x) + 1 , (4.11)

where E(m)(x) and E(m)(x) denote the values of the Euler number of a 3D
figure before and after deletion of a 1-voxel x, respectively, and m denotes the
type of connectivity (m = 6 , 18 , 18 ′, and 26 ).

Definition 4.11 (Connectivity index). In a 3 × 3 × 3 neighborhood con-
sisting of a 1-voxel x and its 26-neighborhood, we define the following three
features, called component index, hole index, and cavity index, respectively.

Component index R(m)(x) = the number of m-connected components that
are connected to x and exist in the 18-neighborhood for m = 6 and 18 ′

(in the 26-neighborhood for m = 18 and 26 ). (The subpattern Q63 of
Table 4.4 is exceptionally regarded as a single connected component for
m = 18 ′).

Hole index H(m)(x) = the number of holes that are newly created by deletion
of x, or equivalently the decrease in the number of m-connected compo-
nents of 0-voxels in this subarea caused by deletion of x.

Cavity index Y (m)(x) = the number of cavities that are created by deleting
x.

We call the triad (R(m)(x), H(m)(x), Y (m)(x)) connectivity index at a voxel
x.

Let us discuss several properties of these features. Values of these features
depend on each 1-voxel x and the type of connectivity m. They represent
topological properties of a local shape at x and in its 3 ×3 ×3 neighborhood.

Property 4.2. The connectivity number Nc(m)(x) at a 1-voxel x is equal to
the total amount of change ∆ in the connectivity index at a voxel x caused
by deletion of the 1-voxel x, that is,

∆ = change in the number of connected components
− change in the number of holes
+ change in the number of cavities + 1 (4.12)
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(Proof) The connectivity number Nc(m)(x) was defined as the change in the
Euler number caused by the deletion of a 1-voxel x (Def. 4.10). Since the Euler
number is represented as Eq. 4.5, Eq. 4.6, and Eq. 4.7, the above relation is
derived immediately.

Remark 4.11. The change in the Euler number caused by the deletion of a
1-voxel x (i.e., the connectivity number) is also written as follows using the
amount of change in Betti numbers.

Nc(m)(x) = 1 +∆b
(m)
0 −∆b(m)

1 +∆b
(m)
2 , (4.13)

where ∆b(m)
k = b

(m)′

k − b(m)
k , k = 0 , 1 , 2 , m = 6 , 18 , 18 ′, 26 ; b(m)

k and b
(m)′

k

are Betti numbers of the order k before and after deletion of the 1-voxel x,
respectively, and m denotes the type of connectivity.

Theorem 4.1. The following relation holds at an arbitrary 1-voxel x among
the connectivity numberNc(m)(x) and the connectivity index (R(m)(x), H(m)(x),
Y (m)(x)).

Nc(m)(x) = R(m)(x)−H(m)(x) + Y (m)(x) (4.14)

where m (m = 6 , 18 , 18 ′, 26 ) denotes the type of connectivity.

(Proof) See [Toriwaki02a, Toriwaki02b].

Property 4.3. Let X = {x10,x11, . . . ,x38} (x20 is excluded) denote a set of
26 voxels in the 26-neighborhood of the voxel x20 in Fig. 4.2. Let us regard
in this notation an arbitrary 1-voxel x as x20 in Fig. 4.2 T . By using the
notation Nc(m)(X ,x) instead of Nc(m)(x) so that we may show explicitly
that the connectivity number (CN) depends on a set X as well as x itself, the
following equations hold

Nc(26)(X,x) = 2 −Nc(6)(X,x),

Nc(18)(X,x) = 2 −Nc(18
′)(X ,x), (4.15)

where X is a set of variables that are complements of elements of X, that
is, X = {x10,x11, . . . ,x38}, where xij = 1 − xij . Nc(6)(X,x) represents the
value of the CN for the configuration consisting of x and X , instead of x and
X [Toriwaki02a, Toriwaki02b].

(Proof) Note that each term relating to a voxel x in the equations to calculate
the Euler number in Eq. 4.8 is also a function of the set X and the variable
x. Denote this term by ∆E(X ,x). Then, by the definition of the CN,

Nc(26)(X,x) = ∆E(26)(X,x)−∆E(26)(X ,x) + 1
= ∆E(6)(X,x)−∆E(6)(X ,x) + 1

= −(Nc(6)(X,x)− 1 ) + 1

= 2 −Nc(6)(X ,x). (4.16)
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The second equation in Eq. 4.15 is also derived in the same way. Note here
Eq. 4.48 and Eq. 4.49 which will be derived later.

A similar relationship holds concerning the connectivity index (R,H, Y )
as is given below.

Property 4.4. Let us adopt the same notation as in Property 4.3 above, and
let us express the connectivity index of the 1-voxel x20 by (R(m)(X,x), H(m)

(X,x), Y (m)(X,x)) instead of (R(m)(x), H(m)(x), Y (m)(x)) so that depen-
dency on the set X may be explicitly shown. If we define a set X =
{x10,x11, . . . ,x38}, where xij = 1 − xij as in Property 4.3, and if we de-
note by (R(m)(X ,x), H(m)(X ,x), Y (m)(X,x)) the connectivity index of x
with the local subpattern X in its 26-neighborhood, the following relations
hold.

R(6)(X,x)− 1 = H(26)(X ,x)− Y (26)(X,x)
R(26)(X,x)− 1 = H(6)(X ,x)− Y (6)(X,x)

R(18)(X,x)− 1 = H(18′)(X,x)− Y (18′)(X,x)

R(18′)(X,x)− 1 = H(18)(X ,x)− Y (18)(X,x). (4.17)

Furthermore, Y (m)(X,x) = 1 if and only if R(m)(X,x) = H(m)(X,x) = 0 ,
and otherwise, Y (m)(X,x) = 0 [Toriwaki02a, Toriwaki02b].

Theorem 4.2. Assuming that the density values of a 1-voxel x and its 26-
neighborhood are given, the 1-voxel x is m-deletable if and only if the con-
nectivity index (R(m)(x), H(m)(x), Y (m)(x)) = (1 , 0 , 0 ).

(Proof) A 1-voxel x is not deletable if it is a 3D interior voxel, that is,
Y (m)(x) = 1 . Therefore, Y (m)(x) should be equal to zero for x to be m-
deletable. Let us assume that by deleting a 1-voxel x with the connectivity
index (l, n, 0), α connected components and β holes are created and β′ holes
and γ cavities vanish. Then, l = α + β + 1 , and n = β′ + γ. A voxel x is
deletable if and only if

α = β = β′ = γ = 0 . (4.18)

Eq. 4.18 is equivalent to “l = 1 and n = 0” [Toriwaki02a, Toriwaki02b].

Corollary 4.1. 1-voxel x is m-deletable if and only if

Nc(m)(x) = 1 and R(m) = 1 . (4.19)

For a 2D image, preservation of the values of the Euler characteristic is
a necessary and sufficient condition of the topology preservation. That is, to
test the deletability of a 1-pixel in a 2D figure, calculation of the Euler char-
acteristic is enough. In a 3D image, on the contrary, preservation of the Euler
characteristic does not always mean the deletability of a 1-voxel. The rea-
son is the existence of a hole (handle). By deleting a 1-voxel, separation of a
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(a) (b)

connected component (increase in the Euler number by 1 ) and creation of a
handle (decrease in the Euler number by 1 ) may occur at the same time. Such
an example is illustrated in Fig. 4.7. For testing the deletability condition, we
need to know values of the connectivity index (R(m)(x), H(m)(x), Y (m)(x)) or
the connectivity number Nc(m)(x) and the component index R(m)(x). Calcu-
lation of these features is not so easy. Procedures will be presented in detail
in the subsequent sections.

Remark 4.12. A deletable voxel in the sense used here is called a simple
point in the literature. A method to test whether an arbitrary voxel is a
simple point or not for all of four types of connectivity was first reported
in [Yonekura80a, Yonekura80b, Yonekura80c, Yonekura82a, Yonekura82b,
Yonekura82c, Yonekura82d]. This method is distinguished also in that ex-
plicit expressions for the deletability test were given as a set of pseudo
- Boolean expressions. Several papers on the test of a simple point have
been published [Bertrand94a, Bertrand94b, Bertrand96, Saha94, Bykov99,
Molgouyres99, Molgouyres00]. Most of them are related to thinning algo-
rithms of a 3D image.They presented conditions for local patterns of 0-
and 1-voxels and discussed only the 6- and 26-connectivity cases. Most pa-
pers studying thinning or shrinking algorithms and their characteristics con-
cerning topology preservation include consideration of simple point detection
[Toriwaki02a, Toriwaki02b].

4.5 Local patterns and their characterization

Algorithms of local operations in binary image processing are designed by
considering all possible arrangements of 1- and 0-voxels in a local area. In fact
concrete contents of algorithms are fixed by giving output values correspond-

Fig. 4.7. Example of deletability: Denoting a current voxel by , (a) Nc(6)( ) =

Nc(18
′)( ) = 2 , Nc(18)( ) = 6 , Nc(26)( ) = −2 ; (b) Nc( ) = 1 for all types of

connectivity. The left case is not always deletable. The right case is deletable for the
18- and the 26-connectivity.
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(a)

(b)

Fig. 4.8. Local patterns in the 6-neighborhood and 2 × 2 × 2 local areas: (a) Local
patterns in the 6-neighborhood. (Total is 20 cases. Figures show only the cases in
which the center is a 0-voxel. Patterns symmetric to these are neglected.); (b) All
2 × 2 × 2 local patterns.

ing to individual local pattern of an input image. The minimum size of a local
area is 2 × 2 × 2 voxels and the second smallest is 3 × 3 × 3 voxels.

There are 2 8 = 256 different binary patterns and 2 27 = 134 , 217 , 728
patterns for these local areas, respectively. This means 2 a local functions are
possible, where a = 2 8 and 2 27 for 2 × 2 × 2 and 3 × 3 × 3 neighborhoods,
respectively. They will be too large to be treated by a simple exhaustive
enumeration or by other intuitive methods. To understand features of each
3 × 3 × 3 pattern is not easy work even for the human visual system. Thus
suitable quantitative features characterizing individual patterns or a subclass
of patterns are strongly desired. The connectivity index and the connectivity
number introduced in the previous section are such examples.

4.5.1 2 × 2 × 2 local patterns

All 2 × 2 × 2 local patterns are enumerated without much difficulty. In, fact,
only 22 cases exist after excluding rotation symmetry pairs and line symmetry
pairs. All of these 22 cases are shown in Fig. 4.8.

Remark 4.13. Let us present three examples of applications of 2 × 2 × 2
patterns.

(a) Calculation of the Euler number: The Euler number of a 3D figure is cal-
culated by enumerating 2 × 2 × 2 patterns. Details are presented in Sec-
tion 4.7.
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Fig. 4.9. Examples of values of connectivity index for complicated local patterns.
Numbers in parenthesis show connectivity indexes (component index, hole index,
cavity index). From top to bottom, 6-, 18-, 18′-, and 26-connectivity cases are given.
Note that the 18-neighborhood is used in calculating the component index of the
6-connectivity case.

(b) Simplex: 3D simplexes and lower dimensional ones are found by searching
2 × 2 × 2 patterns.

(c) Marching cubes algorithm: In the field of computer graphics, a polygonal
surface approximating equidensity surfaces are derived by examining den-
sity values of 2 × 2 × 2 voxels. The well-known algorithm to execute this
is called a marching cubes algorithm [Lorensen87].

4.5.2 3 × 3 × 3 local patterns

(1) The number of local patterns: Let us consider a 1-voxel x0 and its 3×3×3
neighborhood N333(x0), centered at x0. It was shown by a simple ex-
haustive enumeration in [Toriwaki02b] that there are 2 , 852 , 288 patterns
excluding those derived by applying linear symmetrical transformation
from other patterns. Numbers of all those patterns classified according
to the number of 1-voxels and values of connectivity index are given in
[Toriwaki02b].

(2) Number of 1-voxels: The simplest feature is the number of 1-voxels in the
neighborhood. It is obvious that the number of 1-voxels may take 0 ∼ 26
in the 26-neighborhood, and that the number of patterns including k 1-
voxels is 26Ck. This includes patterns that are symmetrical to each other.
The number of patterns excluding those that are symmetrical to each
other is not reported yet.

(3) Connectivity index: All possible values of the connectivity index (R(m)(x),
H(m)(x), Y (m)(x)) are listed in Table 4.2.

The number of possible patterns for each set of these values are enumer-
ated and given in [Toriwaki02b]. Several examples of complicated patterns are
presented in Fig. 4.9.
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Table 4.2. Possible values of connectivity number and connectivity index.

Remark 4.14. A local feature called the connectivity number (CN) was pro-
posed in [Yokoi75] for a 2D image. The significance of this feature is summa-
rized in four points stated below:

(i) The value of CN at a 1-pixel x represents the number of connected com-
ponents existing in the 8-neighborhood of x and connected to x.

(ii) The value of CN is equal to the amount of change in the Euler number
+1 caused by the deletion of a pixel x.

(iii) A 1-pixel x is deletable if and only if the value of CN = 1 .
(iv) The value of CN is equal to the number of times for a 1-pixel x to be

passed when the border of a figure is traced by the specific border following
algorithm.

Extension of the CN to a 3D image inheriting all of these properties is
almost impossible. In this chapter the CN of a 3D image was defined so that
the second property is preserved. As a result, the first and the third properties
do not hold. To compensate this limitation, a new feature, the component
index, was added here; the fourth point cannot be extended to a 3D image.
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4.5.3 Classification of the voxel state

The local shape of a 3D figure at a 1-voxel x0 and its neighborhood is classified
by the arrangement of 0- and 1-voxels in the 3×3×3 neighborhoodN333(x0).
Let us show several examples here.

(a) Interior and border point (voxel)

We can denote the type of the connectivity of a current figure using k (k-
connectivity) and that of the background by k (k-connectivity), respectively.
Then, a 1-voxel x0 is called an interior point (voxel) if no 0-voxel exists in its
k-neighborhood (i.e., all voxels in the k-neighborhood are 1-voxels). Otherwise
the 1-voxel x0 is called a border point (voxel). As will be described later, a
cavity is created by the deletion of an interior point (voxel) (by inverting it
to a 0-voxel). Therefore, the connectivity index of an interior point (voxel) is
(1 , 0 , 1 ).

(b) Linear connecting point and a line segment

A 1-voxel x0 is called a linear connecting point if exactly two 1-voxels exist
in the 26-neighborhood and are not adjacent to each other. Such a voxel x0

is considered as the middle of an ideal line figure in 3D space. If exactly one
1-voxel exists in the 26-neighborhood of x0, x0 is considered as the location
at the end of a line figure and is called a linear edge point (voxel). A line figure
in general will have complicated shapes at a branching point, a crossing point,
and in the vicinity of these.

At a linear connecting point x0, let us denote by x1 and x2 two 1-voxels
in the 26-neighborhood of x0. Then we define a line element at x by a line
segment connecting a center point of voxels x1 and x2. Using the direction
of a line segment we can define the direction of a 3D line figure at a point
(voxel) x0. All possible directions include 49 cases listed in Table 4.3.

A 3D line figure with some characteristic points and line elements are
illustrated in Fig. 4.10.

(c) Plane point

A figure with a unit thickness is ideally considered to be a plane or a surface.
This type of figure is rarely seen in practical applications. If such a situation
is realized at a 1-voxel x0 and in its neighborhood N333(x0), x0 is called a
plane point. No decisive method has been known for detection of a plane point.
Presently we only have a test to know whether any of 3D simplexes exists in
the neighborhood or not.
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Table 4.3. All possible 3D line elements and their lengths.

4.5.4 Voxel state and connectivity index

All possible values of the connectivity number and the connectivity index were
shown in Table 4.2. The state of a 1-voxel x0 is classified using these values
also. Several examples are presented below (m denotes the type connectivity)
and in Fig. 4.9.

(1) Interior voxel: A 1-voxel x is called an interior voxel if R(m)(x) = 1 ,
H(m)(x) = 0 , and Y (m)(x) = 1 , thus Nc(m)(x) = 2 . The cavity index
Y (m)(x) is positive if and only if x is an interior voxel. All voxels in the
m-neighborhood of an interior voxel are 1-voxels for the m-connectivity
case (Fig. 4.9).

(2) Boundary voxel: A 1-voxel that is not a 3D interior voxel is called a 3D
boundary (border) voxel. A boundary voxel for the m-connectivity case has
at least one 0-voxel in its m-neighborhood.

(3) Connecting voxel: A 1-voxel x at whichNc(m)(x) = 1 and (R(m)(x), H(m)

(x), Y (m)(x)) = (2 , 0 , 0 ) is called a 3D connecting voxel because x has
two connected components in its m-neighborhood mutually connected by
x.

(4) Isolating voxel: A 1-voxel x at whichNc(m)(x) = 0 and (R(m)(x), H(m)(x),
Y (m)(x)) = (0 , 0 , 0 ) is called an isolating voxel. An isolating voxel has no
1-voxel in its m-neighborhood for the m-connectivity case.
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Fig. 4.10. Example of a 3D line figure and line elements: (a) Line element; (b)
example of a line figure and characteristic voxels.

(5) Two-dimensional (2D) interior voxel: A 1-voxel x at which Nc(m)(x) =
0 and (R(m)(x), H(m)(x), Y (m)(x)) = (1 , 1 , 0 ) is called a two-dimensional
(2D) interior voxel.
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4.6 Calculation of connectivity index and connectivity
number

4.6.1 Basic ideas

The following three principles are instrumental in the calculation of the Euler
number, the connectivity number, and the connectivity index. We can employ
any of them according to application.

(a) Local pattern matching: Local patterns or arrangement of 0- and 1-voxels
in the neighborhood are detected by local pattern matching. Features
are obtained from the types of patterns detected. Algorithms for pattern
matching may vary according to input image and features required.

(b) Use of arithmetic expression: Values of voxels in N333(x) are represented
by binary valuables. We derive mathematical equations of those variables
based upon definitions of features to be calculated. Since variables are
binary, those expressions are pseudo-Boolean. The calculation of equations
is performed at each voxel.

(c) Image processing algorithm: Regarding a local pattern in N333(x) as a
binary image, we can apply image processing algorithms to obtain results.
For example, the number of connected components in N333(x) is known
by applying the labeling algorithm to N333(x).

The second method will be most convenient for execution by computer,
but suitable expressions are not always available.

4.6.2 Calculation of the connectivity index

The connectivity index (R(m)(x), H(m)(x), Y (m)(x)) at each 1-voxel x is cal-
culated by the following procedure.

(1) Component index R(m)(x): R(m)(x) is equal to the number of connected
components connected to x, existing in the suitable neighborhood of x
presented in Definition 4.11. Labeling is performed first in a subarea in-
cluding x and its neighborhood presented above. Next, we extract all
1-voxels having the same label as that of x in the above subarea. Finally,
after deleting the 1-voxel x, we again perform labeling on a set of the re-
maining 1-voxels. The resulting number of connected components equals
R(m)(x).

(2) Cavity index Y (m)(x): Y (m)(x) = 0 (voxel) for all configurations except
for an interior voxel (Fig. 4.9) and Y (m)(x) = 1 for an interior voxel. The
interior voxel is found easily by testing whether all adjacent voxels are
1-voxels or not.

(3) Hole index H(m)(x): H(m)(x) is obtained by substituting into Eq. 4.14
values of R(m)(x) and Y (m)(x) calculated by the above procedures and
the value of Nc(m)(x) determined by the method presented later.
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4.6.3 Calculation of the connectivity number

The connectivity number (CN) Nc(m)(x) is obtained by counting simplexes
and using the following equation.

Property 4.5. Let n(m)
k and n

(m)
k denote the number of k-simplexes (k =

0 , 1 , 2 , 3 ) contained in a 3D object before and after the deletion of a 1-voxel
x. Denoting the CN at a 1-voxel x by Nc(m)(x),

Nc(m)(x) = ∆n
(m)
1 −∆n(m)

2 +∆n
(m)
3 , (4.20)

where ∆n(m)
k = n

(m)
k − n(m)

k , and m represents the type of connectivity.

(Proof) Denoting the Euler number of an object before and after the deletion
of a 1-voxel x by E(m)(x) and E(m)(x), respectively,

E(m)(x) = n
(m)
0 − n(m)

1 + n
(m)
2 − n(m)

3 (4.21)

E(m)(x) = n
(m)
0 − n(m)

1 + n
(m)
2 − n(m)

3 , (4.22)

and n(m)
0 − n(m)

0 = −1 . This and the definition of the CN imply Eq. 4.20.

Note here that changes in the number of simplexes due to the deletion of
a voxel x occur in the neighborhood of x only.

Remark 4.15. For the 6-connectivity case, ∆n[6]
k is given as follows.

∆n
[6]
1 = number of 1-voxels 6-adjacent to x. (4.23)

∆n
[6]
2 = number of the set of 2 × 2 1-voxels including x. (4.24)

∆n
[6]
3 = number of the set of 2 × 2 × 2 1-voxels including x. (4.25)

Property 4.6. (1) The hole index H(m)(x) at a 1-voxel x is equal to the
amount of increase in the 1D Betti number in the 26-neighborhood of x
caused by deleting x. In other words, H(m)(x) is equal to the number of
holes in the 3 × 3 × 3 local area consisting of x and its 26-neighborhood
created by the deletion of x. It equals the number of separate connected
components of 0-voxels that are connected by the deletion of x.

(2) 0 ≤ H(m)(x) ≤ 7 . (4.26)
(3) 0 ≤ R(m)(x) ≤ 8 . (4.27)
(4) −6 ≤ Nc(m)(x) ≤ 8 . (4.28)

[Toriwaki02a]

Theorem 4.3. The connectivity number Nc(m)(x) at a 1-voxel x is calcu-
lated by the following equations [Toriwaki02a, Toriwaki02b].
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Nc(6)(x) =
∑

h=1,3

xh,0(1 −
∑
k∈S1

xh,k · x2,k)

+
∑
k∈S1

x2,k{1 − x2,k+1 · x2,k+2

(1 −
∑

h=1,3

xh,0 · xh,k · xh,k+1 · xh,k+2)}. (4.29)

Nc(18
′)(x) = x1,0 + x3,0 +

∑
k∈S1

x2,k(1 − x2,k+1 · x2,k+2)

−
∑
k∈S1

∑
h=1,3

[xh,0 · xh,k · x2,k(1 − xh,k+2 · x2,k+1 · x2,k+2)

+ xh,k+1{xh,0 · x2,k+1 · (xh,k · x2,k+2 · x2,k · xh,k+2

+ x2,k · xh,k+2 · xh,k · x2,k+2)
+ xh,0 · x2,k+1 · xh,k · x2,k · x2,k+2 · xh,k+2}]. (4.30)

Nc(18)(x) = 2 − x1,0 − x3,0 −
∑
k∈S1

x2,k(1 − x2,k+1 · x2,k+2)

+
∑
k∈S1

∑
h=1,3

[xh,0 · xh,k · x2,k(1 − xh,k+2 · x2,k+1 · x2,k+2)

+ xh,k+1{xh,0 · x2,k+1 · (xh,k · x2,k+2 · x2,k · xh,k+2

+ x2,k · xh,k+2 · xh,k · x2,k+2)
+ xh,0 · x2,k+1 · xh,k · x2,k · x2,k+2 · xh,k+2}]. (4.31)

Nc(26)(x) = 2 −
∑

h=1,3

xh,0(1 −
∑
k∈S1

xh,k · x2,k)

+
∑
k∈S1

x2,k{1 − x2,k+1 · x2,k+2

(1 −
∑

h=1,3

xh,0 · xh,k · xh,k+1 · xh,k+2)}, (4.32)

where S1 = {1 , 3 , 5 , 7},xa,9 ≡ xa,1(a = 1 , 2 , 3 , 4 ) and xa,b ≡ 1 − xa,b.

(Proof) Eqs. 4.29 ∼ 4.32 are derived from Eq. 4.11 in Def. 4.10 and values of
the Euler number. Calculation of the Euler number will be discussed in detail
in the next section.

4.7 Calculation of the Euler number

The Euler number is a kind of global feature characterizing the whole of a
figure and a binary image. It is necessary to consider the whole of an input
image or input figure for calculating the Euler number.
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There are two approaches to obtaining values of the Euler number, based
upon different viewpoints. Although the following procedures vary, the Euler
number is accurately obtained.

(1) Triangulation method: We regard a voxel as a cube in the continuous space
and digitization by voxels of cubes as a triangulation or a simplicial decom-
position of a 3D figure. Then the Euler number E is obtained by Eq. 4.5
in Definition 4.8.

(2) Simplex counting method: The number of digital simplex (as shown in
Fig. 4.5) included in an input image is counted.

We will present details of both methods in the following subsections.

4.7.1 Triangulation method

In the decomposition of a 3D object to cubes corresponding to 1-voxels, a
k-dimensional simplex (k = 0 , 1 , 2 ) corresponds to a vertex (k = 0 ), an edge
(k = 1 ), and a face (k = 2 ) of a 1-voxel, respectively, and a three-dimensional
simplex reduces to a voxel itself. Thus, nks in Eq. 4.5 are given as follows:

n0 = number of vertexes of 1-voxels contained in a 3D object, (4.33)
n1 = number of edges of 1-voxels contained in a 3D object, (4.34)
n2 = number of faces of 1-voxels contained in a 3D object, (4.35)

and
n3 = number of 1-voxels contained in a 3D object. (4.36)

The type of connectivity should be taken into consideration here. In the case
of Fig. 4.11, for example, the vertex V1 should be counted twice for the 6-c,
18-c, and 18′-c, while only once for the 26-c, because it belongs to separating
two voxels X and Y in the first three cases and not a vertex for the 26-c case.
The edge e1 should be counted twice for the 6-c, and 18-c cases, because it
belongs to both of two different voxels Y and Z. Thus the result is as shown
in Fig. 4.11.

To calculate the total sum of nks over the whole of a given 3D image, it is
easiest to count them at each vertex of a 1-voxel. Let us consider, for example,
a vertex V1 and a set of 2 × 2 × 2 voxels S(V ) sharing this vertex (Fig. 4.12),
and let ∆nks (k = 0 , 1 , 2 , 3 ) denote the following quantities.

∆n0 = number of vertexes of 1-voxels in S(V ) which share V. (4.37)
∆n1 = (number of edges of 1-voxels in S(V )

containing the vertex V )× 1/2 . (4.38)
∆n2 = (number of faces of 1-voxels in S(V )

containing the vertex V )× 1/4 . (4.39)
∆n3 = (number of 1-vowels in S(V )

containing the vertex V )× 1/8 . (4.40)



96 4 GEOMETRICAL PROPERTIES OF 3D DIGITIZED IMAGES

Fig. 4.11. Example of the triangulation method for calculating Euler number. Let
us consider a figure consisting of three voxels X, Y and Z shown here. Their values of
nks in 4.7.1 are given as the table above corresponding to each type of connectivity.
For example, n0 is the number of vertices in this figure. Each voxel (a cube) has
eight vertices. Therefore, the number of vertices in this figure n0 is 24 (= 8 × 3 )
for the 6-c case. In the 26-c case, voxels X and Y are connected and the vertex V1

is not a vertex of this figure. The edge e1 is not the edge of the figure, because V1

and e1 are inside the figure in the 26-c case. For details, see [Gray71, Toriwaki02a].

Then, the amount of the contribution ∆E(V ) to the Euler number E at the
vertex V is given by,

∆E(V ) = ∆n0 −∆n1 +∆n2 −∆n3. (4.41)

The Euler number E is obtained by adding ∆E(V ) of all vertexes in a 3D
object, that is,

E =
∑
V

∆E(V ). (4.42)

The type of connectivity should be taken into consideration again in the sim-
ilar way as was presented in Fig. 4.11. An example is shown in Fig. 4.12.

The value of ∆E(V ) defined above is uniquely determined by the configu-
ration of 1-voxels in S(V ). Since there are 256 possible configurations and by
considering various symmetric relations it is known that only 22 among them
are different patterns, the value of ∆E(V ) for each configuration can be cal-
culated beforehand and stored in the form of a table. Thus, the computation
of the Euler number is reduced to the iterative table searches and additions.
All of possible 2 × 2 × 2 configurations are shown in Table 4.4 with values of
∆E(V ).

An efficient algorithm to find which pattern among these 22 cases a given
2 × 2 × 2 subpattern corresponds to is given as follows.

Algorithm 4.1. Denote the number of 1-voxels in S(V ) by n0. Then the value
of the contribution to the Euler number E(V ) at the vertex V is determined
by the flowchart in Fig. 4.13 and Table 4.4.
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Fig. 4.12. The number of simplexes counted as in Fig. 4.11 is totaled up for each
vertex V . In the case of this figure, for example, ∆n0, ∆n1, ∆n2, and ∆n3 are added
up as in the above table.

Note that this algorithm does not depend on the type of the connectivity.
The value of E(V ) for the desired type of connectivity can be found from the
table prepared beforehand.

This method to calculate the Euler number is an extension of the method
for 2D figures given by [Gray71]. A similar method was reported in [Lobregt80]
for only the 6-c and 26-c cases based upon a closed netted surface model and
Eq. 4.8.

4.7.2 Simplex counting method

The Euler number is calculated by counting simplexes of each dimension con-
tained in a 3D object and substituting the results for nrs in Eq. 4.5. In the
6-c case, for example, the Euler number E is calculated as shown in Fig. 4.14.

The counting of simplexes as presented above may be performed by local
template matching over a 2 × 2 × 2 local area or equivalently by calculating
a value of a pseudo-Boolean expression defined over the 2 × 2 × 2 local area.
The latter procedure is presented in the following theorem.

Theorem 4.4. Let x0,x1, . . . ,x6 and x7 denote density values (0 or 1 ) of
voxels P = (i, j, k) and its neighbors (i+ 1 , j, k), . . . , and (i+ 1 , j + 1 , k+ 1 )
in the 2 × 2 × 2 local area as shown in Fig. 4.14 (1 ≤ i ≤ L, 1 ≤ j ≤
M, 1 ≤ k ≤ N). Then the Euler number E(k) (k represents the type of the
connectivity (k = 6 , 18 , 18 ′, or 26 )) of a binary image with the size L×M×N
is given by the following equations. Here we assume that the edge of an input
image is filled with 0-voxels [Toriwaki02a, Toriwaki02b].

E [6] =
L−1∑
i=2

M−1∑
j=2

N−1∑
k=2

{x0[1 − x1(1 − x4 · x5)
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Fig. 4.13. Flowchart of Algorithm 4.1 (pattern matching for calculating the Euler
number).
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Table 4.4. Possible 2 × 2 × 2 subpatterns and their contributions to the Euler
number.

−x2(1 − x1 · x3)− x4(1 − x2 · x6)−
7∏

i=0

xi]}. (4.43)

E [18] =
L−1∑
i=2

M−1∑
j=2

N−1∑
k=2

{x0[1 − x1(1 − x4 · x5)

−x2(1 − x1 · x3)− x4(1 − x2 · x6)−
7∏

i=0

xi]}

+
3∑

m=0

[xm · x7−m · x6
else]. (4.44)



100 4 GEOMETRICAL PROPERTIES OF 3D DIGITIZED IMAGES

Fig. 4.14. Computation of Euler Number: (a) variables; (b) equations.

E [18′] =
L−1∑
i=2

M−1∑
j=2

N−1∑
k=2

{x0[1 − x1(1 − x4 · x5)

−x2(1 − x1 · x3)− x4(1 − x2 · x6)−
7∏

i=0

xi]}

+
3∑

m=0

[xm · x7−m · x6
else]. (4.45)

E [26] =
L−1∑
i=2

M−1∑
j=2

N−1∑
k=2

{x0[1 − x1(1 − x4 · x5)

−x2(1 − x1 · x3)− x4(1 − x2 · x6)−
7∏

i=0

xi]}, (4.46)

where xi = 1 − xi and x6
else (x6

else) means the product of all six values xis
(xis) such that i = 0 , 1 , . . . , 7 , i �= m, i �= 7 −m.

(Proof)[6-c case] Considering simplexes in Fig. 4.5,

Number of 0-simplex =
∑

i

∑
j

∑
k

x0



4.8 Algorithm of deletability test 101

Number of 1-simplex =
∑

i

∑
j

∑
k

x0(x1 + x2 + x4)

Number of 2-simplex =
∑

i

∑
j

∑
k

x0(x1x2x3 + x2x4x6 + x1x4x5)

Number of 3-simplex =
∑

i

∑
j

∑
k

[
7∏

l=0

xl], (4.47)

where
∑
i

∑
j

∑
k

means the summation over the whole of a given image. Sub-

stituting them into Eq. 4.5, we obtain Eq. 4.43.

[26-c case] Let F = {fijk} and F = {f
ijk
} denote an input image F and its

inversion, that is, F = {1 − fijk}. Denoting the Euler number of an image F
for the m-c case (m = 6 , 18 , 18 ′, 26 ) by E(m)(F ), following relations hold:

E(6)(F ) = E(26)(F ), E(26)(F ) = E(6)(F ) (4.48)

E(18)(F ) = E(18′)(F ), E(18′)(F ) = E(18)(F ). (4.49)

These are proved by calculating ∆E(V ) of Eq. 4.41 for all 2 × 2 × 2 or
3 × 3 × 3 configurations given in Table 4.4. Eq. 4.46 is derived immediately
from Eq. 4.48.

[18′-c case] From the definition of the 18′-connectivity, E(18′) (Eq. 4.45) is
obtained by adding to the E(6) (Eq. 4.43) the contribution of the configuration
shown in Fig. 4.4 which is a 2-simplex for the 18′-c case.

[18-c case] Eq. 4.44 is immediately derived from Eqs. 4.45 and 4.49.

4.8 Algorithm of deletability test

A deletability test is performed by examining conditions in Theorem 4.2 or
Corollary 4.1 and is implemented as follows.

(a) Calculation of connectivity number and connectivity index by pseudo-
Boolean expression (Theorem 4.3).

(b) Local pattern matching on a 2 × 2 × 2 or a 3 × 3 × 3 local subarea.
(c) Test of shape features in the projection graph.
(d) Calculation of the adjacency matrix corresponding to the projection graph

[Yonekura80b, Yonekura80c, Yonekura82c].

Different combinations of these are used for different objectives. Rough
guidelines will be given as follows.

(i) Enumeration of 3×3×3 local patterns are used to derive a new procedure.
Reduction of a 3D arrangement of voxels to a 2D image by the use of the
projection graph can be used for convenience [Yonekura82c].
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(ii) Pattern matching can be used if the number of relating local patterns is
low (one or two, for example) and their structure is simple.

(iii) If the conditions match as in (ii) and are expressed in a well-defined
mathematical form, pseudo-Boolean equations will be effectively used in
(i) and (ii).

(iv) Tests for features of a projection graph are realized effectively by examin-
ing logical expressions such as a kind of a decision tree or pseudo-Boolean
expressions, if features are simple (e.g., existence of an isolated point).

(v) The adjacency matrix will be used if tests of complicated characteristics
are necessary such as detection of a path of the given length.

Generation of a projection graph and its use for the deletability test are
given in [Yonekura82b, Yonekura82c].

Algorithm 4.2 (Deletability test – 6-connectivity case).

(1) Calculate the connectivity number Nc(6)(x) at x.
Go to (2), if Nc(6)(x) = 1 . Otherwise, x is not deletable.

(2) Denoting by n(x) the number of 1-voxels in the 6-neighborhood of x,
(i) x is not deletable, if n(x) ≤ 3
(ii) Go to (3), if n(x) = 4
(iii) Go to (4), if n(x) = 5
(iv) Go to (5), if n(x) = 6

(3) Calculate the following equation s(x)

s(x) =
∑
k∈S1

∑
h=1,3

[xh,k+1 ·xh,k ·xh,k+2 ·xh,0 ·x2,k ·x2,k+1 ·x2,k+2], (4.50)

where xa,b = 1 − xa,b, S1 = {1 , 3 , 5 , 7}.
x is not deletable, if s(x) = 1 ; x is deletable, otherwise.

(4) Calculate the above s(x).
x is not deletable, if s(x) = 1; otherwise generate the projection graph
[Yonekura80b, Yonekura80c, Yonekura82a] of x. Then, x is not deletable,
if the graph has an isolated node (a node connected to no other node next
to an edge), x is deletable otherwise.

(5) Generate the projection graph G(x) of x. Then x is deletable, if the graph
G(x) is connected; x is not deletable, otherwise. Whether the graph G(x)
is connected or not is known using the following: Denoting the adjacency
matrix (6× 6) of a graph G(x) by M, calculate

N = M(I + M(I + M(I + M(I + M)))), (4.51)

where I is the identity matrix.
Then x is not deletable (G(x) is not connected), if any element of the
value 0 exists in N. Otherwise x is deletable [Yonekura80a, Yonekura80b,
Yonekura80c, Yonekura82c].
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Correctness of this algorithm is shown by enumerating all possible pro-
jection graphs for Nc(x) = 1 [Yonekura82a, Yonekura82c]. Examples of a
projection graph are also included in [Yonekura80b, Yonekura80c].

The test as given in Algorithm 4.3 is obtained for the 26-connectivity case
by noting that

R[26](X,x) = 1 , and H [26](X,x) = Y [26](X,x) = 0 , (4.52)

are equivalent to the following:

R[6](X,x) = 1 , and H [6](X,x) = Y [6](X,x) = 0 . (4.53)

Algorithm 4.3 (Deletability test – 26-connectivity case).

(1) Calculate the connectivity numberNc[26](x) at x. Go to (2), ifNc[26](x) =
1 . Otherwise, x is not deletable.

(2) After inverting 1 and 0 of all voxels in the 26-neighborhood, apply the
step (2) and all steps following that of Algorithm 4.2.

For the 18-connectivity case, see [Yonekura80c].

4.9 Path and distance functions

In this section we introduce how to define a distance measure on a digitized
image. We need to understand two concepts, path and distance function. A
path is a sequence of voxels and a distance function is a digital version of the
Euclidean distance in the continuous space.

4.9.1 Path

We will begin with a formal definition of a path.

Definition 4.12 (Path). A sequence of voxels x0(= u),x1, . . . ,xK(= v)
such that

xi+1 ∈ N (m)(xi), i = 0 , 1 , . . . ,K − 1 , m = 6 , 18 , 18 ′, 26 (4.54)

is called a path from a voxel u to a voxel v, or more strictly an m-connected
path (m = 6 , 18 , 18 ′, 26 ). The number of voxels K contained in a path is
called length of a path. Given two voxels u and v, a path of the specified
connectivity with the minimum length from u to v is called minimal path.
Note here that the length of a path defined above does not always give the
distance between two voxels. Even the length of the minimal path does not
always become a distance measure in the ordinary sense.

Before proceeding to the distance function, we will extend a path to a
more general one called a variable neighborhood path.
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Definition 4.13 (Variable neighborhood path). Let

βM = {b0, b1, . . . , bM−1} (4.55)

denote a sequence of neighborhoods, where bi is a suitable symbol showing
the kind of the neighborhood. Then a sequence of voxels

x0(= u), x1,x2, . . . ,xK−1,xK(= v), (4.56)

where xi+1 ∈ N [bi](xi), i = 0 , 1 , . . . ,K − 1 , is called a variable neighborhood
path from u to v with the neighborhood sequence βM . Here xi+1 ∈ N [bi](xi)
means that xi+1 is in the bi-neighborhood of xi. Neighborhoods are employed
according to the order of the given neighborhood sequence βM . If M < K, the
entire sequence βM is employed repeatedly. In practice we use the following
three types most frequently:

βM = {6} (6-connected path),
βM = {18} (18-connected path),
βM = {26} (26-connected path).

As these examples show, a variable neighborhood path includes the path
of Def. 4.12 as its special case. That is, if the neighborhood sequence βM

includes only one element, the variable neighborhood path reduces to the
path in Def. 4.12. This case we call fixed neighborhood path if we need to
distinguish it from the path in Def. 4.13. The minimal path is also defined for
a variable neighborhood path in the same way as Def. 4.12.

To find the length of the variable neighborhood minimal path from an
arbitrary voxel u to another voxel v for a given neighborhood sequence is
not simple. We show here an algorithm to obtain this for a neighborhood
sequence consisting of only the 6-, 18-, and the 26-neighborhoods [Okabe83a,
Okabe83b].

Theorem 4.5. Suppose that two voxels u = (i, j, k) and v = (p, q, r), and
the neighborhood sequence βM = {b0, b1, . . . , bM−1} (where bi = 6 , 18 , 26 for
all is) are given. Then the length of the variable neighborhood minimal path
d(u,v;βM ) is calculated by the following equations:

d(u,v;βM ) = max{d1(u,v), d2(u,v), d3(u,v)}, (4.57)

where

d1(u,v) = P [α1/Q1] + h(z1, βM )
α1(u,v) = |p− i|+ |q − j|+ |r − k|

Q1 = F6 + 2F18 + 3F26 (4.58)
z1(u,v) = mod(α1, Q1)
d2(u,v) = P [α2/Q2] + h(z2, β′

M )
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Table 4.5. Examples of values of the function h(z, βM ).

α2(u,v) = max{|p− i|+ |q − j|, |q − j|+ |r − k|, |r − k|+ |p− i|}
Q2 = F6 + 2F18 + 3F26 (4.59)

z2(u,v) = mod(α2, Q2)
d3(u,v) = α3(u,v) = max{|p− i|, |q − j|, |r − k|}, (4.60)

where P = F6 + F18 + F26, Fm is the number of m-neighborhoods in βM , [ ]
represents the ceiling function, β′

M is the neighborhood sequence derived by
replacing all 26-neighborhoods in βM by the 18-neighborhood, and h(z, βM )
is the function calculated by the following Algorithm 4.4.

Algorithm 4.4 (Calculation of the function h(z, βM ) ). Calculate a value
of the function h(z, βM ) for a given z and βM .
βM = {b0, b1, . . . , bM}: neighborhood sequence, z: integer variable

(1) Initialization: β(0)← z, t← 0 , Go to (2)
(2) Test of the terminating condition: If β(t) > 0 , then Go to (3), else

h(z, βM )← t and Stop.

(3) β(t+ 1 ) =



β(t)− 1 if bt = 6
β(t)− 2 if bt = 18
β(t)− 3 if bt = 26

t← t+ 1 . Go to (2).

Note here that for a given neighborhood sequence β, z satisfies 0 ≤ z < Q1,
where Q1 is given in Eq. 4.58, and also 0 ≤ h(z, βM ) < P . Therefore, we can
avoid execution of the algorithm for each u and v by calculating the values of
h(z, βM ) for all possible values of z and tabulating them beforehand. Several
examples are shown in Table 4.5.

4.9.2 Distance function

As was stated in the last section, the length of the minimal path is not always
the same as the distance measure. A different way to describe the distance
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between two voxels is required so that we may use the concept of distance in
the same way as the Euclidean distance in the continuous space. Pay attention
to the distance measure that is only applicable to a pair of voxels ordered
on a cubic array. Noting that each voxel is defined by an integer triad that
represents the number of a row, a column, and that of a plane, we can obtain
the definition below:

Definition 4.14 (Distance function). If a mapping

d(x,y) : A×A→ R′ (4.61)

where A is the set of all of integer triads (i, j, k) and R′ is the set of non-
negative real numbers, satisfies all of the following relations, the mapping
(function) d(x,y) is called a distance function (or distance measure) on a 3D
image.

reflective law: d(x,y) = 0 ⇔ x = y, ∀x ∈ A, ∀y ∈ A. (4.62)
symmetric law: d(x,y) = d(y,x), ∀x ∈ A, ∀y ∈ A. (4.63)

triangle law: d(x,y) < d(x, z) + d(z,y),
∀x ∈ A, ∀y ∈ A, ∀z ∈ A. (4.64)

This is the digital version of the axiom of the distance metric. A number
of distance functions have been defined in past literatures. Important ones
among them are shown in Table 4.6. Several examples are given in Fig. 4.15
[Kuwabara82]. Note here the shapes of equidistance (contour) surfaces. Ta-
ble 4.6 also shows clear expressions of the distance values between two arbi-
trary voxels.

Remark 4.16 (Euclidean distance). The well known Euclidean distance
dE(u,v) between u = (ux, uy, uz) and v = (vx, vy, vz), is given as follows and
also utilized anytime if necessary:

dE(u,v) = [(ux − vx)2 + (uy − vy)2 + (uz − vz)2 ]1/2 . (4.65)

Remark 4.17. Distance functions in Table 4.6 have their own advantages
and disadvantages. The 6-neighbor distance and the 26-neighbor distance
have been used most frequently in practical applications, because they are
calculated most easily. As is found by Fig. 4.15, however, the bias from the
Euclidean distance is rather large, and their contours are quite different from
those of the Euclidean distance, that is, a group of concentric circles. The use
of the neighborhood sequence {6 , 18} or {6 , 26 } somewhat compensates for
this defect. In this case, contours become closer to circles. The major reasons
for such errors are that the ratio of the distance to a 6-adjacent voxel to that of
a diagonal-adjacent one is assumed to be 1 : 1 instead of 1 :

√
2 or , 1 :

√
3 ,

only integers are accepted as the distance values, and only local operations
are employed in the calculation of distance values to save time. Therefore,
improvement is achieved in several different ways.
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Table 4.6. Examples of distance functions on 3D space ( [ ] means the ceiling
function).

Neighborhood dc(P,Q;β) = Distance between P and Q, where P = (i, j, k),
sequence β Q = (l,m,n), and β = neighborhood sequence

1 {6} d1 = |i− l| + |j −m| + |k − n|
2 {18} d2 = max(max(|i− l|, |j −m|, |k − n|),

[(|i− l| + |j −m| + |k − n| + 1)/2])

3 {26} d3 = max(|i− l|, |j −m|, |k − n|)
4 {6 , 18} d4 = max(max(|i− l|, |j −m|, |k − n|),

[2(|i− l| + |j −m| + |k − n| + 1)/3])

5 {18 , 26} d5 = max(max(|i− l|, |j −m|, |k − n|),
[2(|i− l| + |j −m| + |k − n| + 2)/5])

d6 = max(max(|i− l|, |j −m|, |k − n|),
[(|i− l| + |j −m| + |k − n| + 2)/4]+

6 {6 , 26} [(|i− l| + |j −m| + |k − n| + 3)/4],
[2{max(|i− l| + |j −m|, |i− l|+
|k − n|, |j −m| + |k − n|) + 1}/3])

d7 = max(max(|i− l|, |j −m|, |k − n|),
[(|i− l| + |j −m| + |k − n| + 2)/3]+

7 {6 , 18 , 26} [(|i− l| + |j −m| + |k − n| + 4)/6],
[3{max(|i− l| + |j −m|, |i− l|+
|k − n|, |j −m| + |k − n|) + 4}/5])

Remark 4.18. The length of the minimal path for a variable neighborhood
path stated in Def. 4.13 becomes the distance measure if an appropriate neigh-
borhood sequence is adopted. In 2D images, for example, the lengths of the
minimal paths for the 4-connected, the 8-connected, and the octagonal path
reduce to the 4-neighbor, the 8-neighbor, and the octagonal distance, respec-
tively. Then what condition should a neighborhood sequence satisfy in order
that the corresponding minimal path length becomes a distance measure?
The following two theorems provide solutions to this problem for a 2D image
[Yamashita84].

Theorem 4.6. If a neighborhood sequence βM = {b0, b1, . . . , bM−1} satisfies
the equation

N bi ⊆ N bi+1, ∀i, i = 1 , 2 , . . . ,M − 1 , (4.66)

then the length of the minimal path for the variable neighborhood path with
the above neighborhood sequence becomes a distance measure.

Theorem 4.7. Given the neighborhood sequence βM = {b0, b1, . . . , bM−1}
consisting of the 4- and the 8-neighborhood, that is, bi = 4 or 8 for all is,
consider an arbitrary cyclic permutation of the sequence βM , that is,

β′
M = bK , bK−1, . . . , bM−1, b0, bK−1. (4.67)
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Fig. 4.15. Examples of equidistance surfaces (surfaces for the distance values ds =
r, r = integer are shown for distance functions ds, s = 1 , 2 , . . . , 7 , in Table 4.6). In
d3 of (3), slash line = double structure. In d4 of (4), slash line = double structure
for r = even. In d5 of (5), slash line = triple structure for r = even, double structure
for r = odd. In d6 of (6), slash line = double structure for r = even, dark = triple
structure for r = even. In d7 of (7), slash line = double except for r = 3n− 2 , dark
= double structure for r = 3n − 1 , triple for r = 3n. Here n-fold structure means
that n equidistance surfaces exist on the plane perpendicular to the coordinate axis
such as k − j plane.

Then, for an arbitrary β′
M and arbitrary pairs of pixels, if and only if the

length of the minimal path for the variable neighborhood path between two
pixels with the neighborhood sequence β′

M is never longer than that with βM ,
the length of the variable neighborhood minimal path with βM becomes a
distance measure.

Furthermore, for an arbitrarily given constant c, the relative error of the
distance according to the above minimal path length to the Euclidean distance
can be kept smaller than c by finding a suitable neighborhood sequence. How-
ever, the absolute difference between such distance and the Euclidean distance
cannot necessarily become smaller than c. In other words, there exists a pair
of pixels such that the distance between them measured by the minimal path
length with the neighborhood sequence differs from the Euclidean distance
by the amount larger than c. For proof of these theorems, see [Yamashita84].
The similar results may be expected to be correct for a 3D image, but have
not been reported yet.
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Remark 4.19. Distance measures on a digitized space have been studied in
many papers including [Borgefors84, Borgefors86a, Borgefors86b, Coquin95,
Klette98, Kuwabara82, Okabe83a, Okabe83b, Ragnemalm90, Saito94a, Tori-
waki01, Verwer91, Yamashita84, Yamashita86]. Furthermore, if a domain in
which a path exists is limited, the distance between two pixels and the distance
transformation from a subset of pixels should be significantly modified.

4.9.3 Distance function in applications

The distance function can be discussed from at least two different viewpoints.

(1) Digital space viewpoint: If we consider that a digitized image is defined
only by voxels (or sample points), then it is enough that the distance
between arbitrary two voxels is defined.

(2) Approximation viewpoint: We may consider that a digitized image is an
approximation of a continuous image. From this viewpoint, it is desirable
that a distance value on a digitized image is as close as possible to that
on a continuous image.

The relative weight of two viewpoints varies in different applications. Thus,
various research has been performed theoretically and experimentally. Exam-
ples of requirements in applications are as follows:

(i) Difference from the Euclidean metric: For the measurement of quantities
such as the distance, area, and volume, the distance function nearer to
the Euclidean distance is better (approximation view point).

(ii) Computation cost (computational complexity): An explicit form of expres-
sion for a distance value is more convenient than an algorithmic procedure
to calculate the distance between two points of given coordinates. For ex-
ample, the formula to calculate the Euclidean distance between two given
points is well known. Only an algorithm to find the minimum distance be-
tween two points is known for a variable neighbor distance on a digitized
image (Theorem 4.5).

(iii) Distance measure: Is a distance measure required in the strict sense? In
some applications the axiom of the distance metric is not always necessary.

(iv) Distance from a point set: To calculate the distance between a point and
a point set (= figure), the definition and the algorithm are needed. For
example, given a set of voxels S′ and a voxel x1 existing outside of S′,
the distance between a set S′ and a voxel x1(d(x1,S

′)) may be given as

d(x1,S
′) ≡ min{d(x1,y); y ∈ S′}. (4.68)

In this case, the algorithm to calculate effectively the distance between
x and y for all ys in S′ is more important than a formula to obtain
the distance between two given voxels. See distance transformation in
Section 5.4 (digital space viewpoint).
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(v) Necessity of distance values: Distance values themselves are not always
required in some applications. If we want to know the distance value that
maximizes or minimizes a given object function, then other functions in-
creasing (or decreasing) with the distance value will be enough. For ex-
ample, if we want to find the closest point to a given point, the square
distance will be useful instead of the distance value itself.

(iv) Path and constraint: The minimal path or voxels (points) to be consid-
ered may exist only in the limited area of the space. For instance, it may
be needed to detect the closest point from a given point, or to find the
shortest path between two given points both on a specific curved surface.
In such cases, direct calculation of the distance is difficult. Such a proce-
dure is useful in execution of path generation and calculation of the path
length simultaneously. Concrete examples are derivation of the shortest
path along the surface of a 3D object and detection of the shortest route
to reach a goal avoiding obstacles.

4.9.4 Improvement in distance metric

Various research has been reported concerning the improvement of distance
functions. We will summarize some of them below.

(1) Extension of the neighborhood: Use of a neighborhood larger than the 26-
neighborhood was tried in several applications. This means that we can
move to further voxels in one step when proceeding along a path. In
other words, a direct path to a current voxel P from outside of the 26-
neighborhood of P is acceptable. In this case, real distance values from P
to voxels adjacent to P may differ among all adjacent voxels. Therefore,
adjustment of distance values to adjacent voxels may become necessary.
This point will be referred to in the next subsection.

(2) Diversifying distance values: We assume implicitly that the distance to
adjacent voxels is a unit. This simplifies some algorithms in calculat-
ing distance values. A typical example is the distance transformation
presented in the next chapter. However, in some of distance measures
this simplification causes severe bias from the Euclidean distance met-
ric. To overcome this defect, weights are multiplied to parts of distance
values to adjacent voxels in the calculation of path lengths. Several ex-
amples are shown in Fig. 4.16. If we employ weight values that are equal
to exact Euclidean distance, the computation load heavily increases be-
cause calculation of square roots of integers is required. Therefore, inte-
ger weights were developed so that ratios among them are kept closer to
those of Euclidean distance values. This type of metric was called cham-
fer distance in various literatures regarding 2D and 3D image processing
[Verwer91, Borgefors84, Borgefors86a, Borgefors86b].

(3) Distance transformation: Distance transformation gives all 1-voxels in an
input image the distance to the nearest 0-voxel. The 0-voxels of an input
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Fig. 4.16. An example of a weighted mask for calculation of distance using the
5 × 5 × 5 neighborhood.

Fig. 4.17. Example of 3D distance transformation. (The 26-neighbor distance was
employed. Figure shows only a part of a large 3D image.)

image are kept unchanged. In this transformation, distance values are
calculated at all 1-voxels (Fig. 4.17). The use of Euclidean distance is most
preferable, but computation load is heavy. Squared Euclidean distance is
often employed. Various types of algorithms have been developed as will
be presented in Chapter 5.

Remark 4.20. Many reports have been published concerning a distance
function and a distance metric. Most of them, however, have treated a 2D
image, and have discussed properties of metric theoretically [Borgefors84,
Borgefors86a, Borgefors86b, Klette98, Okabe83a, Okabe83b, Ragnemalm90,
Toriwaki92, Verwer91]. Discussion about their effectiveness in practical image
processing is limited. Still some of them contain useful lists of literatures for
related research. Furthermore, recent progress in technology such as decrease
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of memory cost, increase in computation speed, and development of the algo-
rithm to calculate squared Euclidean distance have changed the significance
of specific distance functions and various devices relating to them.

Remark 4.21 (Weighting in distance functions). One important prob-
lem in calculating distance on a digitized image is how to give weights
to distances to adjacent voxels. For example, w111 =

√
3 , w112 =

√
2 ,

w122 = 1 , if we employ weights equal to the Euclidean distance to vox-
els in the 26-neighborhood. Suffixes here show the locations according to
Fig. 4.2 U . We will present below a mathematical formulation to optimize
these weights[Verwer91].

Let us consider a set of fundamental vectors U = {r1, r2, . . . , re}, and
assign a distance (weight) di to a vector ri. Consider next a path Pi as a
sequence of basic vectors {ri1, ri2, . . . , rim}, where m is the length of the
sequence and we define the weight |Pi| of the path Pi as

|Pi| =
m∑

k=1

dik (= sum of distances assigned to (4.69)

fundamental vectors included in the path Pi)

The distance between two grid points (or voxels) u and v is obtained as

dgc(u,v) = min{|Pi|} (= the minimum of the above weight of (4.70)
a path between u and v)

Then let us find the set of weights {d1, d2, . . . , de} that minimizes the difference
(error) of dgc(u,v) from the Euclidean distance between u and v. Results will
depend on the selection of the fundamental vector set. Let us assume first a
suitable set of fundamental vectors such as vectors from a point P to its 26-
neighborhood or to its 5 × 5 × 5 neighborhood. Following are examples of
integer weights recommended in [Verwer91] as realizing relatively small errors.

3 × 3 × 3 neighborhood: d100 = 4 , d110 = 6 , d111 = 7 , d100 = 14 ,
d110 = 21 , d111 = 25

5 × 5 × 5 neighborhood: d100 = 9 , d110 = 13 , d111 = 16 , d210 = 20 ,
d211 = 22 , d221 = 27 or d100 = 17 , d110 = 25 , d111 = 31 , d210 = 39 ,
d211 = 43 , d221 = 53

where suffixes show the locations of voxels in the neighborhood (Fig. 4.2 U)
and numerical values mean recommended values of weights.

The margin for error will be reduced if fractions or large values are em-
ployed. If squared Euclidean distance is acceptable, this type of complicated
distance may be not necessary.
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4.10 Border surface

In a 2D continuous image, a border line (outline) of a region (or a figure) will
be intuitively obvious if a figure is well formed. In a continuous 3D figure, the
counterpart of a borderline is a border surface of a 3D object (3D figure). For
a 3D digitized figure, the definition (or the concept) of a border surface is not
as clear. There are several ways of defining a border surface of a 3D object in
the 3D digitized space as follows.

(a) A set of border voxels: For the definition of a border voxel, see Section 4.5.3
(a). In this case, a border surface of an object (a 3D connected compo-
nent) P always belongs to P , that is, the border surface of a 3D figure
(connected component) P is a set of the outermost layer of voxels in P .

(b) Continuous surface: The surface of a 3D figure (a 3D connected com-
ponent) P is the surface of a 3D continuous figure corresponding to a
digitized figure P (see Definition 4.5). Here the border surface of P is also
a continuous figure consisting of parts of faces of cubes corresponding to
border voxels.

(c) A set of border voxels (outside): A set of 0-voxels such that there exists at
least one 1-voxel of a k-connected component P in their k-neighborhood.
In this case a border surface of a 3D object P consists of 0-voxels and
belongs to the background.

(d) Border voxels (outside and inside of a figure): This is the set sum of (a)
and (c) above.

In the discussion concerning border surfaces and their processing, we should
express explicitly which one of the above (a) ∼ (d) or others is treated.

In this book we define a border surface as follows.

Definition 4.15 (Border surface). Let us consider an m-connected com-
ponent of 1-voxels P and an m-connected component of 0-voxels Q. Then a
border surface of P to Q, B(P,Q) is a set of all voxels in P that have at
least one voxel of Q in their m-neighborhood. Here the m-connectivity means
the admissible type of the connectivity of 0-voxels when the m-connectivity
is employed for 1-voxels. We call the remainder of P after removing B(P,Q)
from P the inside of the component P .

Let us give again the definition of a border voxel for the convenience of
explanation.

Definition 4.16 (Border voxel). A border voxel of an m-connected com-
ponent P of the value f (= 0 or 1 ) is a voxel in P that has at least one voxel
of the value 1 − f in the m-neighborhood.

Remark 4.22. For a connected component with a cavity, more than one bor-
der surface exists; one of them is the outside surface and the rest are on cav-
ities. In other words, a border surface consists of more than one component.
Therefore, in order to specify one of them, we need to designate a 1-component
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and a 0-component that are located on both sides of the border surface. This
is the reason that two components P and Q are included in Definition 4.15.
We need to describe explicitly a border surface of a 1-component P that faces
on a 0-component Q or a border surface between a 1-component P and a
0-component Q.

Property 4.7. A border surface B(P,Q) in Definition 4.15 (more strictly, a
border surface of a 1-component P to a 0-component Q) has the following
properties.
(i) B(P,Q) is a set of border voxels of a connected component P . A border
voxel here is defined as Definition 4.16.
(ii) A set of voxels in the inside of P contains no voxel of a connected compo-
nent Q in the m-neighborhood. In this sense, two components P and Q are
separated by the border surface B(P,Q).
(iii) A border surface B(P,Q) is the minimum figure (in the sense that the
number of voxels is minimum) satisfying (i) and (ii) above.

Proof of these properties are given in [Matsumoto84].

In this section we explained only the outline of the approach to study
properties of a border surface of a 3D figure and parts of basic properties of
a border surface. Further study will be needed in order to obtain a method
to distinguish individual surfaces of each connected component. For instance,
we need a method to give different marks to different components. Details of
such algorithms will be presented in the next chapter.

Remark 4.23. Image processing algorithms and the digital geometry of 3D
images were first reported in [Park71]. They discussed the labeling of con-
nected components and gave a definition of the Euler number of a 3D figure.
Only the 6- and the 26-connectivity was treated there. Three-dimensional im-
age processing began to be studied around 1980. For example, detection and
following of border surfaces by Herman et al. [Artzy85, Herman78, Liu77], con-
nectivity index and topology preservation by T.Yonekura et al. [Yonekura80a,
Yonekura80b, Yonekura80c, Yonekura82a, Yonekura82b, Yonekura82c, Yone-
kura82d], and other areas of study was researched. Research reports are col-
lected in [Kong85, Kong89, Toriwaki85a, Toriwaki85b]. [Kong85, Kong89]
mainly pointing out many problems requiring study, but references are lim-
ited and research from Japan is not included. [Toriwaki02a, Toriwaki02b,
Toriwaki85a, Toriwaki85b] will complement this. More recent research is
included in [Toriwaki02a, Toriwaki02b, Toriwaki04, Klette98, Nikolaridis01,
Rogalla01, Bertland01]. A border surface and related topics including bor-
der following algorithms were presented in detail in [Artzy85, Udupa94,
Herman98].



5

ALGORITHM OF BINARY IMAGE
PROCESSING

5.1 Introduction

In this chapter we present several algorithms for processing 3D images, in
particular for treating connected components and figures in a 3D image. Aims
of this chapter are:

(1) to understand processes essential in proceeding to the analysis of a 3D
figure in a 3D gray-tone image

(2) to learn the structure of algorithms through examples

In order to extract significant information from an input 3D gray-tone
image, we first need to segment a 3D figure that is likely to correspond to a 3D
object in the real world. Next, we extract features that have more condensed
information and derive from this a description of the figure. A binary image
is produced as a result of distinguishing figures from the background. Each
connected component corresponds to a 3D figure. If this segmentation of a
figure has been performed correctly, every connected component represents a
3D object meaningful in the real 3D world. This may not always be true in
practical image processing, but this is not currently important.

Information carried by a binary image is mainly in the shape of a figure.
Hence most algorithms presented here relate to processes based on the geo-
metrical properties of a 3D figure. Essential features of those algorithms are
transformations preserving connectivity or topology, extraction of the inside,
outside, and the border surface of a figure, and calculation of the distance on
a digitized image.

From the viewpoint of information concentration, we transform a massive
figure (a 3D figure) to a planar figure (the center plane and/or the border
surface), and transform a planar figure further to a linear figure (or a curve).
In another type of algorithm, we calculate the shortest distance from a voxel
inside of a figure to the background. We then concentrate the information to
local maximum points in the distribution of such distance values. Axis/surface
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thinning, border surface following, and distance transformation are explained
as examples of algorithms realizing such information concentration.

Algorithms used to execute those processes are also given. Through the ex-
planation of algorithms, we intend to provide algorithms that can be used for
practical applications, and at the same time we expect readers to understand
various characteristics of algorithms and methods to design algorithms by
themselves. As examples, detailed sequential and parallel algorithms, concen-
tration and restoration of figures, serial composition, and 1D decomposition
are presented.

Although most algorithms in this chapter are described by program-like
expressions, they are neither programs themselves nor definitions of algorithms
in their strict meanings. Our aim is to give readers the most essential parts of
algorithms while avoiding ambiguity. We omit some parts of procedures that
might be necessary for correct behavior of a program, but are less important
in the definition of such algorithms as detection of the overflow in numerical
calculation and exceptional processing for the frame of an input image. The
descriptions of some algorithms may vary. This is to avoid errors in rewriting
descriptions from original papers.

All algorithms presented in this chapter have been coded and executed at
least once in the authors’ laboratory and their expected performance has been
confirmed.

5.2 Labeling of a connected component

A connected component was defined already in Def. 4.3. Roughly speaking,
each connected component corresponds to an individual 3D figure. Hence ex-
traction of a connected component is useful as a tool to find the topological
properties of a figure, such as the Euler number. Connected component ex-
traction is very useful also for practical applications of image processing.

Procedures to extract a connected component (= labeling) are basically
the same as those of a 2D image [Rosenfeld82, Watt98]. Here we will present
concrete algorithms for all of four types of connectivity [Yonekura82a]. The
18′-connectivity case is neglected because it is the same as the 6-connectivity
case. We will use positive integers as labels as was stated in Section 4.2.

Algorithm 5.1 (Labeling of connected components).

F = {fijk}: input image (binary image).
L = {lijk}: label image: lijk is a positive integer representing a label of each

connected component, (The value 0 is reserved for the background and
so the value of a 0-voxel is not changed.)

λ: variable representing the number of a connected component.
T (i): label table (1D array).
(1) Initialization: λ← 0 . Start the raster scan from a voxel (2 , 2 , 2 ).
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(2) Denote a current voxel by (i, j, k).
If fijk = 1 , then go to (3). If fijk = 0 , then lijk ← 0 , and go to (4).

(3) Let us use the scanning method given in the left figure of Fig. 5.1 (b) and
denote a current voxel by x0 = (i, j, k). Denote voxels that were already
scanned in its neighborhood as in the right figure of Fig. 5.1 (b) and
assume that the label of xp (= the value of an image L) is lp (= positive
integer) (p = 0 , 1 , 2 , . . . , 13 ).
(3-1) If there are n kinds of different positive values in {T (lp), p =

0 , 1 , 2 , . . . , 13}, let us express those integers by L1, L2, . . . , Ln in the
increasing order.
If n = 0 (no positive value exists), then go to (3-2); go to (3-3) if
n = 1 . Otherwise go to (3-4).

(3-2) λ← λ+ 1 , T (λ)← λ, lijk ← λ. Go to (4).
(3-3) lijk ← L1. Go to (4).
(3-4) lijk ← L1. For all T (γ) such that T (γ) = Lp (2 ≤ p ≤ P, 1 ≤ γ ≤ λ),

T (γ)← L1. Go to (4).
(4) If all voxels have been processed, go to (5). Otherwise proceed to the next

voxel. Then go to (2).
(5) Rewrite all integers (labels) in the table T (λ) to the serial number integers.

Denote the maximum value (of the label) by b0. Go to (6).
(6) Rewriting labels: For all (i, j, k)’s, if lijk > 0 , lijk ← T (lijk).

In step (3) of the above procedure, p ≤ 3 for both the 6-connectivity
case and the 18′-connectivity case, p ≤ 9 for the 18-connectivity case, and
p ≤ 13 for the 26-connectivity case. It is obvious from the definition of the
connectivity that n ≤ 4 for the 26-connectivity case, and otherwise n ≤ 3 .

This algorithm is a straightforward extension of a method that has been
widely used in 2D image processing. Although it may seem complicated, the
performance will be good if only a conventional sequential computer with a
single processor is employed, because scanning the whole of an input image is
required only twice.

In an output label image, serial numbers of integers starting by unit are
given to each connected component as its label. Therefore, the maximum label
means the number of connected components included in an input image. By
extracting voxels storing a specified integer value, we can extract individual
connected components separately. Due to these properties, labeling is fre-
quently utilized as a preprocessing in object counting or feature measurement
of images including many objects.

5.3 Shrinking

Shrinking is a processing that replaces a deletable 1-voxel by a 0-voxel while
preserving topology. When shrinking is complete, a simply connected compo-
nent becomes a single isolated voxel (= only one 1-voxel). Results cannot be
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Fig. 5.1. Labeling of 3D connected components : (a) Labeling of connected com-
ponents -basic idea ; (b) illustration of Algorithm 5.1.

predicted for a multiconnected component, because it depends on the shapes
of each component. The topology of each connected component (the number
of holes and cavities, etc.) is preserved through the shrinking procedure be-
cause only a deletable 1-voxel is changed into a 0-voxel. Thus, if an input
image includes only simply connected component, shrinking can be used for
counting the number of figures (connected components). Shrinking is more
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useful as the base for deriving the surface or axis thinning algorithms which
will be presented in the following section.

By using procedures of deletability determination given in the previous
chapter, an algorithm for shrinking is obtained as stated below:

Algorithm 5.2 (Shrinking).

Input: F = {fijk}. Binary image of the size I × J × K. 1-Voxels represent
figures and 0-voxels represent the background.

(1) Repeat (2) ∼ (4) for k = 1, 2, . . . ,K.
(2) Repeat (3) for j = 1, 2, . . . , J .
(3) Repeat the following for i = 1, 2, . . . , I.

If xijk is a 1-voxel and deletable, then replace xijk by a 0-voxel (delete
xijk) and proceed to the next voxel.
If otherwise, proceed to the next voxel with doing nothing.

(4) If at least one 1-voxel was deleted in (1) ∼ (3) above, then go to (1). Stop
if no deletion occurred in (1) ∼ (3).

This algorithm can be executed only on the memory area storing an input
image, that is, only one 3D array is needed. Only an input image is referred
to during execution, that is, one 3D array is enough for execution. As soon
as a deletable voxel is found, it is deleted at once. Only a 1-voxel in an input
image is changed, and a 0-voxel is never changed. Thus, this algorithm is a
sequential type according to the classification given in Chapter 2. According to
the classification of algorithms for a 2D image [Yokoi79], this is classified into
the type I below and sequential. An output image (a result) of the shrinking
algorithm applied to an input image F is called the shrunk skeleton of an
image F .

Remark 5.1. A shrinking algorithm for a 2D image is classified as follows:

(Type I algorithm) Only a 1-voxel can be deleted. A shrunk skeleton of a sim-
ply connected component is a single 1-voxel included in an input connected
component.

(Type II algorithm) Both a 1-voxel and a 0-voxel can be rewritten. A shrunk
skeleton of a simply connected component is a single voxel. This shrunk
skeleton may be either inside or outside of an input connected component.
Details are presented in [Yokoi79].

Many of these properties will be extended to a 3D image, although a
detailed report has not yet been published.

Property 5.1. A shrunk skeleton of Algorithm 5.2 is always contained in an
input figure. Topological properties of a shrunk skeleton (numbers of cavities,
holes, and components) are the same as those of an input figure.
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(Proof) The former half is obvious from that only 1-voxels are changed, and
0-voxels are kept unchanged. The latter half is immediately known from the
fact that only a deletable voxel is deleted.

The following property is expected to hold and has been confirmed exper-
imentally, although it has not been proved theoretically.

Property 5.2. (1) A shrunk skeleton of a simply connected figure (a figure
that has neither a hole nor a cavity) is an isolated voxel (a single 1-voxel).

(2) A shrunk skeleton of a figure having one hole and no cavity (torus) con-
sists of only such voxels as (R,H, Y ) = (2 , 0 , 0 ) (= connecting voxel).
Intuitively it is a loop-like line figure in 3D space.

(3) A shrunk skeleton of a figure having only one cavity and no hole (sphere
shell) consists of only such voxels as (R,H, Y ) = (1 , 1 , 0 ) (inner voxel on
a 2D surface). Intuitively it is a sphere shell with one voxel thickness.

Concerning (1) above, it is expected that a simply connected component
consisting of three or more voxels contains at least two deletable voxels. By
deleting a deletable voxel one by one a simply connected figure will be reduced
to an isolated voxel.

5.4 Surface thinning and axis thinning

5.4.1 Definition

In 2D image processing a process that extracts a center line of a figure with
the finite width is called thinning (or skeletonization). This is a very impor-
tant procedure widely used in practical applications of 2D pattern recognition
such as character recognition and document analysis. It is also employed in
processing of a gray-tone image in extraction of borders and edges.

The meaning of thinning in 2D image processing seems to be clear. How-
ever, it is not so easy to define thinning exactly. The word thinning expresses
the concept of a centerline of a natural or a reasonable shape located at the
reasonable position. This depends on the subjective judgment of the observer,
however, and cannot be specified theoretically.

A new problem occurs in the extension of the thinning to 3D image pro-
cessing even in subjective description. For example, the concept of a center
line is naturally acceptable for an elongated long figure such as a wire. In such
a case thinning is easily understood. On the other hand, some problems still
remain for a figure like a plate which is of a finite thickness. Imagine that
we have a wide plate with the unit thickness after shaving an input figure
iteratively from both sides. Then should we shave (thin) it until a centerline
is reached or should we stop a thinning procedure because we have already
reached a center surface?
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Fig. 5.2. Concept of surface/axis thinning.

For the moment we will take into consideration both cases above, and
we call the former case surface thinning and the latter case axis thinning
(Fig. 5.2). Thus, we will define or specify surface/axis thinning as follows.

Definition 5.1 (Surface thinning). Surface thinning is a process that
transforms a 3D figure with a finite thickness to the center surface (a figure of
the unit thickness located at the center of an input figure) while keeping the
topology unchanged. In this sense, a surface figure means a figure such that
all voxels x in it satisfy at least one of (i) and (ii) below.

(i) No 3D simplex (= arrangements of voxels shown in Fig. 5.3) is contained
in the 3 × 3 × 3 neighborhood of x.

(ii) x is not deletable.

Definition 5.2 (Axis thinning). Axis thinning is a process that transforms
a figure with a finite thickness and/or a finite width into a line figure with the
unit thickness being located at the center of the figure without changing the
topology. By a line figure we mean a figure that does not contain a deletable
voxel except for at the end points.

These are conceptually straightforward extensions of those in 2D image
processing to a 3D image. As was stated above, there are two cases of thinning:
transformation into a center surface or into a centerline. This is a problem
specific to 3D image processing.

However, an output of the axis thinning still may not become a line fig-
ure due to topology preservation requirement. An example is an input figure
which has a cavity. Therefore, the difference between the axis thinning and
the surface thinning may not always be clear for some kinds of input figures.
For a long plate-like figure of the unit thickness, there are clearly two possi-
bilities: whether it is further unchanged (surface thinning or medial surface
extraction) or is transformed until it becomes a line figure (axis thinning or
medial axis extraction) (Fig. 5.2). Either of them may be desired according
to each application. We will present both types of algorithms here.
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Fig. 5.3. Voxel arrangements to be deleted in surface thinning (3D simplex).

5.4.2 Requirements of thinning

We will summarize the requirements of surface/axis thinning. An output of
these algorithms should also have these features.

(Requirement (R) 1) Topological features of an input figure should be pre-
served in an output figure.

(R2) A resultant figure should be a surface figure of the unit thickness for
surface thinning or a line figure of the unit thickness for axis thinning
except for an exceptional local shape such as a cross point.

(R3) A resultant figure should be located on the center surface/center line of
an input figure.

(R4) A resultant figure does not degenerate excessively.
(R5) The shape of an output figure should be a reasonable one in respect to

crossing parts of an input figure.
(R6) The result is not affected by the rotation of an input figure. In other

words, a result of thinning of a rotated figure is not too different from the
rotation by the same angle after thinning an original input figure.

Several of these requirements are not always compatible with each other.
Theoretically strict statements cannot be given for all of them except R1.
Therefore, the performance of a thinning algorithm cannot help being evalu-
ated intuitively and subjectively to some extent by a human observer. R1 and
R2 are more essential than others, and the rest are guidelines.

5.4.3 Realization - the sequential type

Let us explain here how those requirements are realized in a concrete algo-
rithm.
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(1) Topology preservation: Scan the whole of an input image in the prespec-
ified scanning mode, and test the deletability of every 1-voxel. Delete a
1-voxel (replace by a 0-voxel), if the voxel is deletable. Only one voxel is
deleted at any one time (simultaneous deletion of more than one voxel
never occurs). A deletable 1-voxel is deleted as soon as it is detected. Fur-
ther processes are applied to the image from which voxels were deleted.
That is, the algorithm is a sequential algorithm shown in Chapter 2.
The deletability test at each voxel is performed by testing whether local
features (connectivity index) satisfy the condition of Corollary 4.1 (com-
ponent index = 1 and connectivity number = 1 ) or Theorem 4.2 in the
3 × 3 × 3 neighborhood of the current voxel. The procedure to execute
this was presented in Section 4.8.

(2) Surface thinning: If a figure contains any of the voxel arrangements shown
in Def. 5.1 (Fig. 5.3), then a deletable voxel in such an arrangement is
eliminated (replaced by a 0-voxel). Unless a deletable voxel exists, no
deletion is required.

(3) Keeping central position: We shave a figure in the equal rate from the left
side, the right side, the up side, the down side, the front side, and the back
side. This is realized by applying the deletability test to only a 1-voxel that
has a 0-voxel in the specified side of the 6-neighborhood. For example, first
a 1-voxel that has a 0-voxel in the right is tested, second a 1-voxel having
a 0-voxel in the up side is tested, and so on. Thus, one time of scanning
the whole input image is achieved by scanning an image six times. These
six times of scanning are called a subcycle. This subcycle system has been
widely used in 2D image processing. Final results of thinning are affected
a little by the order of subcycles, although the effect is not extreme in
most cases. This effect is unavoidable in this type of algorithm.

(4) Suppression of degeneration: Subcycles are useful for suppressing degen-
eration, too.

(5) Other features: Only a local processing of the 3 × 3 × 3 neighborhood
is employed in an algorithm. The state of voxel values in the 3 × 3 × 3
neighborhood is classified by the calculation of local features such as the
connectivity index and the deletability test using them. Pattern matching
is used only for at most the 2 × 2 × 2 neighborhood.

Remark 5.2. In 2D image processing, it is not difficult to list all possi-
ble arrangements of 0-and 1-pixels in the 3 × 3 neighborhood (51 patterns
exist with excluding symmetrical patterns each other). Then, we may de-
rive an algorithm by assigning a suitable output value to each of input
local patterns. Many thinning algorithms were designed by this procedure
[Toriwaki81, Stefanelli71, Tamura78, Tamura83]. On the other hand, for a 3D
image, there are 1 , 426 , 144 patterns of 0- and 1-voxels in the 3 × 3 × 3
neighborhood even if mutually symmetric patterns have been excluded. Then
it is almost impossible to design an ad hoc algorithm while taking into con-
sideration all of those patterns.
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Remark 5.3. In shrinking and thinning algorithms, only deletable voxels are
permitted to be deleted to preserve the topology of an input image. In a
shrinking algorithm all deletable voxels are deleted as was explained in Sec-
tion 5.3. In a thinning algorithm only parts of deletable voxels are really
deleted because additional requirements stated in Section 5.4.2 have to be
satisfied.

In order that the results of thinning are located at the center of an input
figure, thinning algorithms shave deletable voxels by one layer from a border
of a figure. This shaving must be executed at an equal rate in an upside border,
downside border, left and right side border, and back and front side border,
respectively. Intuitively, such shaving of all deletable voxels on the surface of
a figure (one-layer thinning) is repeated around the number of times equal
to half of the figure width. One main cycle is executed usually after being
divided into six times of the partial thinning (subcycle) as follows, in order to
keep a thinned result near the center of an original figure.

For example, all upside border voxels are tested for deletability first and
replaced by a 0-voxel if deletable. Second, downside border voxels are tested
and deleted if deletable. The same procedure is applied to left border voxels,
right border voxels, front border voxels, and back border voxels in this order.

Thus, one main cycle consists of six subcycles of shaving. Each subcycle
scans the whole of an input image one time and tests deletability of border
voxels. The total number of subcycles is the number of times of iteration of
an algorithm and is the most important factor to determine the computation
time of the algorithm. Some of algorithms employ 12 subcycles and some
others avoid subcycles by using larger neighborhoods and different types of
the deletability test [Saito96, Saito01, Palagyi99, Ragnemalm90].

5.4.4 Examples of surface/axis thinning algorithms (sequential
type)

Let us show an example of a surface-thinning algorithm basing upon the
principle described above.

Algorithm 5.3 (Surface thinning).

Input: F = {fijk} = input binary image.
fijk = density value of a voxel (i, j, k) which takes 0 or 1 . A set of 1-voxels
is considered to be a figure.
m = type of the connectivity (m = 6 , 18 , 18 ′, 26 ).

Output: F = {fijk} = result of surface thinning is stored when the algorithm
finishes. Physically the same array as the one storing an input image is
assigned.

Conditions for a finally preserved voxel (FPV): A border voxel (i, j, k) satis-
fying at least one of the following C1 and C2 is called FPV and is never
deleted in the subsequent procedure.
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C1: None of arrangements in Fig. 5.3 (3D simplex) exists in the 3 ×3 ×3
neighborhood of a voxel (i, j, k).

C2: A voxel (i, j, k) is not deletable in the m-connectivity.

(Main cycle processing)
[STEP 1] (Extraction and classification of border voxels)
Here a border voxel means a 1-voxel that has at least one 0-voxel in its 6-
neighborhood. Classify each border voxel as follows according to the location
of a 0-voxel in its 6-neighborhood.
for all (i, j, k)s do (See Note)

if fijk = 1 , then
if fi,j,k+1 = 0 , then fijk ← 7
if fi,j+1,k = 0 , then fijk ← 6
if fi+1,j,k = 0 , then fijk ← 5
if fi−1,j,k = 0 , then fijk ← 4
if fi,j−1,k = 0 , then fijk ← 3
if fi,j,k−1 = 0 , then fijk ← 2

else no operation is performed
endif

enddo

(Subcycle processing)
[STEP 2] (Deletion of a voxel)
for bordertype = 2 to 7 do

[STEP 2.1] (Detection of finally preserved voxel (FPV))
Detect a voxel that is regarded as the unit thickness (surface voxel) and give
it a mark of FPV.
for all (i, j, k)s do

if fijk = bordertype ∧ (C1 ∨ C2)
then fijk ← 10 (FPV)
else no operation is performed
endif

enddo
enddo

[STEP 2.2] (Deletion of a 1-voxel)
Delete a deletable voxel.
for all (i, j, k)s do

if fijk = bordertype
then

if (i, j, k) is deletable (¬(C1 ∨ C2) ∧ (not FPV))
then fijk ← 0 (deletion)

Note: Here “for all (i, j, k)s do” means that each voxel is processed in the order
as shown in Fig. 2.13, and Fig. 5.1 (according to a raster scan given in the above
figures). This is the same in other algorithms presented in the following sections.
Note: ¬C1 means logical negation of C1.
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else fijk ← 10 (FPV)
endif

else no operation is performed
endif

enddo

[STEP 3] (Examine the terminating rule)
if no point changed through [STEP 2]
then stop
else go to [STEP 1] (repetition of the main cycle)
endif

Remark 5.4. In this type of algorithm, which includes deletion of voxels
performed sequentially, a border voxel that was not deletable at one time of
processing may become deletable afterwords due to the change in the local
arrangement of voxels caused by the processing in the subsequent cycles. This
fact is worth being taken into consideration when designing an algorithm. In
Fig. 5.4 (a), for example, the voxel B satisfies the condition C2 (not deletable
because a hole is generated by the deletion). After the voxel A was deleted,
however, B is deletable because its state is the same as A before its deletion. As
this situation is repeated, an unnatural result as shown in Fig. 5.4 (b) might
occur. This is a typical example of the phenomenon called degeneration. In
Algorithm 5.3, we prevent this type of excessive degeneration by employing
the deletability test (=the preservation test) at a specified point in the exe-
cution and by preserving a voxel satisfying a given condition without testing
deletability in sequent procedures. Such voxels are called a finally preserved
voxel (FPV). In [STEP 2] of Algorithm 5.3, FPV is first detected and given
the mark in [STEP 2.1]. After that conditions C1 and C2 are tested only at a
voxel having no FPV mark in [STEP 2.2] and a voxel is deleted, if deletable.
In this step, a voxel that was deemed deletable was immediately replaced by
a 0-voxel (deleted).

Let us show a property of Algorithm 5.3 below:

Property 5.3. (1) A line figure on a surface figure that is contained in a plane
perpendicular to one of the coordinate axes is never deleted because any
voxel in such a figure is regarded as either an inside pixel or a connecting
pixel or an edge pixel of a 2D figure [Toriwaki85a, Toriwaki85b]. An inside
voxel and a connecting voxel become a finally preserved voxel according to
the condition C1 and C2. An edge voxel also becomes a finally preserved
voxel according to the condition C1 (Fig. 5.5).

(2) When an input figure is a parallelepiped of the size (the number of voxels)
I×J×K (I > J > K), and all edges are parallel to one of the coordinate
axes, an output figure is a plane of the size I ′ × J ′ ×K ′ (voxels) where

(I −K + 1) ≤ I ′ ≤ (I −K + 2)
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Fig. 5.4. Property of Algorithm 5.3 (surface/axis thinning). Condition of finally
preserved voxel and degeneration (◦: deletable, ×: preserved (not deletable) by the
condition C1, •: preserved by the condition C2).

(J −K + 1) ≤ J ′ ≤ (J −K + 2)
K ′ = 1 .

The above algorithm is a prototype of a 3D surface-thinning algorithm,
and has not been refined so much. In fact, it contains the surface thinning only.
One may expect that an axis-thinning algorithm is obtained by excluding the
condition C1 in this algorithm. However, the problem is not so simple. For
example, a center line had to be obtained, even if a figure of the unit thickness
is given as an input figure. If a parallelepiped figure is given as an input figure,
it would be expected that the final result of a center line is obtained after an
intermediate result of the same shape as a result of the surface thinning is
reached. Let us give an example of such an algorithm in Algorithm 5.6.

5.4.5 Surface thinning algorithm accompanying the Euclidean
distance transformation

Another problem of the above algorithm is that a thinned result is affected
significantly by the rotation of an input figure. One major reason for this lies
in the order that the algorithm shaves surface voxels from an input figure.
Voxels at the unit distance from the background is tested for deletability and
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(a) (b)

Fig. 5.5. Property of Algorithm 5.5 (surface thinning of a 2D plane figure in 3D
space). ◦: Preserved by the condition C1 and C2, •: preserved by the condition C1.

replaced by a 0-voxel if deletable. The 6-neighbor distance used in the algo-
rithm is significantly affected by the orientation of an input figure, although
the distance is recalculated in each main cycle. This effect of the rotation will
be reduced if the squared Euclidean distance is used instead of the 6-neighbor
distance. Computation load will become too much, however, if the Euclidean
distance is calculated directly according to its definition. One possible solu-
tion to overcome this difficulty is the application of the Euclidean distance
transformation as a preprocess. Let us show an example of how to implement
this idea [Saito95, Saito96]. The distance transformation will be explained in
detail in the next Section 5.5.

Algorithm 5.4 (Surface thinning accompanied by squared Euclidean
distance transformation).

Input: F = {fijk} = input binary image (L×M ×N).
fijk = density value of a voxel (i, j, k) which takes 0 or 1 . A set of 1-voxels
is considered as a figure.
m = type of the connectivity (m = 6 , 18 , 18 ′, 26 ).

Output: F = {fijk} = result of surface thinning is stored when the algorithm
finishes. Also this is used to store intermediate results (values of distance
transformation, labels, etc.) produced during execution. Physically the
same array as the one that stores an input image is assigned.

Conditions for a finally preserved voxel (FPV): A border voxel (i, j, k) satis-
fying at least one of the following C1 and C2 is called FPV, and is never
deleted in the subsequent procedure (same as in Algorithm 5.3).
C1: None of arrangements in Fig. 5.3 (3D simplex) exists in the 3 ×3 ×3

neighborhood of a voxel (i, j, k).
C2: A voxel (i, j, k) is not deletable in the m-connectivity.

[STEP 1] (Squared Euclidean distance transformation)
for all (i, j, k)s do (See Note)

Note: de((i, j, k), (p, q, r)) means the Euclidean distance between voxels (i, j, k)
and (p, q, r). For squared Euclidean distance transformation and details of its
algorithm, see Section 5.5
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fijk ← min
(p,q,r)

{(de(i, j, k), (p, q, r))2;

fpqr = 0 , 1 ≤ p ≤ L, 1 ≤ q ≤M, 1 ≤ r ≤ N}
enddo
(Shift distance values by 20 for using integers 1 ∼ 19 as labels)
for all (i, j, k)s do

if (fijk �= 0 ) then fijk ← fijk + 20
enddo
maxd ← (Maximum of the Euclidean distance transformation values in the

image F )
mind ← (Minimum of the nonzero values of the Euclidean distance

transformation in the image F )

(Main cycle processing)
[STEP 2]
for distance = mind to maxd do

[STEP 3] (Extraction of FPV and classification of voxels to be tested the
deletability)
for all (i, j, k)s do

if fijk = distance
then

if (C1 ∨ C2)
then fijk ← 1 (FPV)
else
m← (the number of non-0 voxels in the 26-neighborhood of (i, j, k))
fijk ← int(m/3 )+ 7 (give a label showing a group of the voxel. Label
takes values 7 ∼ 15 )
endif

else no operation is performed
endif

enddo
(Subcycle processing)
[STEP 4] (Deletion of a voxel)
for bordertype = 7 to 15 do

for all (i, j, k)s do
if fijk = bordertype
then

if (C1 ∨ C2)
then fijk ← 1 (FPV)
else fijk ← 0 (Deletion of a 1-voxel)
endif

else no operation is performed
endif

enddo
enddo
[STEP 5] (Test of terminating rule)
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enddo

[STEP 6] (Postprocessing)
for all (i, j, k)’s do

if fijk �= 0
then fijk ← 1
endif

enddo

Explanation of Algorithm 5.4. In this algorithm, we first apply the squared
Euclidean distance transformation [Saito92, Saito93, Saito94a, Saito94b] to
the whole of an input image. As a result, all 1-voxels of an input image are
given the square of the shortest distance to the background. We now calculate
the square of the distance instead of the exact distance value. Computation
load is greatly reduced by doing this because the algorithm is simplified by
avoiding the calculation of the square root and by using only the calculation
of integers throughout the procedure. We need only the order of the distance
value to the nearest 0-voxel, and need not use the absolute value of the dis-
tance.

Next we classify a voxel of the unit-squared distance into subgroups ac-
cording to the number of nonzero voxels in the 26-neighborhood represented
by m in the above description of the algorithm. For the sake of convenience,
grouping is performed at every three of the value of m. The deletability test
is applied to 1-voxels in the order of the value of m (a voxel of the smaller m
is tested earlier). A border voxel in Algorithm 5.3 corresponds to a voxel of
the unit (squared) distance value here. The deletability test and the relating
procedure here are applied to the set of 1-voxels remaining at that point.

Classification of border voxels according to the locations of 0-voxels in
their neighborhood is replaced here by the classification of voxels of the unit
distance according to the number of nonzero voxels in the 26-neighborhood.
The idea is basically the same in both algorithms. It is common to both
algorithms that a deletable voxel is replaced by a 0-voxel when it is detected
(sequential type of algorithm).

This algorithm proceeds to the processing of voxels with the (squared)
distance value 2 , after all deletable voxels with the unit distance have been
processed. The same procedure is repeated again to 1-voxels of the (squared)
distance 2 . Thus, at the point that the processing of voxels of the (squared)
distance d begins, all deletable voxels of the (squared) distance less than d
have been deleted. Therefore, voxels of the (squared) distance d have become
border voxels. Keeping a resultant figure at the center or in the vicinity and
reducing the effect of the rotation of an input figure are both realized by
executing procedures according to increasing order of the (squared) distance
values.

The above procedure is performed repeatedly for voxels of all (squared)
distance values.
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The deletability test was applied earlier to voxels having more 0-voxels
in the 26-neighborhood among voxels of the same distance values. Using this
order, an isolated narrow protrusion tends to be shaved earlier. This tendency
is desirable in that it prevents the generation of meaningless short branches
in a thinned result from small irregularities of the surface of an input figure.

The meaning of [STEP 5] in the above algorithm may become clearer by
writing as follows:

[STEP 5] (Test of terminating rule)
if no point changed through [STEP 4]
then

if distance = maxd
then stop (finishing the whole processing)
else go to [STEP 2] (finishing a subcycle)
endif

else go to [STEP 3]
endif

Remark 5.5 (Problems in realization). Major problems that should be
considered in implementing and executing surface/axis thinning algorithms
by computer are memory requirement and processing time (or computation
load). Concerning the first problem, at least one 3D array is necessary for
storing an input image. The above algorithm uses the same 3D array for
not only storing the distance transformation, but also storing a label image
produced at the intermediate step and storing the final result. This means the
memory requirement is almost minimum, that is, only one 3D array of nearly
the same size is required as an input image.

5.4.6 Use of a 1D list for auxiliary information

Processing time is, in principle, proportional to the number of iterations in
the main cycle. This factor cannot be discussed in general because the number
of iterations strongly depends on each individual image. Another factor that
is important for practicality is the number of times each voxel is accessed
(individual element of a 3D array). One possible way to reduce the number of
times of access is the use of a 1D list that stores a 1-voxel to be processed and
attributes of each voxel such as coordinates and labels. Subsequent procedures
are executed according to the contents of this list.

It has been ascertained through experiments that this method could sig-
nificantly reduce the processing time of the above algorithm, although algo-
rithms become a little more complicated due to the list manipulation. The
total amount of memory may increase a little by preparing the space for the
list. The memory space for a list also depends on each input image. The size
of the memory space for a list is usually not very big. In most cases it is
small compared to the memory size required for an input 3D image. Roughly
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speaking, it will be enough to prepare a 1D memory of the size of a few times
of the number of border voxels in an input image. An example of this type of
algorithms is given below.

(a) Surface thinning

Algorithm 5.5 (Surface thinning accompanied by Euclidean dis-
tance transformation using list manipulation).

Input: F = {fijk} = input binary image is stored when the algorithm starts.
fijk = density value of a voxel (i, j, k) that takes 0 or 1 when the algorithm
starts. A set of 1-voxels is considered to be a figure.
m = type of the connectivity (m = 6 , 18 , 18 ′, 26 ).

Output: F = {fijk} = result of surface thinning is stored when the algorithm
finishes.

Border voxel list: list = {en : (in, jn, kn, ln)}: Each element in the list consists
of 3D coordinate values of a voxel and its label.

Function int(x). Convert the value of an argument into an integer (omit the
fractional part).

[STEP 1] (Squared Euclidean distance transformation (same as Algo-
rithm 5.4))
for all (i, j, k)s do
fijk ← min

(p,q,r)
{de((i, j, k), (p, q, r))2;

fpqr = 0 , 1 ≤ p ≤ L, 1 ≤ q ≤M, 1 ≤ r ≤ N}
enddo
(For details of algorithm of the Euclidean distance transformation, see Sec-
tion 5.5)
(Shift distance values by 20 for using integers 1 ∼ 19 as labels)
for all (i, j, k)s do

if (fijk �= 0 ), then fijk ← fijk + 20
enddo
maxd ← (Maximum of the Euclidean distance transformation values in the

image F )
mind ← (Minimum of the nonzero values of the Euclidean distance

transformation in the image F )

[STEP 2] (Detection of initial border voxels and write them into the list)
for all (i, j, k)s do

if fijk > 20 and a 0-voxel exists in the 6-neighborhood of fijk

then
add(i, j, k, fijk) to the list
(At this moment, the distance value of a voxel (in, jn, kn) is given to ln of
the list)
fijk ← 1
endif
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enddo
N ← length of the list

(Main cycle processing)
[STEP 3] (Detection of FPV (ln ← 0 means FPV) and classification of
border voxels)
for n = 1 to N do

if (ln ≤ mind)
then

if C2 is true (= (in, jn, kn) is not deletable)
then exclude an element en from the list (FPV)
else

if C1 is true (= thickness of a figure at (in, jn, kn) is 1 )
then exclude en from the list (FPV)
else
m← (the number of non-0 voxels in the 26-neighborhood of (in, jn,kn))
ln ← int(m/3 ) + 7 (classification of border voxels)

endif
endif

endif
enddo

(Subcycle processing)
[STEP 4] (Deletion of a voxel)
N ′ ← length of the list
for bordertype = 7 to 15 do

for n = 1 to N ′ do
if (ln = bordertype)
then

if C2 is true (= (in, jn, kn) is not deletable)
then exclude en from the list (FPV)
else

if C1 is true (= thickness of a figure at (in, jn, kn) is 1 )
then exclude en from the list (FPV)
else
finjnkn ← 0 (deletion of a voxel (in, jn, kn))
exclude en from the list
for (all voxels (i′, j′, k′) in the 6-neighborhood of (in, jn, kn)) do

if (fi′j′k′ > 20 )
then

add (i′, j′, k′, fi′j′k′) to the list (addition of voxels to the list)
fi′j′k′ ← 1

endif
enddo

endif
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endif
endif

enddo
enddo

[STEP 5] (Test of the terminating rule)
N ← length of the list
mind← the minimum of the distance values in the list (the minimum value
in all values over 20 )
if (mind < maxd or N > 0 )
then go to [STEP 3]
endif

[STEP 6] (Postprocessing)
for all (i, j, k)s do

if (fijk �= 0 )
then fijk ← 1
endif

enddo

Remark 5.6. A kind of trade-off exists in a surface/axis-thinning algorithm
between the appearance of false (undesired) branches and occurrence of de-
generation. Here a false branch tends to appear in a thinned result due to
small irregularities on a border surface. Degeneration means that a thinned
result shrinks too much or becomes shorter than we naturally expect. An algo-
rithm with a better performance concerning degeneration is likely to produce
more false branches and vice versa. Both of them are affected by the subject
in evaluation to some extent. In Algorithm 5.3 and 5.4, this trade-off is con-
trolled only a little by the number of 1-voxels existing in the 26-neighborhood
of each 1-voxel. For example, the deletion is applied according to the order
of the number of 1-voxels in the 26-neighborhood. One method to control
this trade-off more successfully is given in [Saito01]. Prevention of degenera-
tion is important in a thinning algorithm, but is not solved easily. Incorrect
strategies may cause the disappearance of the whole of a figure with the spe-
cific orientation. Many problems still remain to be solved in the prevention of
degeneration.

(b) Axis thinning

Let us show an example of the axis thinning algorithm. As was stated, it is
not always necessary to terminate the iteration procedures in an algorithm
concerning axis thinning at the moment that an input figure becomes a plane
of the unit thickness. A 1-voxel is given the mark of a finally preserved voxel

Note: Integers 0 ∼ 20 are used as labels.
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(FPV) only when the 1-voxel reached the state that the voxel is regarded as
the end point of a 3D line figure. For example, voxels existing on a plane
figure of the unit thickness cannot be deleted unless they are on a border of
a figure because the topology is not preserved if they are deleted, even if the
distance value is 1 on those voxels. However, even those voxels will become
deletable at some point when they are shaved from a border according to the
predetermined order until a centerline is obtained. Thus, some of voxels are in
the state that they are kept in without deletion during only the same cycle as is
currently executed. We call those voxels that should be preserved during only
a specific one cycle currently being executed temporary preservation state. We
give a specific mark showing the temporary preservation state to those voxels.

The following algorithm (Algorithm 5.6) was derived based on almost the
same basic policy as Algorithm 5.4.

Algorithm 5.6 (Axis thinning accompanied by Euclidean distance
transformation using list manipulation).
Explanation of input images, etc., is the same as Algorithm 5.5.

[STEP 1] (Squared Euclidean distance transformation) (Same as Algo-
rithm 5.4 [STEP 1])

[STEP 2] (Detection of initial border voxels and write their coordinates into
the list) (Same as Algorithm 5.5 [STEP 2])

(Main cycle processing)
[STEP 3] (Detection of FPV and classification of border voxels; ln ← 0
means FPV.)
for n = 1 to N do

if (ln ≤ mind)
then

if C2 (= (in, jn, kn) is not deletable )
then ln ← 16 (temporal preservation voxel (TPV))
else

if ((in, jn, kn) is an edge voxel) (See Note)
then exclude an element en from the list (FPV)
else
m← the number of nonzero-voxels in the 26-neighborhood of (in, jn, kn)
ln ← int(m/3 ) + 7 (classification of border voxels)

endif
endif

enddo

(Subcycle processing)
[STEP 4] (Deletion of a voxel)

Note: An edge voxel here means a voxel that has only one nonzero voxel in the
26-neighborhood.
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N ′ ← length of the list
for bordertype = 7 to 15 do

for n = 1 to N ′ do
if (ln = bordertype)
then

if C2 (= (in, jn, kn) is not deletable)
then ln ← 16 (TPV)
else

if ((in, jn, kn) is an edge voxel)
then exclude en from the list (FPV)
else
finjnkn ← 0 (Deletion of a voxel (in, jn, kn))
exclude en from the list
for (all voxels in the 6-neighborhood of (in, jn, kn)) do

if (fi′j′k′ > 20 )
then

add(i′, j′, k′, fi′j′k′ ) to the list
fi′j′k′ ← 1

endif
enddo

endif
endif

endif
enddo

enddo

[STEP 5] (Test of the terminating rule)
N ← length of the list
mind ← minimum of the distance values in the list (the minimum value in
the list over 20 )
m← the number of nondeletable voxels (ln = 16 ) in the list
if (mind < maxd or m > N)
then go to [STEP 3]
endif

[STEP 6] (postprocessing)
Same as Algorithm 5.5 [STEP 6]

5.4.7 Examples of surface/axis thinning algorithm (parallel type)

The formal definition of the parallel type algorithm was already described in
Chapter 2. In the context of the surface/axis thinning, it will be stated as
follows:

In every cycle of iteration the whole of an input image is examined to give
a mark to all voxels that are deemed deletable and those which are to be
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preserved finally (FPV). However, deletable voxels are not actually deleted at
the moment of detection. The deletion is executed simultaneously (all at once
and in parallel) for all these voxels, when all voxels of an input image have
finished being tested for deletability. A voxel is never deleted during any cycle
of the iteration once it has been selected to be preserved.

The most difficult and the most critical problem is the prevention of the
phenomenon that occurs when the whole of a figure with the two voxels width
disappears as a result of deletion regardless of only a deletable voxel being
deleted. This is a kind of degeneration. Let us show one example. Suppose
that an input figure is a cube consisting of 2 × 2 × 2 voxels. Then, any of
these eight voxels satisfies the deletability condition if the deletability of each
of them is tested independently from other voxels. Thus, if the deletion is
performed simultaneously at all of those eight voxels, then the input figure
will disappear.

The following three strategies have been known to avoid this type of de-
generation:

(1) To develop a better algorithm for detecting a set of deletable voxels so
that all of extracted voxels can be deleted all at once (completely parallel-
processing type).

(2) To classify first all border voxels into suitable subgroups and the deletabil-
ity test is applied to only one subgroup in one time of iteration. An exam-
ple of the grouping is how many 0-voxels are adjacent and in which side
of each border voxel. Each subgroup is processed according to the given
order. All deletable voxels in the same subgroup are deleted simultane-
ously. Therefore, deletion is done in parallel within the same subgroup,
and subgroups are processed sequentially (subborder group type).

(3) To divide all voxels in an input image into mutually exclusive subgroups
beforehand, the same processing as (2) above is applied in parallel within
the same subgroup. Each subgroup is processed sequentially according to
the predetermined order (subfield type).

The first strategy leads to a parallel type of procedure. However, it cannot
be realized by using a 3 ×3 ×3 or smaller neighborhood. An algorithm using
a 5 × 5 × 5 neighborhood is shown in [Ma95, Ma96]. The second idea is
essentially the same as the one employed in the subcycle system of thinning,
which was introduced to keep a thinned result at or near the center of an input
figure. This is a popular idea in the parallel type of algorithm used now. An
example of the third idea is found in [Bertrand94a, Bertrand94b, Bertrand95,
Saha94, Saha97], in which eight subfields are employed. Concrete algorithms
are given in those papers.

5.4.8 Experimental results

Let us show experimental results of surface/axis thinning in Fig. 5.6 ∼ 5.9.
Algorithms used here are Algorithm 5.3 and the algorithm in [Tsao81]. Input
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images were artificial figures (a sphere, a cube, connection of them), a hand,
and a bronchus extracted from a CT image.

Figures 5.6 and 5.7 show thinned results of artificial figures. Input figures
were put in parallel with coordinate axis in Fig. 5.6 and rotated in Fig. 5.7.
Results from different thinning algorithms differ significantly from each other.
The thinning algorithm accompanied by Euclidean distance transformation is
affected less by the orientation and the rotation of an input figure and gives
natural results. Results of Algorithms 5.4 and 5.5 applied to the same input
image are shown in Fig. 5.8. By observing this carefully, the difference between
the surface and axis thinning is clearly apparent. Finally, Fig. 5.9 is a result
of axis thinning by Algorithm 5.6.

The generation of undesired branches (spurious branches) is controlled to
some extent by two kinds of parameters as presented in [Saito01, Toriwaki01].
A result is shown in Fig. 5.10. An input figure here is a Y-shaped connection
of three cylinders contaminated by random noise. A kind of trade-off between
generation of spurious branches and degeneration of a figure will be confirmed
in this example. Details of the method are presented in [Saito01, Toriwaki01].

5.4.9 Points in algorithm construction

Let us summarize in this section the important points in constructing thinning
algorithms. They show a method to discover the requirements for thinning
algorithms described in Section 5.4.2. How to integrate factors referred to
in these points in individual algorithms also strongly depends on computer
technologies available at the time. In fact, memory cost is much lower and
speed is much faster now than in the 1980s.

(i) Definition of functions: What are the contents of “thinning” that we con-
sider at the design of an algorithm. All of the following also relate to this,
such as definitions of a line figure and a surface figure, intuitive under-
standing of them, and constraints of an input figure. Most input figures
may be elongated figures in some applications. Topology preservation may
not be so important in other applications. Algorithms will become much
simpler in such cases.

(ii) Topology preservation: Did the topology of an input figure have to be
preserved precisely or not? The shape of an input figure may be restricted
in some applications.

(iii) Deletability test: The deletability test can be performed by either calcu-
lation of mathematical equations or local pattern matching. The former
method was first reported in [Yonekura80b] for all four types of connectiv-
ity and the outline was explained in this book. Most other reports employ
the latter method with template matching on the 3 ×3 ×3 neighborhood
except for completely parallel algorithms employing the 5 × 5 × 5 neigh-
borhood. Assuming the use of the 3 × 3 × 3 neighborhood, at least six
template patterns will be necessary which are symmetric to one particu-
lar template pattern, corresponding to six surfaces of a cubic voxel. When
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Fig. 5.6. Examples of surface thinning (artificial figure): (a) Input figure - con-
nected balls; (b) input figure - connected cubes; (c), (d) Algorithm 5.4; (e), (f)
Algorithm 5.3; (g), (h) method of [Tsao81].
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Fig. 5.7. Examples of surface thinning (artificial figure - rotated balls): (a) Input
figure - the same figure as Fig. 5.6 (a) rotated by 15 degrees; (b) input figure - the
same figure as Fig. 5.6 (a) rotated by 30 degrees; (c), (d) Algorithm 5.4; (e), (f)
Algorithm 5.3; (g), (h) method of [Tsao81].
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(a) (b) (c)

Fig. 5.8. Examples of thinning: (b) surface thinning by Algorithm 5.4; (c) axis
thinning by algorithm; both applied to the same CT image of hand.

(a) (b)

Fig. 5.9. Example of axis thinning. Algorithm 5.6 was applied to a CT image of
bronchus and bronchus branches extracted from a 3D chest CT image.

we design a template based upon some heuristics, we first consider three
horizontal arrangements of 3 × 3 voxels and then take into account the
relationship between patterns on the upper and the lower planes. This is
the typical way to obtain a 3D template for thinning.

In any algorithm, the deletability test, while keeping the topology
of a figure unchanged, is the most essential part and the most time-
consuming part of the procedure. In the algorithms presented in this
section, the deletability test was completed directly. However, various
other approaches and variations have been reported. For example, there
is a method to detect the deletability by considering arrangements of 1-
voxels on three orthogonal planes including the current voxel (called check
planes) [Tsao81, Tsao82a, Tsao82b] (Fig. 5.11).

(iv) Connectivity: Only the deletability test presented in the previous chapter
claims that it is applicable to all four connectivity types (6-, 18-, 18′-, and
26-connectivity). Most other methods only treat two types of connectiv-
ity, 6- and 26-connectivity. Some methods only treat the single type of
connectivity (6- or 26-connectivity).

(v) Mode of iteration: Thinning algorithms are classified into two major types,
the sequential type and the parallel type, according to the execution of
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(a) (b) (c)

(d) (e) (f)

Fig. 5.10. Control by generation of spurious branches in the axis thinning by the
method in [Saito01]. The α shows values of a control parameter in this method: (a)
Input figure; (b) skeleton (See Section 5.5.5); (c) axis thinning by Algorithm 5.4;
(d) thinning method by [Saito01] (α = 1 .1 ; (e) same as (d) (α = 1 .5 ); (f) same as
(d) (α = 2 .0 ).

deletion, that is, whether a deletable voxel is immediately replaced by a
0-voxel or not. The subcycle system (usually 6 subcycles) is adopted in
order to keep results near the center of a figure. In the parallel type al-
gorithm, the use of the subborder group system and the subfield system
have been proposed. The total number of times of iteration differs in these
different systems. In [Palagyi99], 12 times of iteration are performed in the
subborder group system. The completely parallel type of algorithms will
become really effective if one-to-one correspondence between processors
and voxels is realized. This has not yet been realized.

(vi) Surface and axis thinning: Distinction between the surface thinning and
the axis thinning defined in Definition 5.1 and 5.2 was discussed first by
anchors with Algorithm 5.3 which made is possible for users to choose
either of them. This problem has not been discussed much afterward
[Bertrand95]. Differences between them may not have serious conse-
quences in applications that treat slender figures.
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Fig. 5.11. An example of voxels used in deletability test in surface/axis thinning
in [Tsao81, Tsao82a, Tsao82b]. A current voxel is denoted with ◦. Solid lines show
check planes of 3 × 3 voxels.

(vii) Subsidiary information: Various subsidiary information is used to im-
prove the quality of a thinned result and to achieve higher performance
of algorithms. For example, the computation time can be significantly
reduced by extracting border voxels and storing those coordinates in a
list beforehand as in Algorithms 5.5 and 5.6. This is due to the fact that
an object of deletion is only a border voxel. The use of distance trans-
formation is also effective as in Algorithm 5.4. For example, a voxel of
a smaller distance value may be deleted earlier, a skeleton voxel is con-
sidered as a candidate of a voxel to be deleted, and appearance of false
branches in an output of thinning is controlled by using skeleton voxels
[Saito01, Toriwaki01].

(viii) Control of a finally preserved voxel (FPV): A user may wish that a spe-
cific voxel will remain in an output figure, or that a resulting line figure
will pass specific voxels. These requirements are satisfied by giving a mark
of FPV to those voxels beforehand.Thinning with an anchor point is an
example of this and is effectively used for controlling the appearance of
spurious branches. See Remark 5.7 [Ragnemalm90, Saito01, Toriwaki01].

Remark 5.7. Study of surface/axis thinning of a 3D image began in around
1980. Papers in those years are listed in [Toriwaki85a]. Papers [Tsao81,
Kawase85] showed the conditions of topology preservation explicitly and pro-
vided a prototype of research in related fields. After these, a few papers
have been published and are given in the reference list in the end of this
book. Comparative studies have not been reported. A deletability test in
[Kawase85, Saito95] is the one presented in Chapter 4, and those in other
papers were similar to [Tsao81]. Comparative study on the quality of thinned
results is very sparse. According to experimental results by the author’s group,
the method accompanied by Euclidean distance transformation seems to be
better than others. The reason is perhaps that the deviation from the Eu-
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clidean distance is rather large in the 26-neighborhood and the 6-neighborhood
distance and also that the directional inhomogeneity is more remarkable in
3D space than in 2D space.

Remark 5.8. For surface/axis thinning presented here the words skeletoniza-
tion and medial surface/axis thinning (extraction) are also used, but an exact
distinction among them has not been shown clearly. Skeleton extraction based
upon the distance transformation stated in the following section is quite differ-
ent from any others [Borgefors99]. Many papers concerning 3D thinning have
seen published since around 2000. Examples are shown in Supplementary list
in the reference list.

Remark 5.9. The surface/axis thinning stated here imposes the general and
theoretically very strict requirement of preserving the topology of an input
figure for an arbitrary binary image. In many practical applications, however,
an input image or a resulting image may be restricted a little more. A thinning
algorithm will be useful, even if it does not satisfy such a condition strictly.
Many other algorithms have been developed for a wide range of practical
problems. Following are examples of more moderate requirements and easier
situations concerning thinning.

(a) Input figures are slender tubular figures extending in almost the same
direction. The axis thinning will be achieved by connecting center points
of their cross sections which are almost 2D circular figures.

(b) To connect center points of balls, inscribing an input 3D figure might
give acceptable results. This is nearly equivalent to using skeleton vox-
els determined by the distance transformation presented in the following
section.

(c) To extract a sequence of points (voxels) inside an input figure, which are as
distant from a border of a figure as possible, and connect one and the other
end of an input figure is discussed in [Bitter01]. A tree search algorithm
and the minimization of weights of a tree are available for obtaining such
a sequence of voxels.

(d) An input figure has no holes and cavities or they may be neglected even if
they exist. One example of such cases is automated generation of paths for
flying through colon and bronchus branches in virtual endoscopy [Saito00,
Hayashi00, Hayashi03].

5.5 Distance transformation and skeleton

5.5.1 Definition

The distance transformation (DT) of a 3D figure is defined as follows.
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Definition 5.3 (Distance transformation (DT)). A process to obtain an
output image D = {dijk} given below from an input image F = {fijk} is
called distance transformation of an image F = {fijk}.

3D distance transformation: F = {fijk} → D = {dijk}
dijk = min{d((i, j, k), (p, q, r)); fpqr = 0}, (5.1)

where d(××,××) = distance between ×× and ××, if fijk = 1 ,
= 0 , if fijk = 0 .

An image D is also called distance transformation (sometimes it is called
distance field and distance map).

The distance transformation is defined as follows.

(i) A process to give each 1-voxel of an input image the shortest distance (or
the length of the shortest path) to the background (a set of 0-voxels).

(ii) A process to shave an input figure repeatedly by one layer in each iteration
and to give a value k to a voxel shaved in the k times of iteration.

Contents of DT depend on the definition of the distance function d(∗ ∗
∗, ∗ ∗ ∗) in Eq. 5.1. Usually, the Euclidean distance and other suitable ones
among those presented in Section 4.9 are employed. The use of the squared
distance d2(∗ ∗ ∗, ∗ ∗ ∗) is acceptable instead of d(∗ ∗ ∗, ∗ ∗ ∗) in some of
applications. This is called squared distance transformation. Computation load
is significantly reduced by using the squared distance in the Euclidean distance
transformation. If the comparative relation in the size of the distance values
is a main problem, results will be the same for using the distance value and
the square of it. An example is the application for thinning presented in the
previous section.

The use of the Euclidean distance is most natural in practical applications,
but the algorithm is complicated. The distance transformation using the 6-
and the 26-neighbor distance can be performed by much simpler algorithms.
However, deviation from the Euclidean distance is large in these distance
metrics, and results become unnatural in some cases. In subsequent sections
we will introduce algorithms for both of them. Skeleton will be explained later
in detail.

Distance transformations using variable and fixed neighborhood distances
are called variable and fixed neighborhood distance transformation, respec-
tively. The fixed neighborhood DT is called often by the name of the distance
metric employed in it such as the 26-neighbor DT. In the case of the Euclidean
metric, we need not consider a path if we want to calculate a distance between
two points. A path was discussed in detail in Section 4.9.

Remark 5.10. An algorithm to perform DT closely relates to finding a short-
est path. For instance, if we find the shortest 26-connected path from a set
of all 0-voxels to a 1-voxel P, the length of this shortest path gives the value
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of the 26-neighborhood DT at the voxel P. On the other hand, this idea can-
not be applied to the Euclidean DT. Thus a DT algorithm is classified into
two groups: the Euclidean DT and the variable (or fixed) neighborhood DT.
The latter group is classified further into an ordinary type and a path exten-
sion type. From the viewpoint of execution, they include the sequential type
and the parallel type. Examples of algorithms in each class will be presented
subsequently. Basic parts of algorithms of DT do not depend on the dimen-
sionality (dimensionality-independent), and can be immediately extended to
an n-dimensional DT.

5.5.2 Significance of DT and skeleton

Significance of the DT and the skeleton in image processing is summarized
in (1) ∼ (4) below [Toriwaki81]. (The skeleton will be explained later in
Section 5.5.3. Although many reports referred to in this section treat 2D
image processing, almost all of the contents presented there are immediately
extendable to a 3D image.)

(1) Distance value: Values of the DT are used to discover the distance between
two voxels, the distance from a voxel to a figure, and the distance between
two figures. The Euclidean DT is the best for this.

(2) Concentration of information: Information that is stored, being scattered
over subarea in the 3D space, is put together onto the lower dimensional
subspace. For example, information distributed over a spherical region
is collected on the center, which is extracted as a skeleton. Information
distributed along a line figure is put together in specific points by the DT
on a line pattern [Toriwaki82a]. This property of information propagation
is made use of by applying the DT based upon the shortest path and the
DT of a line pattern.

(3) Shape feature: Values of the DT and their distribution on a figure, the
shape of equidistance surfaces, and skeletons are useful as shape features
themselves and as tools of feature extraction. The DT is particularly effec-
tive in finding the distance from an arbitrary point to some 3D volumetric
object. The DT is also effectively used in an ordinary image processing
procedure as a tool of segmentation and as a similarity measure between
3D figures [Kitasaka02a, Kitasaka02b, Mori94a]. Detection of a narrow
part in a figure is a good example and was applied to detecte a polyp in
virtual colonoscopy.

(4) Preprocessing: DT is used as a preprocessing of other image process-
ing such as in surface/axis thinning and calculation of Voronoi division
[Saito92]. The Euclidean DT is best here, too.

(5) Control information: The process of performing the DT based upon the
path length is available for controlling other kinds of processing and in-
formation propagation [Toriwaki79, Toriwaki81].
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(6) Theoretical analysis of algorithms: DT of both a continuous image and a
digitized image have interesting properties concerning shape feature anal-
ysis and formal description of algorithms. For example, parallel algorithms
of DT are systematized in a beautiful form using image operations. Both
a sequential type and a parallel type algorithm are most clearly corre-
spondent with each other. The DT corresponds also to the morphology
operation [Toriwaki81, Yokoi81, Serra82].

5.5.3 Classification of algorithms

Before proceeding to the introduction of concrete algorithms, let us summarize
their basic principles.

The DT is a process that gives each 1-voxel or a figure the distance to
the nearest background voxel (0-voxel). Three ideas have been developed to
perform this.

(i) Calculate directly at each 1-voxel the distance to the nearest 0-voxel (direct
calculation method).

(ii) Propagate distance values to adjacent 1-voxels sequentially.
(iii) Shave a figure iteratively by one layer in one time of iteration from the

outside. A voxel shaved in the k times of iteration is regarded as being at
the distance k from the background.

(iv) Extend a path into the inside of a figure. The distance value at each voxel
that the path passes through is found by calculating the path length when
extended (path extension method).

The third and fourth methods cannot be used in the Euclidean DT. A
voxel of the distance 1 , for example, is not always m-adjacent to a voxel of
the distance 2 (m = 6 , 18 , 26 ). Thus the Euclidean DT is calculated via the
first method or by the second method with a specific device. Other kinds of
DT with the variable neighborhood or the fixed neighborhood are calculated
mostly using the third and forth method due to ease of programming and
computation.

5.5.4 Example of an algorithm – (1) squared Euclidean DT

First, we will show a basic concept [Saito92, Saito93, Saito94a].
Given an input image F = {fijk} (L ×M × N), consider the following

sequence of transformations.
F = {fijk} → (transformation I) → G = {gijk} → (transformation II)

→H = {hijk} → (transformation III) → S = {sijk}

(Transformation I) Apply the following transformation to an image F while
referring to F only in the i-direction (1D weighted minimum filter). De-
note an output image by G = {gijk} (Fig. 5.12 (a)).

gijk = min
x
{(i− x)2; fxjk = 0 , 1 ≤ x ≤ L}. (5.2)
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Fig. 5.12. Illustration of algorithm of squared Euclidean distance transformation:
(a) Example of Transformation I; (b) illustration of Transformation II; (c) example
of Transformation II.

(Transformation II) Perform the following transformation of the above image
G = {gijk} referring G only in the j-direction (1D weighted minimum
filter). Denote an output image by H = {hijk} (Fig. 5.12 (b), (c)).

hijk = min
y
{giyk + (j − y)2; 1 ≤ y ≤M}. (5.3)
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(Transformation III) Perform the following transformation of the above image
H referring to H in the k-direction (1D weighted minimum filter). Denote
an output image by S = {sijk} (Fig. 5.12 (c)).

sijk = min
z
{hijz + (k − z)2; 1 ≤ z ≤ N}. (5.4)

Then the following property holds true concerning an image S.

Property 5.4. A value of a nonzero voxel in an image S obtained by
Transformation III is equal to the square of the Euclidean distance from a
nonzero voxel to the nearest 0-voxel. This is ascertained easily as follows
[Saito93, Saito94a].

(Proof) From equation (5.2),

gijk = min
x
{(i− x)2; fijk = 0 , 1 ≤ x ≤ L} (5.5)

= the squared distance to the closest 0-voxel in the same row as (i, j, k).

By substituting Eq. (5.5) with Eq. (5.3), we obtain

hijk = min
y
{min

x
{(i− x)2; fxyk = 0 , 1 ≤ x ≤ L}+ (j − y)2; 1 ≤ y ≤M}

= min
y
{min

x
{(i− x)2 + (j − y)2; fxyk = 0 , 1 ≤ x ≤ L; 1 ≤ y ≤M}

= min
(x,y)
{(i− x)2 + (j − y)2; fxyk = 0 , 1 ≤ x ≤ L; 1 ≤ y ≤M} (5.6)

= the squared distance to the closest 0-voxel in the same plane as (i, j, k).

By substituting the result to Eq. (5.4),

sijk = min
z
{min
(x,y)
{(i− x)2 + (j − y)2;

fxyk = 0 , 1 ≤ x ≤ L, 1 ≤ y ≤M}+ (k − z)2; 1 ≤ z ≤ N}
= min

z
{min
(x,y)
{(i− x)2 + (j − y)2 + (k − z)2;

fxyk = 0 , 1 ≤ x ≤ L, 1 ≤ y ≤M ; 1 ≤ z ≤ N}
= min

(x,y,z)
{(i− x)2 + (j − y)2 + (k − z)2;

fxyk = 0 , 1 ≤ x ≤ L, 1 ≤ y ≤M ; 1 ≤ z ≤ N}. (5.7)

Thus it is shown that an image S is the squared EDT of an image F .

If a voxel is not cubic but a parallelepiped, the above transformations
should be modified as follows: assume here that the ratio among the lengths
of three edges of a voxel is 1 (i-direction): α (j-direction): β (k-direction).
Then, using the same notations as in the Transformations I ∼ III,

(Transformation II’) Use the following equation instead of Eq. (5.3).

hijk = min
y
{giyk + (α(j − y))2; 1 ≤ y ≤M}. (5.8)
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(Transformation III’) Use the following equation instead of Eq. (5.4).

sijk = min
z
{hijz + (β(k − z))2; 1 ≤ z ≤ N}. (5.9)

The following algorithm is obtained by combining Transformations I ∼ III
(or I, II’, and III’).

Algorithm 5.7 (Squared Euclidean distance transformation).

[STEP 1](Corresponds to Transformation I)
[STEP 1.1] Perform the following processing for each row.
Input image F = {fijk}(L×M ×N),
Output image G′ = {g′ijk},
for all j, k do
d = 0
for i = 1 to L do

if fijk �= 0
then d← d+ 1
else d← 0
endif
g′ijk ← d2

enddo
enddo
i is changed from 1 to L (from left to right in each plane of an image (forward
scan)).
[STEP 1.2] Perform the following processing for each row.
Input image G′ = {g′ijk},
Output image G = {gijk},
for all j, k do
d = 0
for i = L to 1 do

if g′ijk �= 0
then d← d+ 1
else d← 0
endif
gijk ← min{g′ijk, d

2}
enddo

enddo
i is changed from L to 1 (from right to left in each plane of an image (backward
scan)).

[STEP 2](Corresponds to Transformation II)
Input image G = {gijk},
Output image H = {hijk}
for all (i, j, k) do (Perform the following processing at each voxel)
hijk ← min

−r≤n≤r
{gi(j+n)k + n2} where r = √gijk
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Search the minimum above by changing n sequentially over the range (1 ≤
j + n ≤M) of an input image.

enddo

[STEP 3] (Corresponds to Transformation III)
Input image H = {hijk},
Output image S = {sijk}
for all (i, j, k) do (Perform the following processing at each voxel)
sijk ← min

−r≤n≤r
{hij(k+n) + n2} where r =

√
hijk

Search area for the minimum the same as in [STEP 2].
enddo

If an input image F need not be preserved after the execution of the
algorithm, images F , G′, G, H, and S may be assigned to the same array
on the computer. In [STEP 2], after the values of i, j, and k are specified, a
list (1D array) is necessary for storing {gijk; 1 ≤ j ≤ M}. This is the same
in [STEP 3].

Details of the algorithm are shown in [Saito92, Saito93, Saito94a, Kato95]
with the range of search in [STEP 2] and [STEP 3] and faster algorithms.
Modifications for a parallelepiped voxel will be obvious.

Let us summarize properties of this algorithm:

(a) Squared Euclidean distance: This algorithm gives the squared Euclidean
distance transformation. Exact values of distances are easily obtained by
calculating the square root of suitable voxel values in the output image.
Only calculation among integers is used in the algorithm (square roots
appearing in the range of search in [STEP 2] and [STEP 3] are only for
saving the computation time). Exact calculation of them is not always
required.

(b) Amount of computation: Amount of computation in three transforma-
tions in the algorithm is estimated as follows.
(Transformation I) O (Num)
(Transformation II) O (average of square roots of voxel values in G×

Num)
(Transformation III) O (average of square roots of voxel values in H×

Num)
Here, O means the order and Num is the number of voxels in an input
image. If averages of square roots of voxel values in images G and H are
large compared with image sizes M and N , the above estimation may not
be applicable, because the range of search is mostly determined by the
image size.

Assuming that the total amount of computation is approximated by
the sum of that of three transformation, and that square roots of voxel
values in G and H are approximated by the square roots of the distance
transformation S multiplied by a constant, the total amount of computa-
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tion is given approximately as O (arrange of values of the DT × Num).
This result is confirmed in experiments [Saito94a, Saito94b].

(c) Memory requirement: When an input image is preserved after the execu-
tion of the DT, two arrays of the same size as an input image are required
for storing an output image and a work area. If an input image needs
not be preserved after the transformation and it is desirable to minimize
memory requirements, the algorithm can be executed using one 3D array
of the same size as an input image and one 1D array of the size max
(M,N). In this case, an input image, working area, and an output image
are all assigned to the same 3D array. A 1D array is necessary also as a
work area. This is one of the main advantages of this algorithm when a
very large 3D input image has to be processed.

(d) Type of algorithm: This algorithm is sequential in an approximate sense,
because it can be executed on one 3D array. However, this is not true, in
a strict sense, because the processing of [STEP 2] and [STEP 3] (search of
the minimum) is not always sequential. Since the range of search cannot
be fixed beforehand and depends on input data, the algorithm is of the
data-dependent type. Thus it cannot be regarded as the local processing.
One-dimensional decomposition is achieved because it is represented as a
serial composition of three 1D processing, each of which is performed in
each coordinate axis direction. Thus this algorithm cannot be classified
into a well-defined execution type. It is not yet clear how it is advantageous
in hardware implementation. Implementation of the squared Euclidean
DT on a parallel-type computer was discussed in [Miyazawa06, Hirata96].

Next let us introduce a parallel-type algorithm of the Euclidean DT.

Algorithm 5.8 (Euclidean distance transformation - parallel type).

Input image: F = {fijk}
Output image: G = {gijk} (distance transformation)
for all (i, j, k) do

gijk ←




radius of the maximum ball which has the center at (i, j, k) and
does not contain a 0-voxel inside it, if fijk = 1 ,
0 , if fijk = 0 ,

enddo

In order to find the maximum radius of a ball we need to perform a kind of
search procedure. Although various shortcuts may be possible in this process,
much computation time is still necessary. If the width of a figure is small
everywhere, this type of algorithm may be useful.

Remark 5.11. An algorithm has been developed in which a coordinate value
of the nearest 0-voxel is propagated. This propagation does not always cor-
respond to a path introduced in Section 4.9. The algorithm is implemented
by a kind of iterative procedure. Examples of such algorithms for a 2D image
were given in [Yamada84, Danielsson80], and the extension to a 3D image was
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briefly introduced in [Borgefors84]. Memory requirements in those algorithms
are rather large for higher-dimensional images because n-dimensional arrays
are necessary as work areas in performing the n-dimensional DT.

5.5.5 Example of algorithms – (2) variable neighborhood DT
(parallel type)

Let us consider the distance transformation (DT) based on the length of the
minimal path using the variable neighborhood sequence (= variable neighbor-
hood distance transformation (VNDT)). Algorithms to perform VNDT of a
3D image are almost the same as those for 2D images. Let us explain here a
parallel-type algorithm as a typical example [Toriwaki81, Yokoi81].

First, we define the minimum filter with the neighborhood Nb((i, j, k)) as
follows.

Definition 5.4 (Minimum filter).

MINF (Nb) : F = {fijk} → G = {gijk}
gijk = min{fpqr; (p, q, r) ∈ Nb((i, j, k))} (5.10)

Nb((i, j, k)) = set of voxels in the neighborhood of a voxel (i, j, k).

The neighborhood is selected according to the rule given in the neighbor-
hood sequence. By using this filter a parallel-type algorithm of the VNDT is
given as follows.

Algorithm 5.9 (VNDT; parallel type).

F = {fijk}: Input binary image
G = {gijk}: Work array and output image
B = {b0, b1, . . . , bn}: Neighborhood sequence (bi is a suffix that represents the
kind of neighborhood and the order it is employed)

[STEP 1] (Initialization)
for all (i, j, k) do

if fijk = 1
then fijk ←M (= sufficiently large positive integer)
else no operation
endif

enddo
α← 0 (The number of a neighborhood)

[STEP 2]
for all (i, j, k) do

if fijk = 0
then gijk ← 0
else
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d← min{fpqr, (p, q, r) ∈ Nbα((i, j, k))}
if d �= M
then gijk ← d+ 1
else gijk ←M
endif

endif
enddo

[STEP 3]
if F = G when [STEP 2] finishes,
then stop
else F ← G
endif
α← (α+ 1 ) mod n (Neighborhood sequence is used repeatedly)
go to [STEP 2]

[Explanation of the algorithm]
The basic idea of this algorithm is that we replace the value of each 1-

voxel P in an input image by 〈〈 1 + the minimum in the neighborhood of
the current neighborhood number Nbα((i, j, k)) of the 1-voxel P 〉〉. Note here
that in the initialization process we replace beforehand values of all 1-voxels
P in an input image by a sufficiently large value M (at least not smaller than
the expected maximum of the values of DT).

Thus, in the first iteration of [STEP 2], any 1-voxel that has a 0-voxel in
its neighborhood is given the value 1 . In the next iteration step, all voxels
that have at least one voxel of the value 1 in its neighborhood are given the
value 2 . The same procedure is iteratively performed until no voxel of the
value M remains, that is, a voxel of which value is to be replaced does not
exist.

The order of execution concerning (i, j, k) in [STEP 2] may be arbitrary.
In other words, calculation of gijk at each voxel may be performed in parallel,
mutually independently at different voxels. However, an input image of the
i-th iteration had to be kept unchanged until [STEP 2] finishes for all voxels.
This means that an output image must be stored in an array different from an
input image. The k-times of processing is applied to the output image of the
(k−1) times of processing. If there is no voxel for which the value is replaced,
then the whole of processing terminates.

[STEP 3] is not essential. The output image of the previous iteration is
moved to an input image array for the convenience of the processing of the
next iteration.

Use of the value M and distinction of a voxel of a value M are only for
the ease of understanding. If care is not taken to prevent the possibility of
overflow, all voxels may be processed in the same way.

Different types of neighborhoods given in the neighborhood sequence are
used according to the order designated in the neighborhood sequence B, start-
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ing from b0 until bn repeatedly. By doing this, the variable neighborhood dis-
tance determined by the length of the variable neighborhood minimal path is
given to a voxel of an output image. Strictly speaking, this should be proved
theoretically. For details see [Yokoi81, Toriwaki92].

Most of the process time is spent on the execution of [STEP 2]. Com-
putation time primarily depends on how many times [STEP 2] is executed.
It is dominated by the maximum of distance values and varies according to
an individual input image. However, it is only voxels in the neighborhood of
those updated in the previous iteration that a voxel value is replaceable during
the current iteration. Therefore, it is possible to reduce the computation time
by using a list in the same way as Algorithms 5.5 and 5.6. It is particularly
effective in the fixed neighborhood DT.

Remark 5.12. Denoting the output image of the k times of iteration in the
above algorithm by F (k) and the operation to calculate it from F (k−1) by
Φ(k), then

F (k) = Φ(k)(F (k−1)), k = 1, 2, . . . (5.11)

where F (0) ≡ F (input image)
Applying the serial composition of image operations presented in Sec-

tion 2.3 to the above image operation,

F (k) = Φ(k) ·Φ(k−1) ·Φ(k−2) · . . . ·Φ(1)(F ). (5.12)

Since Φ(k) = Φ, ∀k in the fixed neighborhood DT,

F (k) = Φk(F ). (5.13)

However, it is not so easy to derive a theoretically clear form of represen-
tation for the contents of Φk(F ).

Let us consider the fixed neighborhood DT for the sake of simplicity, and
let us perform always gijk ← d + 1 in [STEP 2] of Algorithm 5.9 and that
two cases d = Mand d �= M are considered separately. The final result is the
same as Algorithm 5.9. Denoted by Φ the minimum filter of the neighborhood
adopted there, the transformation from F (k−1) to F (k) is represented as Φ+I,
that is

F (k) = (Φ + I)(F (k−1)) = Φ(F (k−1)) + F (k−1), ∀k. (5.14)

Repeating this representation for all k, then

F (k) = (Φk + Φk−1 + . . .+ Φ2 + Φ+ I)(F ). (5.15)

This form of representation is common to both 2D images and 3D images.

Next, let us give the sequential type of algorithm for the fixed neighbor-
hood DT [Kuwabara82].

Algorithm 5.10 (Fixed neighborhood (6, 18, 26-neighborhood) DT
sequential type).
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F = {fijk}: Input binary image
G(2) = {g(2)

ijk}: Output image (distance transformation)
G(0) = {g(0)

ijk},G
(1) = {g(1)

ijk}: Work array
Edges of these arrays are assumed to be filled with 0 .

[STEP 1] (Initialization)
Initial value image G(0) = {g(0)

ijk} is given as follows.
for all (i, j, k)s do

if fijk = 1
then g

(0)
ijk ←M (M is a sufficiently large integer)

else g(0)
ijk ← 0

endif
enddo

[STEP 2] (Forward scan)
for all (i, j, k)s do
g
(1)
ijk ← min{g(0)

ijk,min{g(1)
pqr; (p, q, r) ∈ S1}+ 1}

enddo
Concerning (i, j, k), use the scan mode (I) in Fig. 5.13 (a). The S1 is selected
as shown in Fig. 5.13 (i), (ii), and (iii) according to the 6-, 18-, and 26-
neighborhood.

[STEP 3] (Backward scan)
for all (i, j, k)s do
g
(2)
ijk ← min{g(1)

ijk,min{g(2)
pqr; (p, q, r) ∈ S2}+ 1}

enddo
Concerning (i, j, k), use the scan mode (II) in Fig. 5.13 (a). The S2 is se-
lected as shown in Fig. 5.13 (i), (ii), and (iii) according to 6-, 18-, and 26-
neighborhood.

5.5.6 Supplementary comments on algorithms of DT

Large numbers of papers and reports have been published on the DT of a 2D
image, including various types of transformation and diversity of applications
[Yokoi81, Toriwaki79, Toriwaki81, Toriwaki92, Jones06]. A chief motivation of
different algorithms was that the difference from the Euclidean distance was
significantly large in the DT using the simple 4-neighbor or 8-neighbor dis-
tance. Another reason was that a good algorithm of the Euclidean DT was not
known. Although this situation has remarkably changed after the algorithm
of the squared Euclidean DT had been developed about 1992 [Saito94a], such
traditional algorithms are still useful to understand basic properties of DT.
Let us briefly introduce here how those traditional algorithms are extended
to a 3D image:
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Fig. 5.13. Scanning mode and neighborhoods used for Algorithm 5.10 (fixed neigh-
borhood DT): (a) Scanning mode; (b) definition of neighborhoods.

(1) Introduction of variable neighborhood DT: In the DT of a 2D image, an al-
gorithm to use the 4-neighbor and the 8-neighbor alternately was proposed
and called the octagonal DT because the form of equidistance contour line
looks like an octagon. This idea was extended to a 3D image by using al-
ternatively two of the 6-, 18-, and 26-neighborhood and called by the name
of 6/26 octagonal DT, 18/26, and 6/18 octagonal DT [Borgefors84]. The
sequential type algorithm is realized in the same way as Algorithm 5.10
except that eight times of iteration (scanning of the whole of an input
image) are required.

(2) Modification of the distance value: The most important reason that the
distance value is significantly different from the value of the Euclidean
distance in any of the 6-, 18-, and 26-neighborhood distance is that
the distance to adjacent voxels is regarded as a uniform unit. The ef-
fect of this uniform distance assumption is decreased by using another
value that is closer to the true distance value. For instance, one possibil-
ity is to employ the Euclidean distance between center points of voxels
that are adjacent to each other. That is, the distance to a 6-adjacent,
18-adjacent, and 26-adjacent voxels are regarded as 1 ,

√
2 , and

√
3 ,

respectively. However, even this type of algorithm still cannot give ex-
act Euclidean distance values. Computation time will also increase be-
cause calculation among irrational numbers (or real numbers approxi-
mating them) is involved. Therefore weighting using only integers that
provide better approximation have been studied. A triplet of integers
(3 , 4 , 5 ) instead of (1 ,

√
2 ,
√

3 ) is known as an example of relatively good
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weights [Borgefors84, Borgefors86a, Borgefors86b, Danielsson80]. The dis-
tance measure weighted by them is called chamfer distance [Montanari68].
See also Chapter 4 [Jones06].

(3) Enlargement of the neighborhood: Euclidean DT is obtained with very
high accuracy by employing an enlarged neighborhood except for small
numbers of specific voxels. This was shown for a 2D image in [Danielsson80,
Ragnemalm90]. By enlarging the neighborhood, the range of paths that
can be searched is also extended, and eventually a minimal will be de-
tected. This method may be extended to a 3D image, in principle. How-
ever, the number of paths to be searched increases rapidly according to
the extension of the neighborhood (5 × 5 × 5 , for example), and both
computation time and memory requirement also increase rapidly. In fact,
extension to a 3D image has not been reported.

(4) Propagation of coordinate values: See Remark 5.11.
(5) Other variations: Most variations of DT described in [Toriwaki81] will

be extended in a straightforward manner to a 3D image. They in-
clude the directional DT [Yokoi81], the DT of a line figure [Toriwaki79,
Toriwaki81, Toriwaki82a] and the max-type DT [Suzuki83]. The DT of
the background (exoskeleton) and an application to the Voronoi divi-
sion are also extended immediately to a 3D image at least in principle
[Preston79, Mase81, Saito92]. It should be noted, however, that shapes
of resulting line figures and surface figures will become complicated such
as with a skeleton (see the next section) and a Voronoi division surface
[Edelsbrunner94, Mase81, Toriwaki88, Yashima83].

5.5.7 Skeleton

One of the most useful features of DT G derived from an image F is that char-
acteristic features of an image F are carried to a limited number of voxels, or
that characteristics of an image F are condensed through the DT. Intuitively
the result of condensation is represented by a set of voxels called a skeleton.
A stricter definition of the skeleton is necessary for theoretical analysis of the
skeleton and for deriving an algorithm to extract the skeleton. We will give
here four types of definitions of the skeleton. They are each a little different
from each other, and each of them has its own significance.

Definition 5.5 (Skeleton). Let us represent an input image by F and its
DT by G.

(1) A set of voxels is called a skeleton of an image F or of a DT G, if an input
image is restored exactly from coordinates of voxels of the skeleton and
values of DT on them.

(2) A set of all local maximum points (voxels) of the DT of F is called a
skeleton of an image F or of a DT G.

(3) Given a binary figure F , let us denote by φ a processing (image operation)
to delete a 1-voxel which is at the unit distance from the background and
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by µ a processing (image operation) to replace by a 1-voxel a 0-voxel
which is at the unit distance from a figure. Then let us denote by φk(F )
a figure obtained after k times of successive application of φ to an image
F , and denote by µ(φk(F )) one time of application of µ to φk(F ). Then
if there exists a voxel which belongs to any figure in φk−1(F ), but does
not belong to µ(φk(F )), such a voxel is called a skeleton with the distance
k. The entire skeleton with all values of k is simply called a skeleton of an
image F .

(4) Let us call a set of all voxels within the distance r from a voxel P a digital
ball of the radius r centered at P. Next, consider an image F and its
distance transformation G. Suppose that a suitable subset Q of 1-voxels
in F and distance values on them are given. Let us imagine a set of digital
balls centered at each voxel in the set Q and the radius of the same value
as the distance value on each voxel. If a set sum of all such digital balls
exactly coincides with the set of all 1-voxels in F , then a set Q is called
a skeleton of an image F or a skeleton of a distance transformation G.

Definition 5.5 includes four kinds of definitions (1)∼ (4) which are different
from each other. Skeletons derived by those definitions are not exactly the
same. For a given image F , its skeleton is not always determined uniquely
even if we adopt one of them.

The following are reasons for ambiguity in the definition of the skeleton.

(i) A local maximum point cannot be easily defined. For example, the type of
neighborhood employed in the detection of local maxima and local minima
cannot be fixed beforehand. In fact, a local maximum will be different
according to which of the 6- and the 26-neighborhood is adopted. In the
fixed neighborhood DT, we can select the same neighborhood as was used
in the calculation of DT for the extraction of local maxima. This strategy
will not be applied in the case of Euclidean DT. It is assumed that the
second item of Definition 5.5 will satisfy (1) and (3) of Definition 5.5. This
is not always true, however, when some specific types of the neighborhood
are used in the definition of local maxima.

(ii) A set of voxels stated in Definition 5.5 (1), that is, a voxel set from which
an original figure is restored exactly, is not determined uniquely. Even
the minimum set of voxels needed for an original figure to be restored
exactly from it is not always given uniquely. The algorithm to obtain such
a minimal set of voxels may not always be derived easily [Borgefors97,
Nilsson97].

(iii) This definition of the skeleton is less significant, unless a good algorithm
to extract a skeleton and to restore an original figure from the skeleton is
known. Only such a definition of the skeleton, if those algorithms exist, is
acceptable from the viewpoint of practical applications.

(iv) The importance of each of the above factors varies depending on the kinds
of DT, in particular, on the type of the distance function employed in DT.
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It is not so easy to find a definition of the skeleton which is applicable to
all kinds of DT.

The skeleton has been defined differently in papers published in the past.
Here we employ the definition 5.5 (1) because we consider that the restoration
of an original figure is the most important property of the skeleton.

Remark 5.13. Let us consider a definition of the skeleton from a different
viewpoint from the above. The following properties were expected as desirable
properties of the skeleton.

(a) An original figure is fully recovered from a skeleton and distance values
on it (restorability).

(b) The number of voxels contained in a skeleton is minimum (minimality).
(c) A skeleton is close to a result of thinning. It is important that the skele-

ton has the same topological features (connectivity) as an input image
(topology preservation).

(d) An efficient algorithm exists to extract the skeleton and to restore an input
image (existence of an algorithm).

For any kind of DT known, no skeleton exists that satisfies all of the above
four requirements. In this text, we consider, for the moment, that the first of
the above is indispensable. In this case, it is easily known that there exists a
figure that does satisfy (b) but does not satisfy (c). Therefore, we do not take
into account the third requirement.

There has not been reported a skeleton that exactly satisfies both (b) and
(d), although reasonable algorithms exist to extract such skeletons that meet
both the restorability and the minimal requirements [Borgefors97, Nilsson97].
For example, let us assume that we extracted skeletons according to a suitable
definition. Then we put on all the skeleton voxels digital balls of the radius
which is equal to the distance value at each skeleton voxel. Then we eliminate
a ball that is completely covered by other balls. By this algorithm we can
reduce the number of skeleton voxels while keeping restorability of an original
figure [Borgefors97, Nilsson97].

The first requirement in the above means that the skeleton consists of
a relatively small number of voxels, although not always minimized. If we
require the minimality condition too strictly, an effective algorithm to obtain
it may not be found.

Let us assume that a skeleton S satisfying the restorability condition has
been obtained. Then a set of voxels S∗ that consists of S and one more 1-voxel
selected arbitrarily from an input image still satisfies the above restorability
condition. In other words, an arbitrary voxel set that includes any skeleton
S satisfying the restorability will again satisfy the restorability requirement.
Obviously such skeletons will be meaningless. Thus the minimality condition
will be significant in the sense that such a meaningless skeleton is excluded.
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Remark 5.14. Let us add several known results of algorithms to extract
skeletons and to restore an original input figure.

First, the relationship between Def. 5.5 (1) and others in Def. 5.5 is
presently not known exactly in the case of the Euclidean DT. Definition 5.5 (2)
is not applicable to the Euclidean DT as was already stated in (i) concerning
the ambiguity of the definition of the skeleton.

Second, Def. 5.5 (3) and 5.5 (4) are applicable to all types of DT, because
they refer to algorithms to restore an input figure. Concerning extraction of
the skeleton, however, they suggest only a trivial cut and try procedure, that
is, extracting a suitable subset of voxels and testing whether an input figure
is restored or not.

All of Def. 5.5 (1) ∼ (4) are applicable to the fixed neighborhood DT
employing the 6-, 18-, and 26-neighborhood and eventually coincident with
each other, except for the ambiguity pointed out in (i) ∼ (iv) above. The
algorithm to extract skeletons will be obtained by Def. 5.5 (2), (3) and (4)
will give procedures to restore an input figure from its skeleton.

For the variable neighborhood DT, a neighborhood sequence should be
taken into consideration in all of Def. 5.5 (2) ∼ (4). It is conjectured that
Def. 5.5 (2) ∼ (4) are eventually coincident also in the variable neighborhood
DT, although it has not been proven theoretically.

5.5.8 Reverse distance transformation

The process to restore an input figure from its skeleton and distance values
on it is called reverse distance transformation. Let us define this more clearly
below.

Definition 5.6 (Reverse distance transformation (RDT)). Given a set
of voxels Q = {Q1,Q2, . . . ,Qm}, where Qm = (im, jm, km), and a density
value {fimjmkm} on a voxel Qm.Then consider a procedure to obtain a set of
all voxels P = {(i, j, k)} such that

P = (i, j, k); ∃m, d(P,Qm) < fimjmkm , Qm ∈ Q. (5.16)

This procedure is called reverse distance transformation (RDT) by the dis-
tance function d(∗ ∗ ∗, ∗ ∗ ∗).

The procedure is called reverse squared distance transformation (RSDT),
if d2(P,Qm) is used instead of d(P,Qm).

The voxel set Q in Def. 5.6 is the skeleton in the sense of Def. 5.5 (1). If
the density value fijk is equal to the value of the DT, the result of RDT P
coincides with an original input image.

The meaning of Eq. 5.16 is as follows. At every voxel P, let us represent
by Q∗ a voxel of Q which is nearest to P. Then, we make a voxel P′ belong to
P if the distance d(P,Q∗) is smaller than the distance value of Q∗. This rule
is applied to every voxel P.
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The use of the squared RDT is more convenient in the case of Euclidean
RDT. The following property holds in which Q is a skeleton and each voxel
Qm in Q has a density value fimjmkm which is equal to the value of the squared
DT.

Property 5.5. Given an input image (skeleton image) F = {fijk},

fijk =
{

the value of the squared DT, if (i, j, k) ∈ Q(skeleton),
0 , otherwise, (5.17)

the set P = {(i, j, k)} given in Eq. 5.16 of Def. 5.6 is obtained by calculating
the following image H = {hijk},

hijk = max
p,q,r
{fpqr − (i− p)2 − (j − q)2 − (k − r)2}. (5.18)

The set P is obtained by extracting all voxels such that hijk > 0.

Property 5.6. The image H = {hijk} given in Property 5.5 is obtained
by the following procedure including intermediate images G(1) = {g(1)

ijk} and

G(2) = {g(2)
ijk}.

(Transformation I)

F → G(1) = {g(1)
ijk}; g

(1)
ijk = max

p
{fpjk − (i− p)2}. (5.19)

(Transformation II)

G(1) → G(2) = {g(2)
ijk}; g

(2)
ijk = max

q
{g(1)

iqk − (j − q)2}. (5.20)

(Transformation III)

G(2) →H = {hijk}; hijk = max
r
{g(2)

ijr − (k − r)2}. (5.21)

This property is easily derived by successively substituting Eqs. (5.19) and
(5.20) into Eq. (5.21).

5.5.9 Example of RDT algorithms – (1) Euclidean squared RDT

Property 5.6 is realized by performing three 1D transformations corresponding
to i, j, and k axis directions which are executed consecutively and indepen-
dently. This fact suggests that an RDT algorithm is constructed by a serial
composition of 1D operations, each of which corresponds to an operation in
each coordinate axis direction. The following algorithm is based on this idea
[Saito94b].

Algorithm 5.11 (Reverse Euclidean squared distance transforma-
tion).
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Input: skeleton image F = {fijk} (1 ≤ i ≤M, 1 ≤ j ≤ N, 1 ≤ k ≤ K).

fijk =
{

squared distance value, if a voxel (i, j, k) is a skeleton voxel
0 , otherwise

Output: G = {gijk}: squared reverse distance transformation image (all voxels
are initialized as 0 ).

Work array: G′ = {g′ijk} (all voxels are initialized as 0 ).
(The outside of an input image is regarded as being filled with the value 0
during the processing. Arrays G and G′ are assigned physically to the same
memory area.)

[STEP 1](Fig. 5.14)
(1-1) Input image: F = {fijk},
Output image: G = {gijk}
Perform the following procedure row by row, increasing the value of i from
1 to M (forward scan).

(a) If fijk < f(i−1)jk (Fig. 5.7 (a)), perform the following procedure for all
n such as 0 ≤ n ≤ (f(i−1)jk − fijk − 1 )/2 (See Note).

(a-1) If f(i+n)jk ≥ f(i−1)jk − (n+ 1 )2, go to the next i.
(a-2) If otherwise and (g(i+n)jk < f(i−1)jk − (n+ 1 )2),
g(i+n)jk ← f(i−1)jk − (n+ 1 )2, and go to the next n.
(a-3) Except the above (a-1) and (a-2), go to the next n.

(b) If fijk ≥ f(i−1)jk (Fig. 5.7 (b)),
(b-1) If gijk < fijk, then gijk ← fijk and go to the next i.
(b-2) If otherwise go to the next i.

(1-2) Input image: G = {gijk}.
Output image: G′ = {g′ijk}.
Perform for each row the following procedure, decreasing the value of the
suffix i from M to 1 (backward scan).

(a) If gijk < g(i+1)jk, perform the following procedure for all n such as
0 ≤ n ≤ (g(i+1)jk − gijk − 1 )/2 .

(a-1) If g(i−n)jk ≤ g(i+1)jk − (n+ 1 )2, go to the next i.
(a-2) If otherwise and g′(i−n)jk < g(i+1)jk − (n+ 1 )2,
then g′(i−n)jk ← g(i+1)jk − (n+ 1 )2, and go to the next n.
(a-3) Except (a-1) and (a-2) go to the next n.

(b) If (gijk ≥ g(i+1)jk),
(b-1) If (g′ijk < gijk),
g′ijk ← gijk, and go to the next i.
(b-2) If otherwise, go to the next i.

[STEP 2]
Input image: G′ = {g′ijk}.

Note: Here the value n = (f(i−1)jk − fijk − 1 )/2 is a crossing point of the square
functions C1(n) = fijk − n2 and C2(n) = f(i−1)jk − (n+ 1 )2 such as n > 0 .
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Output image: G = {gijk}.
Same as [STEP 1] except that the processing is applied to each column (the
suffix i is replaced by the suffix j).

[STEP 3]
Input image: G = {gijk}.
Output image: G′ = {g′ijk}.
Same as [STEP 1] except that the processing is applied to each plane (the
suffix j is replaced by the suffix k).

[STEP 4]
Input image: G′ = {g′ijk}.
Output image: G = {gijk}.
Binalize G, that is,
for all (i, j, k) do

if g′ijk > 0
then fijk ← 1
else fijk ← 0
endif

enddo

[Explanation of the algorithm]
The basic idea is almost the same as that of DT, except that it is what

is called a reverse operation. An input image is a skeleton image (although
not described as such), in which a voxel of a skeleton has a distance value
(a squared distance value in this case) and the other voxels are given the
value 0 . Algorithm 5.11 is in principle a formal description of the procedure
in Property 5.6. It is devised so that the range of the search for the maximum
may be reduced as much as possible. For details, see [Saito94b].

Suppose that a voxel P in an input image F has the squared DT value fp.
Then the value of the squared RDT on a voxel at the distance d from P is at
most fp − d2. This value is substituted subsequently to intermediate output
images G and G′.

For more detailed explanation, let us put d2 = d2
i + d2

j + d2
k where di, dj ,

and dk represent components of d2 which are given by the difference between
the coordinate components in the i, j, and k directions, respectively. Then
the value of fp− d2 is not calculated directly. In this algorithm, it is obtained
subsequently according to the following order: fp−d2

i in [STEP 1], (fp−d2
i )−d2

j

in [STEP 2], (fp − d2
i − d2

j) − d2
k in [STEP 3]. This part of the procedure is

illustrated in Fig. 5.14 (c) ∼ (e). Circles in Fig. 5.14 (a) show skeleton voxels
in an input image F . Processing in Algorithm 5.11 is considered to arrange
parabolas so that their peaks come to the location of the mark © and to
obtain their upper envelope.

Negative values may be substituted temporarily into an output image G as
is known from this figure. Then an original input image is derived by replacing
all positive values in G by 1 and all the other negative values in G′ by 0 .
However, density values stored in the output image G when the process is
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Fig. 5.14. Illustration of reverse squared Euclidean distance transformation (Algo-
rithm 5.11) [Saito94b]: (a) fijk < f(i−1)jk: substitute the part of for ′; (b)
fijk ≥ f(i−1)jk : substitute fijk for g′ijk; (c) an input picture; (d) the forward scan;
(e) the backward scan.

terminated are not the density values (or the squared density values) obtained
by DT. In other words, a DT image is not restored by this algorithm.

We will summarize properties of this algorithm below.

(1) The amount and the time of computation are about the same as those of
the squared DT realized by Algorithm 5.7.
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(2) This algorithm can be broken down into three 1D processes, each of them
correspondings to i, j, and k directions, respectively. This is advantageous
to the execution by a conventional general purpose computer.

(3) This algorithm is applicable to an image of heterogeneous spatial resolu-
tion, that is, an image digitized by a cuboid voxel with little modification
similar to that in the algorithm of the DT in Eqs. 5.8 and 5.9.

(4) Only two 3D arrays of the same size as an input image are required. Unless
an input image is necessary to be preserved after finishing the algorithm,
one 3D array for an input image and one 1D array of the length max
(M,N,K) (= the maximum length of three edges of an input image) are
enough for implementation of the algorithm.

(5) From the viewpoint of the algorithm type, this algorithm is the sequential
type because it can be executed on an input array as was stated in (4)
above. This is also able to be broken down into 1D processes as was pointed
out in (2) above.

(6) By this reverse transformation, an input figure is restored, but distance
values are not recovered. If distance values are needed, they are obtained
by performing the DT again after an input figure was restored.

Next, let us present a parallel type algorithm executing of RDT.

Algorithm 5.12 (Reverse squared Euclidean distance transforma-
tion parallel type).

Input: skeleton image F = {fijk} (1 ≤ i ≤M, 1 ≤ j ≤ N, 1 ≤ k ≤ K).

fijk =
{

squared distance value, if a voxel (i, j, k) is a skeleton voxel
0 , otherwise

Output: G = {gijk} : squared reverse distance transformation image (all vox-
els are initialized as 0 ).

for all (i, j, k) do
if fijk > 0
then gpqr ← 1 for all (p, q, r) included in a ball of the radius

√
fijk

else no operation is performed
endif

enddo
The order of execution concerning suffixes (i, j, k) is arbitrary.

This algorithm is simple and very clear, but not always effective for ordi-
nary computers. In the execution by computer, the process of filling the inside
of a ball by the value 1 is repeated many times, and to do this access to a
3D array occurs. Thus computation time may become longer depending on
the number of balls and the distance values (= the sizes of balls). More than
one ball placed on different skeleton voxels may partially overlap each other.
In the worse case two overlapping balls may differ in only a single voxel. In
such cases the value 1 is written in the same voxel so many times. Deriving
an algorithm to avoid such repetitive writing to the same voxel is not easy.
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5.5.10 Example of RDT algorithm – (2) fixed neighborhood (6-,
18-, or 26-neighborhood) RDT (sequential type)

Algorithm 5.13 (Fixed neighborhood (6-, 18-, or 26-neighborhood)
reverse distance transformation - sequential type).

Input: skeleton image F = {fijk} (1 ≤ i ≤M, 1 ≤ j ≤ N, 1 ≤ k ≤ K).

fijk =
{

distance value, if a voxel (i, j, k) is a skeleton voxel,
0 , otherwise

Output: G(2) = {g(2)
ijk}: distance transformation image

Work array: G(0) = {g(0)
ijk},G

(1) = {g(1)
ijk}

[STEP 1] (Initialization)
initial image G(0) = {g(0)

ijk} ← F = {fijk}
[STEP 2] (Forward scan)
for all (i, j, k) do
g
(1)
ijk ← max{0 , g(0)

ijk,max{g(1)
pqr; (p, q, r) ∈ S1} − 1}

enddo
Concerning (i, j, k), execute processing according to the scanning mode (I) in
Fig. 5.13. Use as S1 either of (a), (b), or (c) of Fig. 5.13 corresponding to the
6-, 18-, or 26-neighborhood, respectively.
[STEP 3] (Backward scan)
for all (i, j, k) do
g
(2)
ijk ← max{0 , g(1)

ijk,max{g(2)
pqr; (p, q, r) ∈ S2} − 1}

enddo
Concerning (i, j, k), processing is executed according to the scanning mode
(II) in Fig. 5.13. S2 is selected from Fig. 5.13 (a), (b), or (c) according to the
6-, 18-, or 26-neighborhood, respectively.

[Explanation of the algorithm]
Restoration of an original figure from its skeleton and distance values on it

is achieved, in principle, by expanding regions from each voxel of the skeleton
to all the adjacent voxels. Distance values that were given to each skeleton
voxel are reduced by a predetermined value and handed to adjacent voxels
after one expansion and the expansion is terminated when the distance value
becomes 0 . This means that each skeleton voxel can be expanded until the
edge or the surface of a ball centered at each skeleton voxel and the radius
of which is the same as the distance value at a skeleton voxel. Every voxel
that receives a positive value during a repetitive expansion procedure can be
expanded until the range of a ball with the radius of which is same as the
value the voxel received.

In the fixed neighborhood DT, a distance value given to a skeleton is
reduced by a unit after one expansion of the neighborhood that is employed
in the current DT. More than one different value may be written at more than
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one expansion. In such cases, the propagation of distance values comes from
more than one different skeleton voxel. Here, the largest of the arriving values
should be stored and sent to adjacent voxels in the next propagation cycle.

The above algorithm executed this expansion or propagation by dividing
the propagation twice into a different direction. One is the propagation toward
the right and the downward (forward scan), and the other is toward the left
and the upward (backward scan).

In this algorithm, a value of a voxel in an output image is written into the
corresponding voxel as soon as it is fixed, and the updated value is used in the
subsequent procedure. This is a typical style of the sequential algorithm. This
execution of the algorithm makes it possible for this algorithm to be performed
on a single 3D array. Thus this algorithm is regarded as a reversal version of
Algorithm 5.10 both in its basic idea and in the type of an algorithm.

Next, we will give a parallel-type algorithm.

Algorithm 5.14 (Fixed neighborhood RDT - parallel type).

F = {fijk}: Input image.

fijk =
{

distance value, if a voxel (i, j, k) is a skeleton voxel,
0 , otherwise

G = {gijk}: Work array, and output image. Initial value is 0 for all voxels.

[STEP 1]
for all (i, j, k) do

if fijk = 0
then gijk ← 0
else
d← max{fpqr; (p, q, r) ∈ N (k)((i, j, k))}
(The superscript k represents the type of neighborhood, k = 6, 18, 26)
if d �= 0
then gijk ← d− 1
else no operation
endif

endif
enddo
[STEP 2]
if F = G when [STEP 1] finishes,
then stop
else F ← G
endif
go to [STEP 1]

[Explanation of the algorithm]
The meaning of each step of the algorithm will be understood from the

explanation of the sequential-type algorithm. In fact, the description of the
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algorithm is simple and clear. However, since conventional computers with
single processors can manipulate one voxel at one time, this algorithm had to
scan the whole of an input image as many times as the maximum distance
value in an input DT image. Concerning the memory requirement, two 3D
arrays are needed for storing an input image and an output image, separately.

When the algorithm is terminated, the result of the DT is restored exactly
in an output image G. An original binary image is obtained at once by replac-
ing all positive values in G by 1 . These are the same as in Algorithm 5.10.

Remark 5.15. This idea is applicable to the variable neighborhood RDT,
except that the neighborhood varies in every iteration and that the propaga-
tion is performed only inside that neighborhood. The neighborhoods in the
given neighborhood sequence is used in the reverse order. The starting neigh-
borhood of the neighborhood sequence is determined by the distance value. If
the distance value on a skeleton voxel is k, for example, the entry of a given
neighborhood sequence employed in the k-times of iteration is employed first.
Details of the concrete algorithm are neglected here (an algorithm for a 2D
image was given in [Toriwaki81, Yokoi81]). The same form of an algorithm
will be possible for a 3D image. This way of analysis cannot be applied to
the Euclidean DT, because the distance to an adjacent voxel is not always a
unit. In other words, the length of a path defined by a sequence of voxels does
not always correspond to the distance. By devising a neighborhood sequence
in the variable neighborhood DT such as {6, 18, 26}, values of the DT will
become closer to the Euclidean distance than those of the fixed neighborhood
DT.

Remark 5.16. Algorithms of the fixed neighborhood DT using the 6-, 18-,
and 26-neighborhood distances are obtained immediately from those of the
2D DT. Algorithms of the RDT were given here because they are useful for
understanding restoration from a skeleton. The 26- and the 6-neighborhood
DT (fixed neighborhood DT) are not so significant as the (squared) Euclidean
DT in problems relating directly to the distance metric such as invariability
to the rotation, utilization in thinning, and evaluation of the distance from a
figure, because in such applications the squared Euclidean DT is much more
advantageous. On the other hand, in the compression and deformation of a
figure, the fixed neighborhood DT becomes more useful due to its merits, as
follows:

(1) Both the DT and the RDT can be performed easily by simple algorithms.
(2) Relation between the DT and the RDT is very clear.

Remark 5.17. Image operator expressions similar to those presented in Re-
mark 5.12 are derived as follows, corresponding to parallel algorithms of the
fixed neighborhood DT. They are the same as those in a 2D image.

Definition 5.7. We call the following image operator M[N (k)] maximum fil-
ter with the neighborhood N (k).
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M[N (k)] : F = {fijk} → G = {gijk}
gijk = max{0 ,max{fpqr; (p, q, r) ∈ N (k)((i, j, k)} − 1}

= max{0 , fpqr − 1 ; (p, q, r) ∈ N (k)((i, j, k))}. (5.22)

Representing by F (k) an output image obtained after performing [STEP 1] in
Algorithm 5.13,

F (α) = M[N (k)](F (α−1)), α = 1, 2, . . . , k (5.23)

F (0) ≡ F (input image).

Hence an output image G is given as follows using a suitable finite value α :

G = M[N (k)]α(F ). (5.24)

Here the constant α is determined, depending on an input image. A neighbor-
hood N (k) is any one of the 6-, 18-, and 26-neighborhoods. Neglecting N (k)

for the sake of simplicity of an expression,

G = Mα(F ). (5.25)

Representing a skeleton image (binary image) of the distance value α by F α,
that is, a binary image in which voxels of the skeleton with the distance value α
are given the value 1 and other voxels are given 0 , and an ordinary maximum
filter by M, the DT image F is expressed as

F = F 1 + M(F 2) + M2(F 3) + · · ·+ MM−1(F M ). (5.26)

5.5.11 Extraction of skeleton

A skeleton should be defined clearly before constructing an algorithm to ex-
tract it. A skeleton of a 2D image using the 4- and the 8-neighborhood has
been studied in detail [Toriwaki81]. By extending it directly to a 3D image,
a skeleton is defined clearly for the fixed neighborhood DT using the 6-, 18-,
and 26-neighborhood. It has been known in this case that a resulting skeleton
coincides exactly for all four ways of definition in Def. 5.5 (1) ∼ (4) except
for some ambiguity pointed out there. Therefore, we can obtain a skeleton by
simply extracting local maxima of the DT. That is, we extract a voxel (i, j, k)
such that

fijk ≥ fpqr, ∀(p, q, r) ∈ N (k)((i, j, k)). (5.27)

Note here that the type of the neighborhood should be the same as was used
in the calculation of the DT.

These are almost the same, in principle, in the variable neighborhood DT.
A neighborhood that was employed at the moment the DT value was fixed
should be selected in Eq. (5.27). Thus, the neighborhood depends on a DT
value of a voxel (i, j, k) as was shown in 5.5.5. The above discussion cannot
be applied to the Euclidean DT.
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Remark 5.18. Considering that the skeleton is defined as a set of voxels from
which an original input figure is restored, it may be possible that the amount
of memory can be reduced by storing coordinate values of a skeleton and the
DT value (or the squared DT value) on it instead of an input image itself. That
is, the skeleton may become a tool of image compression. From this viewpoint,
the smaller number of voxels in a skeleton is desirable for saving memory space
requirement. Therefore, it becomes more important that a skeleton extraction
algorithm extracts a skeleton of a smaller number of voxels with reasonable
computation time and that the skeleton satisfies the restoration requirement
[Borgefors97, Nilsson97].

Let us assume that a cuboid of 5×5×100 voxels was given. Consider that
the fixed neighborhood DT of the 26-neighborhood was applied to this figure
and then local maxima were extracted. If an extracted voxel set contains all
voxels on the centerline of this cuboid except two voxels inside it from 5 × 5
faces of both sides, then such a set of voxels satisfies all conditions of the
skeleton. All the known definitions of the skeleton will give such a result.
However, the original cuboid will be recovered from a set of voxels extracted
from the above skeleton every five voxels. Unfortunately such reduction of the
skeleton is difficult without a prior knowledge of the shape of a figure.

Concerning image compression, we need not adhere to the Euclidean DT.
Any of the fixed neighborhood DT, that is, the 6-, 18-, and 26-neighborhood
DT will work reasonably well, although the performance may vary a little
according to the shape of an input figure.

Next let us show an algorithm to extract a skeleton of the Euclidean DT
[Saito94b]. We will first give two definitions of skeleton used here.

Definition 5.8 (Skeleton 1). Given a squared Euclidean DT image F =
{fijk} (fijk = square of an Euclidean DT value), a set S of voxels (i, j, k)
defined below is called a Euclidean skeleton 1.

S = {(i, j, k)|∃(x, y, z), (i− x)2 + (j − y)2 + (k − z)2 < fijk and
max

(u,v,w)
{fuvw|(x − u)2 + (y − v)2 + (z − w)2 < fijk} = fijk}. (5.28)

Definition 5.9 (Skeleton 2). Assume that a squared Euclidean image F =
{fijk} (fijk = square of an Euclidean DT value) is given, then a set S of
voxels (i, j, k) defined below is called a Euclidean skeleton 2.

S = {(i, j, k)|∃(x, y, z), (i− x)2 + (j − y)2 + (k − z)2 < fijk and
max

(u,v,w)
{fuvw − (x− u)2 − (y − v)2 − (z − w)2}

= fijk − (x − u)2 − (y − v)2 − (z − w)2}. (5.29)

The above Skeleton 1 means as follows:
Put at each voxel (i, j, k) in an input figure a 3D maximum digital ball

that is centered at (i, j, k) and that does not overflow an input figure. After



172 5 ALGORITHM OF BINARY IMAGE PROCESSING

8-8+

8�������
�
	����������8-

8-

8�������
�
	����������8+

8+

(a) (b)

Fig. 5.15. Illustration of skeleton or Euclidean DT [Saito94b]: (a) Skeleton 1; (b)
skeleton 2.

all such balls have been placed, select a ball that contains at least one voxel
that is not covered by other balls. Then a set of centers of such balls gives a
desired skeleton (Fig. 5.15 (a)). This skeleton corresponds to the skeleton in
Def. 5.5 (1) and (4).

In the second case (Skeleton 2), a skeleton is generated by using a solid
constructed by an image plane and a parabolic cylinder with the axis per-
pendicular to an image plane. This cylinder is placed on a figure so that its
bottom surface (circle) does not surpass the border of an input figure. This
circular bottom surface is centered at each voxel and its radius is equal to the
distance value at the voxel. After all of such cylinders have been placed on
possible voxels, select such parabolic cylinders that at least one point of the
surface of the solid exists that is not covered by other cylinders (Fig. 5.15 (b)).
Then a set of all center voxels on which the above selected parabolic cylinders
were placed gives the Skeleton 2 defined in Def. 5.9. This skeleton satisfies the
restorability requirement. The number of voxels in Skeleton 2 may become
smaller than that of Skeleton 1. This point has not been discussed in depth.

The following algorithm has been developed to extract Skeleton 1 and
Skeleton 2 [Saito93, Saito94b, Toriwaki01].

Algorithm 5.15 (Extraction of Skeleton 1 of Def. 5.8).

Input image F = {fijk}: Squared Euclidean DT image.
Output image: H = {hijk}: Skeleton image. Initial value is 0 for all voxels.

In the output, the value 1 is given to skeleton voxels, and 0 is given to
other voxels.

Work arrays: X = {xijk}, Y = {yijk}, Z = {zijk}, and R = {rijk}: Initialvalue
is 0 for all voxels in all arrays.

for all (i, j, k) such that fijk > 0 do
for all (p, q, r) such that (p− i)2 + (q − j)2 + (r − k)2 < fijk do

if rpqr < fijk

then
xpqr ← i
ypqr ← j
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zpqr ← k
rpqr ← fijk

endif
enddo

enddo
for all (i, j, k) such that rijk > 0 do
h(xijk)(yijk)(zijk) ← 1

enddo

Algorithm 5.16 (Extraction of Skeleton 2 of Def. 5.9).

Input image F = {fijk}: Squared Euclidean DT image.
Output image: H = {hijk}: Skeleton image. Initial value is 0 for all voxels.

In the output, the value 1 is given to skeleton voxels, and 0 is given to
other voxels.

Work arrays G = {gijk}, U = {uijk}, V = {vijk}, G′ = {g′ijk}, V ′ = {v′ijk},
and T = {tn}: Initial value is 0 for all voxels in all arrays.

During executing the program, all voxel values outside of an input image are
regarded as 0 . Arrays G and G′, and V and V ′ are assigned to the same
memory space, respectively.
[STEP 1] (Generation of a label image)
Input image: F = {fijk} squared Euclidean DT image
Output image: U = {uijk} (label image)
Scan an input image, and give labels represented by sequential positive num-
bers starting by 1 to a voxel of F having a positive value, that is, fijk > 0 .
Labels are written into a corresponding voxel of a work array U .

[STEP 2] (Reverse distance transformation with labels)
(1) Processing in the row direction (forward scan)
Input image: F = {fijk} Squared Euclidean distance transformation image,
U = {uijk} (label image).
Output image: G = {gijk} (Reverse Euclidean distance transformation im-
age), V = {vijk} (label image).
Perform the following procedure in each row with increasing suffixes i from 1
until M .
(a) If fijk < f(i−1)jk,
perform the following procedure for n such that 0 ≤ n ≤ (f(i−1)jk − fijk −
1 )/2 ,

(a-1) if f(i+n)jk ≥ f(i−1)jk − (n+ 1 )2, go to the next i,
(a-2) unless (a-1),

(a-2-1) if g(i+n)jk < f(i−1)jk − (n+ 1 )2,
g(i+n)jk ← f(i−1)jk − (n+ 1 )2,
v(i+n)jk ← u(i−1)jk,
go to the next n.

(a-2-2) otherwise, go to the next n.
(b) If fijk ≥ f(i−1)jk,

(b-1) if gijk < fijk,
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gijk ← fijk,
vijk ← uijk,
go to the next i.

(b-2) Otherwise go to the next i.
Perform the following procedures (2) ∼ (7), which are the same as the above
mentioned one, changing the directions of the coordinate axes and scanning
“(1) in the direction of the row (forward scan)” as is indicated below.
(2) Row direction (direction of the suffix i) backward scan

Input image: G,V
Output image: G′,V ′

(3) Column direction (direction of the suffix j) forward scan
Input image: G′,V ′

Output image: G,V
(4) Column direction (direction of the suffix j) backward scan

Input image: G,V
Output image: G′,V ′

(5) Plane direction (direction of the suffix k) forward scan
Input image: G′,V ′

Output image: G,V
(6) Plane direction (direction of the suffix k) backward scan

Input image: G,V
Output image: G′,V ′

[STEP 3] (Skeleton extraction)
Read a label existing in a label image V ′. Give a mark to a voxel of a label
image U corresponding to the voxel readout here. Voxels marked here repre-
sent skeleton. A working table T is used for search and retrieval of labels in
images U and V ′.
(1) Generation of a work table for label retrieval.
Input image: V ′ = {v′ijk} (label image)
Output: T = {ti} (work table) (1D array)
for all (i, j, k) do
t(vijk) ← 1

enddo
(2) Generation of a skeleton image.
Input image: U = {uijk} (label image), T (work table)
Output image: H = {hijk} (skeleton image)
for all (i, j, k) do

if t(uijk) = 1
then hijk ← 1
else hijk ← 0
endif

enddo

When this algorithm is executed, three 3D arrays F , G, and H can be
assigned to physically the same memory space unless an input image needs to
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Fig. 5.16. Illustration of Algorithm 5.16 (extraction of Skeleton 2) [Saito94b].

be preserved. In [STEP 3], two 3D arrays U and V may also be allocated to
the same place of the memory space if we perform labeling repeatedly using
the array V , instead of referring to a label image U to find the location of a
particular label.

In [STEP 2], two 1D arrays of the same size as a row and a column are
needed as work areas. Thus, the minimum requirement for memory space for
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skeleton extraction includes two 3D arrays of the same size as an input image,
two 1D arrays, and one table (1D array).

This algorithm consists of performing the squared DT and confirming that
the restoration of an input figure is possible. It extracts voxels as the skeleton,
which are effective for restoration of an input figure. Therefore, if skeleton
extraction and restoration of an input figure are performed only once, skeleton
extraction is not so significant. On the contrary, once we have extracted a
skeleton, then an input figure can be restored from the skeleton and DT
values on it at any time.

5.5.12 Distance transformation of a line figure

Distance transformation of a line figure is the process that gives the distance
to each voxel of a line figure in turn starting at the edge point. It is defined
both for a binary image and a grey-tone line image. Various algorithms to
perform this have been studied in detail [Toriwaki79, Toriwaki82a, Toriwaki88,
Suzuki85], and all of them can be extended to a 3D line pattern without
significant modification. Practical applications including structure analysis of
a figure is not studied in depth, although some properties specific to 3D images
are expected to exist.

5.6 Border surface following

5.6.1 Outline

Border surface (boundary surface) following is a process to extract all border
voxels in a 3D image by the methods satisfying a given set of requirements.
The requirements include the following:

(i) All border voxels should be extracted. In other words, coordinates (the
numbers of rows, columns, and planes) of each border voxels are recorded
in a list.

(ii) Extracted voxels in a list are separated according to connected compo-
nents that they belong to. According to the notation in Def. 4.15, border
voxels are classified according to a component to which border voxels be-
long. That is, borders are classified according to each pair of figures P
and Q in Def. 4.15.

(iii) Border voxels are recorded in the list according to the order specific to
an individual algorithm utilized in border voxel extraction.

(iv) A border voxel belonging to each border surface is extracted only once
except for exceptional cases such as voxels existing on a plane of one voxel
width almost everywhere.

(v) The adjacency relation among border voxels are kept unchanged on the
resulting list excluding a few exceptional cases.
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Border following has been a well-known problem in the process of a 2D
image. It is a processing to visit (follow) voxels on a boundary of a figure in
the direction given by the predetermined rule and to store their coordinate
values in the list [Rosenfeld82]. The borderline of a 2D figure is a 1D sequence
of voxels. If we start the following of a border at a particular pixel and go
forward clockwise (or counterclockwise), that is, seeing the inside of a figure
on the right-hand side (or the left side), we always come back to the starting
pixel after we have visited all border pixels. Thus, border following is a self-
evident process except for the process at several exceptional pixels such as a
crossing point and a branching point.

The situation is very different in a 3D figure. The border surface of a
3D figure is a 2D curved surface extending in 3D space, and a procedure to
visit all voxels on it is not easily found. Therefore, we first need to know the
method to visit all border voxels on a one border surface without missing
any of the border voxel and without visiting the same voxel more than once.
To achieve this, we use a kind of specific neighborhood relationship existing
between border voxels and we extract border voxels utilizing this relationship.

Let us define this neighborhood relationship. For the sake of convenience
of executing the algorithm, a special mark is given to a particular voxel. We
call this mark value of a voxel P and denote it by M(P). The explanation
below is based on [Matsumoto84, Matsumoto85].

Definition 5.10 (Surface neighborhood). For a given voxel P1 and an
integer K, we call the set of all voxels P2 satisfying the following conditions
(i) and (ii) surface neighborhood of P1 with the value K, and denote it by
NBm(P1,K) (Fig. 5.17).

(i) P2 ∈ N [m](P1), if P1 is a 1-voxel, P2 ∈ N [m](P1), if P1 is a 0-voxel, where
m denotes the type of connectivity shown in Table 4.1.

(ii) For two voxels q1 and q2 in positional relations shown in Fig. 5.17, q1

and q2 have density values different from P1 and P2 , and either of the
following (1) and (2) holds,
(1) Density value of q1 = density value of q2 = K, where K = 0 , or

K = 1 ,
(2) The mark value of q1, M(q1) = the mark value of q2, M(q2) = K ,

where K �= 0 , and K �= 1 .
m and m denote a pair of the type of connectivity shown in Table 4.1.

Definition 5.11 (Border surface). Given a connected component of 1-
voxels P (m-connected), and that of 0-voxels Q (m-connected), the border
surface of P against Q, denoted by B(P,Q), is the set of all voxels in P such
that at least one voxel of Q exists in the m-neighborhood.

Definition 5.12 (Border voxel). A border voxel of an m-connected com-
ponent consisting of voxels of the value f (= 0 or 1 ) is a voxel that has at
least one voxel of the value 1 − f in its m-neighborhood.
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Fig. 5.17. Surface neighborhood and starting voxel pair: (a) Surface neighborhood.
Assume the m-connectivity case. For m = 6, (i), (ii), (iii), and (iv); for m = 18,
(v)and (vi); for m = 18′, (i) and (ii); and for m = 26, (v), (vi), and (vii) are used,
respectively; (b) possible pattern of a starting voxel pair in Algorithm 5.17.

Following are important properties of the surface neighborhood defined in
Def. 5.10.

Property 5.7. Assume that a mark value K is given to each voxel of a con-
nected component Q of 0-voxels (assume that a voxel of Q (= set of voxels
that do not belong to Q) does not have the value K). Then if X ∈ B(P,Q)
for a 1-voxel X and an arbitrary border surface B(P,Q), then all voxels of
the value K in the surface neighborhood of X belong to the border surface
B(P,Q).

Property 5.8. Assuming that each voxel in a connected component Q of 0-
voxels has the mark value K (K �= 0 , 1 ), let us consider a graph as follows
for a border surface B(P,Q).

(1) Put a node at the center of each voxel in B(P,Q).
(2) If two voxels in B(P,Q) is in the surface neighborhood mutually, connect

those two voxels with an edge.

Then this graph becomes a connected graph. Let us denote this graph by
G{B(P,Q), ε}, where ε is the set of all edges.

[Proofs of these properties were shown in [Matsumoto84]]
This property guarantees that we can extract all border voxels while keep-

ing adjacency relations among them by searching the graph G{B(P,Q), ε}
and extracting all nodes of the graph. Here each node corresponds to an in-
dividual border voxel. It should be noted that a mark K needs to be given to
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a connected component of border voxels beforehand in order that the surface
neighborhood may be available. In this process it is enough that a border
is given a mark. The extraction and storing of border voxels to a list while
preserving the adjacency relation is not required here. This is performed by
simply applying the same border surface-following algorithm to a set of 0-
voxels.

5.6.2 Examples of algorithm

By integrating the above procedures, a border surface-following algorithm is
derived, which consists of the following three steps:

(1) search of a starting voxel,
(2) border surface following of connected components of 0-voxels (marking),
(3) following of a border surface B(P,Q).

Algorithm 5.17 (Border-surface following).

M0, M1: mark value for a 0-voxel and a 1-voxel.
(S01, S02): Starting voxel pair. A pair of a mutually 6-adjacent 0-voxel S0 and

a 1-voxel S1 which are on the same scan line (on the same row). We assume
that at least one of them has not been given a mark yet (Fig. 5.17).

TEMP: Work area. A cue or a stack that stores coordinate values of border
voxels. (In the subsequent part, the expression put a voxel into TEMP
simply means write coordinate values (numbers of a row, a column and a
plane) of a voxel into TEMP.)

Output array: coordinate values of voxels belonging to the border surface are
stored, being separated with a specific marker into each connected com-
ponent.

P: Temporary variable representing a voxel.
Scanning of an image: Raster scan (Fig. 2.13).
Input: A 3D binary image. A set of 1-voxels is regarded as a figure. A figure

is treated as an m-connected component (m = 6, 18, 18’ or 26).

[STEP 1] (Search of a starting voxel)
(1) M0 ← −1 , M1 ← 1
(2) Scan an input image in the order shown in Fig. 2.13. Scan starts at the
voxel next to the previous starting voxel. Search an input image for a starting
voxel pair, that was shown in Fig. 5.17. Go to (3), if a starting pair was
detected. Stop, if the whole of an input image has been scanned.
(3) M0 ←M0 − 1 , M1 ←M1 + 1
If S0 of the starting voxel pair (S0, S1) has a mark, go to [STEP 3]; otherwise
go to [STEP 2]. Here S0 is a 0-voxel and S1 is a 1-voxel.

Note: Border following is reduced here to graph search. TEMP becomes a cue if
we adopt the width-first search, and becomes a stack if the depth-first search is
employed.
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[STEP 2] (Trace of border voxels of the background)
(1) Put S0 into the work area TEMP. Give the mark M0 to S0.
(2) Repeat the following until TEMP becomes empty.
Pull out one element P from TEMP. Extract from an input image all voxels
in the surface neighbor of P with the value 1 such that the mark has not been
given yet. Give them the mark M0 and put them into TEMP.
(3) Go to [STEP 3]

[STEP 3] (Trace of voxels of a border surface)
(1) Put S1 into the work area TEMP and the output array, and give a mark
M1 to S1.
(2) Repeat the following until TEMP becomes empty.
Pull out one element P from TEMP. Extract all voxels in the surface neighbor
of P with the value M(S0) such that they do not have the mark M1; give them
the mark M1, and put them into TEMP and an output array.
(3) Put a mark into the end of the output array in order to show the end of
border voxels sequence of one border surface. Go to (2) of [STEP 1].

This algorithm has the following property.

Property 5.9 (Property of Algorithm 5.17).

(1) Coordinate values of border voxels are output for all border surfaces. Con-
tents of the output list are separated into individual border surfaces.

(2) One border voxel is output only once. If the same border voxel belongs to
more than one border surface, that voxel is written into the list the same
number of times as the number of border surfaces it belongs to.

(3) The adjacency relationship (connectivity relation) among voxels put into
the output list is represented in the form of a graph (or a tree).

(4) The algorithm is applicable to all four types of connectivity (6, 18, 18′,
and 26 connectivity).

(5) An original input figure is restored exactly from the list of extracted border
voxels and starting voxel pairs (see Section 5.6.3 also).

Remark 5.19. The reason that the marking process is applied to the set
of 0-voxels here, in spite of the following of borders of 1-components, is that
different border surfaces should be traced separately. In Fig. 5.18, for example,
let us consider a figure P with a cavityQ′, and let us assume that the thickness
of the figure P is one (one voxel width) at a voxel X. Then, both the border
surface B(P,Q) and B(P,Q′) share a voxel X. Unless a mark is given to 0-
voxels, two borders B(P,Q) and B(P,Q′) are not separated at the voxel X.
Thus, those two borders are traced continuously without being separated into
two border surfaces. If a mark is given to 0-voxels of Q, B(P,Q) and B(P,Q′)
are followed separately as two border surfaces. The voxel X is visited and
output once for each border surface.
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Fig. 5.18. Border surface of a 3D figure with the unit thickness.

5.6.3 Restoration of a figure

An original input figure is restored exactly from the result of border surface
following. We will present below a concrete form of an algorithm to realize
this.

Algorithm 5.18 (Restoration of a figure).

Input: One of the border voxels of the background (one voxel for each border
surface)
List of border voxels of a figure (output of Algorithm 5.17)

Output: Image F . (A 3D image. A restored binary image is stored after the
execution of the algorithm. Initial values are 0 for all voxels.)

TEMP: Work array (1D, a queue, or a stack)

[STEP 1] (Restoration of a border surface)
Pull out in turn each element of the border voxel list, and put the value 1
into a correspondent voxel of an output image.

[STEP 2] (Marking of border voxels of the background)
Denote by (x,y) a starting voxel pair corresponding to each border surface,
which is given as an output of Algorithm 5.17, and perform the following
steps, by starting at the 0-voxel of the above starting voxel pair.
(1) Substitute −1 to a voxel of an output image corresponding to the starting
voxel. Store the coordinate of the starting voxel to a work area TEMP (a
queue or a stack).
(2) Repeat the following (i) ∼ (iii) until TEMP becomes empty.

(i) Read out the first element of TEMP.
(ii) Extract all voxels of the surface neighborhood of the value 1 .
(iii) Store coordinate values of extracted voxels to TEMP, and substitute
the value −1 to voxels of an output image corresponding to voxels extracted
above.

(3) Go to [STEP 3]

[STEP 3] (Restoration of inner voxels and erasure of the mark)
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Scan an output image with the raster scan (Fig. 2.13), and perform row by
row the following restoration process.
(1) Substitute 0 to a work variable N .
(2) If the value of a voxel changes to 1 from −1 , then set the value of N as
1 , and substitute the value 1 to subsequent voxels on the same row in turn.
If the voxel of the value −1 is met again on the same row, reset the value of
N as 0 , and stop substitution of the value 1 after that.
(3) Search the same row to detect change of the value from −1 to 1 , and
repeat the same procedure.
(4) If the end of the row is reached, go to the next row and go to (1). If the
whole of an output image has been scanned, go to (5).
(5) Scan the output image again and erase all of −1 by replacing with 0 .

Remark 5.20. Border surface following for a 3D image began to be studied
actively in earlier days (1980s) in the history of 3D image processing chiefly
by G. Hermam and his colleagues, and many papers have been published
[Artzy85, Herman98]. Details are known from books and papers referred to in
[Herman98, Kong85, Kong89, Toriwaki04]. That research is characterized, in
particular, by the ideas that applications to simulate surgical operations were
clearly intended, as well as authors’ research [Artzy85, Herman78]. It should
be noted that memory limitation was severe in computers in those days.

One example of applications in those days was fast processing of a 3D CT
image of the skull. The border surface following algorithm was different from
the one presented above and was studied in detail both theoretically and ex-
perimentally. For example, the basic idea is to trace the surface of a 3D figure
consisting of cubes corresponding to voxels, that is, tracing the surface of a
continuous figure defined in Def. 4.5, while in the above algorithm, border vox-
els themselves are followed. According to the former idea, the border surface
becomes a continuous figure and is treated in a clear-cut way theoretically,
although the number of voxels becomes much larger than the trace of voxel
themselves.

Nowadays, memory has become much cheaper and a device with a much
larger memory capacity is available even in portable computers, and the size
of a 3D image data to be processed has also become much larger. A 3D CT
image is becoming more precise and is required to be processed as a gray-tone
image in many of applications. Thus the significance of border following is
now changing.

5.7 Knot and link

5.7.1 Outline

One of the most important features specific to a 3D image is knot and link
in a line figure (Fig. 5.19). In mathematics, a large amount of research work
has been performed concerning the knot and the link. Almost all of the work
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treated an ideal form of a line figure in 3D continuous space [Kauffman87].
Reports on the processing of the knot and the link by computer were very
few.

Past research of the knot can be roughly classified into two kinds. One
is to transform a knotted line figure into a kind of symbolic representation,
and replace the shape transformation of a continuous line figure by the symbol
manipulation. This symbol manipulation is performed by computer. Examples
are determination of the kind of a knot and decision on whether a line figure
is knotted or not. This is performed by utilizing the transformation called
Reidemeister transformation which is well known in mathematics.

The other is to study properties of a digitized knotted figure that corre-
spond to those features that have been examined for a continuous knotted
figure in mathematics. This type of study has been performed very little ex-
cept for [Nakamura00, Saito90]. Let us introduce here basic properties of a
digitized knot according to [Saito90].

Definition 5.13 (Digital knot). If a connected component C consists of
four or more 1-voxels, and any of those 1-voxels has just two 1-voxels in its k-
neighborhood (k = 6, 18, 26), that is, if a figure consists of connecting voxels
only, a connected component (k-connected) is called a digital simple closed
curve or (k-connected) digital knot. The number of 1-voxels contained in C is
called length of this digital knot.

Consider then a line figure obtained by connecting center points of 1-voxels
mutually adjacent on a digital knot with line segments. By doing this a polyg-
onal knot in 3D continuous space is obtained. We call this a continuous knot
CC corresponding to a digital knot C. A continuous knot CC corresponding to
a digital knot C becomes a continuous knot in the continuous space. Results
in the knot theory of mathematics can be applied to the above CC .

First a knot of a continuous figure is defined as follows in mathematics.
Let us denote by Cp a figure derived by projecting the above continuous

knot (a polygonal knot) onto a suitable plane P (more strictly an orthogonal
projection of CC presented in Chapter 7). Then, if n points of CC are projected
to the same point of Cp, this point is called n-fold point (multiple point) (n ≥
2 ). If the number of n-fold points is definite and all of them are generated from
only projections of points of CC , the projection is called a regular projection.
In particular, a double-fold point is called a crossing point. The number of
a crossing point varies according to a projected plane. It may change by the
transformation of a figure, even if the topological properties of a figure do not
change. The minimum number of crossing points in all regular projections of
all knots topologically equivalent to a knot CC is called a minimum crossing
point number of a knot CC . For a stricter description, see the monograph and
text of mathematics [Kauffman87].

Thus, properties of a continuous figure CC as a knot are frequently dis-
cussed by using its regular projection on to a 2D plane. We also discuss char-
acteristics of a digital knot C using the regular projection of a polygon CC
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corresponding to C. For example, the number of crossing points of CC is
regarded as that of a digital knot C.

Definition 5.14. A digital knot of which the number of crossing points is 0
is called a trivial knot or unknot.

Intuitively speaking, the knot is a property of a single 3D simple curve or
a string. If it is knotted when we pull both ends of it, then a string is said to
be knotted or called a knot in the mathematical sense. Otherwise such string
is called a trivial knot or said to be unknotted. Here (in this section) a knot
means a knotted knot (Fig. 5.19).

Remark 5.21. A set of more than one closed curve is called a link. There are
two types of links, too. One is the case that two closed curves are linked each
other, and the other is a pair of two curves that are separate from each other.

5.7.2 Reduction of a digital knot

In order to study properties of a digital knot by the same method as in math-
ematics, we need to generate a large number of continuous polygonal knots
corresponding to a given digital knot and derive their regular projections. It
is not always easy. Large parts of drawing regular projections closely relate
to our intuition or heuristic decisions as a human. Algorithmic generation of
regular projections is never a trivial procedure. Thus it becomes significant to
transform directly a digital knot contained in a digitized line figure and study
its features.

Let us present here an algorithm to shrink a digital knot.

Algorithm 5.19 (Shrinking of a knot - arc elimination). Assume a dig-
ital knot C is given. At an arbitrary pair of voxels P and Q on C, if the length
(= the number of voxels) from P to Q along the curve C is longer than the
26-neighbor distance between P and Q, then the part of the knot C between
P and Q is translated so that the length of C may become shorter. Unless
the topology of the curve C is preserved, the translation is not performed. If
a voxel becomes redundant in a result of translation, that voxel is eliminated
at that moment (Figs. 5.20, 5.21).

Algorithm 5.20 (Shrinking of a knot - corner elimination). A bulge of
a curve is deformed to be straight as shown in Fig. 5.22. The deformation is
not applied if topological properties of a curve C change by the deformation.

The following property holds true:

Property 5.10. Any trivial knot (unknot) is reduced to any one of unknots
of the length 4 shown in Fig. 5.23 by repetitive application of Algorithms 5.19
and 5.20. There does not exist a knotted knot of the length 4 .
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Fig. 5.19. Illustration of a knot and link: (a) Knot and link; (b) unknotted line
figure; (c) trivial (unknotted) knot; (d) knotted knot; (e)illustration of a double-fold
point which determines a regular projection; (f) examples of knot with three points;
(g) example of digital knot generated from a regular projection (2D figure).
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Fig. 5.20. Illustration of Algorithm 5.19 (arc elimination).

This is easily confirmed by noting that any trivial knot longer than 4
obviously includes the part that is reduced by Algorithms 5.19 and 5.20. The
latter half is confirmed easily from Fig. 5.23.

The following is not proved, although it is expected empirically.

Conjecture 5.1. The minimum length of a knotted knot (nontrivial knot) is
26 and the number of crossing points is 3 .

[Explanation]
As an example, Fig. 5.25 shows a knot of the length 26 and the number

of the crossing points 3 . As far as visual observation is concerned, this cannot
be reduced to a knot shorter than 26 . A link consisting of two trivial knots
requires two trivial knots of the length 12 (Fig. 5.24). By connecting them at
two points, a knot of the number of the crossing points 3 is obtained. But it
cannot be realized by a curve shorter than the length 25 .

Remark 5.22. Knottedness cannot be detected by features presented in the
previous chapter such as the Euler number and the connectivity index.

5.8 Voronoi division of a digitized image

Voronoi division (Voronoi tessellation) was originally defined for a point set
in continuous space, and has been studied extensively in the field of com-
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Fig. 5.21. Deletion of unnecessary or redundant voxels in a line figure (see Algo-
rithms 5.19 and 5.20).

8�

8�

8�

8�

Fig. 5.22. Illustration of Algorithm 5.20 (corner elimination).

putational geometry (or digital geometry) [Goodman04]. It has been widely
applied in a variety of areas including physics, biology, and geography. It has
also become one of the inevitable tools in image pattern analysis and com-
puter graphics. Thus, an enormous volume of papers and books have been
published that referred to Voronoi tessellation and relating problems. Voronoi
tessellation and its close relations have been called by different names, such
as: Voronoi polygon, Dirichlet tessellation (division), Delaunay triangulation,
Voronoi diagram.

Concepts of Voronoi tessellation and related topics are basically ap-
plicable to a digitized image. However, sometimes serious differences from
the continuous space are found in procedures to solve concrete problems
[Mase81, Toriwaki81, Toriwaki84, Toriwaki88]. Extension to a 3D image from
a 2D image is not difficult in principle, but some complicated problems exist
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Fig. 5.23. Digital knots of the length 4 .

Fig. 5.24. Example of a link consisting of two digital knots of the length 12 .

in practical algorithms to calculate it. We will briefly introduce one idea to
treat the Voronoi tessellation on a 3D image.

Let us consider a set of figures S = {F1, F2, · · · , Fn} on a 3D binary
image F . Here Fi is an object (figure) in 3D space. Then, for an arbitrary
voxel Q in the background of F , a set of voxels SR defined by the following
equation (5.30) is called a dominance area (or Voronoi region) of a figure Fi.

SR = {Q; min
i
d(Q, Fi) = d(Q, FR), Fi ∈ S} (5.30)

= set of all background voxels such that the nearest figure in S is FR

The result of division of all background voxels into dominance areas of figures
Fis (Voronoi regions) is called Voronoi tessellation. In the case of a 2D image,



5.8 Voronoi division of a digitized image 189

Fig. 5.25. Digital knot of the length 26 and three crossing points.

a diagram that shows border lines of all Voronoi regions is called a Voronoi
diagram.

To calculate the Voronoi tessellation of a given 3D image, we first need to
define d(Q, Fi), the distance between a figure Fi and a voxel Q. The following
is a widely employed example.

d(Q, Fi) = min{d(Q,P); P ∈ Fi} (5.31)
= distance to the nearest voxel in Fi

It is necessary to further determine the distance metric concretely. For
more detail, see [Mase81, Yashima83].

Some additional problems, which were not caused in 2D continuous images,
must be taken into consideration to calculate Voronoi tessellation of a 3D
image.

(1) Voronoi division surface (borders of Voronoi regions) is, in general, a sur-
face figure in 3D space. However, a large number of voxels may exist that
are equally distant from two or more figures. Then a Voronoi division sur-
face may become thick arbitrarily. The same situation may occur in a 2D
digitized image [Mase81, Yashima83, Toriwaki84, Toriwaki88].

(2) A Voronoi division surface may have a hole, depending on the distance
metric employed in its calculation.

(3) The shape of a Voronoi division surface (or dominate area) may become
extraordinarily complicated.

Calculation of the Voronoi tessellation is not difficult in principle. One
idea, for example, is to perform the labeling first, then to perform the distance
transformation of the background with propagating labels synchronously or
considering distance values if the 6-, 18-, or 26-neighborhood distance is em-
ployed. Different types of label propagation may be required in the case that
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the Euclidean distance is employed [Saito92]. However, good solutions have
not been known for (1) and (2) above.

Concerning a Voronoi diagram of a 2D digitized image, see [Mase81,
Yashima83, Toriwaki84, Toriwaki88]. Applications to feature extraction of tis-
sue section 3D images is reported in [Saito92].
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ALGORITHMS FOR PROCESSING
CONNECTED COMPONENTS WITH GRAY

VALUES

In this chapter we present algorithms processing a connected component in
which each voxel has an arbitrary gray value (= a gray-tone connected compo-
nent). We assume here that a gray value (= a density value) is positive inside
a connected component and that a gray value outside a connected component
is zero unless stated otherwise. Therefore, the image is a gray-tone image with
a background.

A gray-tone connected component has the same topological features and
general shape features as a binary connected component. Furthermore, it has
additional density value features. The important characteristics of an algo-
rithm processing a gray-tone connected component are a combination of those
two types of information. The notice about the description of algorithms in the
beginning of the previous chapter also concerns the description of algorithms
in this chapter.

6.1 Distance transformation of a gray-tone image

6.1.1 Definition

The definition of the distance transformation (DT) of a gray-tone image is
immediately derived from the extension of a 2D gray-tone image.

Definition 6.1 (DT of a gray-tone image). A process to calculate the
following image G = {gijk} from an input 3D gray-tone image F = {fijk}
with a background is called a gray weighted distance transformation (GWDT).

GWDT : F = {fijk} → G = {gijk}

gijk =




min{|π|; π represents a path from a 0-voxel of
an image F = {fijk} to a voxel (i, j, k),
and |π| represents the sum of density values of
voxels on a path π in an input image,
if fijk > 0 ((i, j, k) is a voxel of a connected component),

0 , if fijk = 0 ((i, j, k) is on the background)

(6.1)
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Fig. 6.1. Illustration of the gray weighted distance transformation of a gray-tone
image with the background. Find a path to minimize the weight |π| (= the sum
of density values on a path) among paths {π1, π2, . . .} to a point P from a border
surface and give the minimum weight to a point P.

|π| is called weight of a path π. The name of gray weighted comes from this
fact. A path that gives gijk is called a minimal path to (i, j, k) (Fig. 6.1).

Algorithms to calculate the 6-, 18-, and 26-neighborhood GWDT are ob-
tained by straightforward extension of algorithms for a 2D image. The basic
idea is the same as in a 2D image, that is, to find a path such that the total
sum of distance values along a path (= the weight of a path) is minimized.

The extension of the Euclidean DT to a gray-tone image is not a com-
plicated concept. That is, it is defined as the minimization of the total sum
of density values along an arbitrary path in continuous space. This is not re-
alized easily on a digitized image, because it is almost impossible to find a
minimal path as a sequence of voxels. This is why an algorithm to perform
the Euclidean GWDT has not been reported yet.

6.1.2 An example of algorithm

Let us discuss an example of the sequential algorithm of the 6-, 18-, and the
26-neighborhood GWDT.

Algorithm 6.1 (GWDT of a gray-tone image sequential type).

F = {fijk}: Input image (gray-tone image with the background) (size L ×
M ×N)

G = {gijk}: Output image (= GWDT)
W = {wijk}: Work array
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L,M,N : Image size (numbers of rows, columns and planes of an image) (con-
stant)

α: Weight coefficient
t: Work variable

[STEP 1] (Initialization)
for all (i, j, k)s do

if fijk = 0
then gijk ← 0 ;
else gijk ← Sufficiently large integer;
endif

enddo

[STEP 2] (Iteration)
for all (i, j, k)s do

if fijk > 0
for all (p, q, r) ∈ N [26]((i, j, k)) do
α←

√
3

if (p, q, r) ∈ N [18]((i, j, k))
then α←

√
2

else
if (p, q, r) ∈ N [6]((i, j, k))
then α← 1
endif

endif
t← α× gijk + fijk, (p, q, r) ∈ N [26]((i, j, k));
if t < gijk

then gijk ← t;
endif

enddo
endif

enddo

[STEP 3] (Test of terminating rule)
if (no gray value in G changed) stop
else go to [STEP 2]
endif

Remark 6.1. The parallel processing of algorithms and operator expressions
by use of the minimum filter [Yokoi81, Naruse77b] is immediately extended
to a 3D image. See also Remarks 5.12, 5.17 in Chapter 5 concerning a binary
image.

Note: In the calculation of the distance, the distance to a 18-adjacent voxel, and
the distance to a 26-adjacent voxel are multiplied by

√
2 and

√
3 , respectively,

to reduce the amount of gap between the Euclidean distance.
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Remark 6.2. The significance of the DT of a gray-tone image is not always
clear in binary image processing. No specific applications have been reported
other than the use in preprocessing of thinning images and the concept of the
skeleton is unfamiliar.

6.2 Thinning of a gray-tone image

6.2.1 Basic idea

Information carried by a gray-tone image can be summarized as follows:

(1) The structure of line figures characterizing the spatial distribution of den-
sity values such as ridge lines and valley lines.

(2) The shape features of a figure (or of subspaces), determined by the spatial
distribution of density values (for example, the shape of contour lines (or
equidensity surfaces) of density values).

(3) Statistics concerning the distribution of density values (e.g., the histogram
of density values, etc.).

The first and second items can be condensed in a line figure. The third item
does not relate to shape information.

One way to concentrate the characteristics of a gray-tone image into a
linear figure is to extend the concept by using a method extracting a centerline
of a binary figure to a 3D gray-tone image. This process is called thinning of a
gray-tone image with the analogy of the processing of a binary image, and we
call an extracted linear figure the centerline or core line. This applies to the
first and the second case discussed above . In the second case, we first segment
a subimage (a figure containing gray values) from an input gray-tone image.
We call this segmented figure a gray-tone connected component again by the
analogy of a connected component in binary image processing. Thresholding is
the most common method of segmentation. A segmented gray-tone connected
component holds the details regarding the shape of a connected component
as well as information concerning the distribution of density values inside it.

When considering shape features of a gray-tone connected component, the
features common in the thinning process of a binary image become important,
such as the location of a centerline (center surface) of a figure and the preser-
vation of topological features. Many of the requirements (1) ∼ (7) described
below relate to these.

On the other hand, the extraction of a borderline (or a border surface)
of a gray-tone connected component (which may be substantially regarded
as an equidensity surface) is not called surface thinning or axis thinning. In
the example of a binary image, structural characteristics of density values
may become surface-like. Another example is the surface thinning of a gray-
tone image. For example, the part of a gray-tone image corresponding with a
ridgeline of the density value distribution may become a curved surface with
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a constant density. There are no case studies of this as far as the author is
aware. Here we will only discuss linear features such as a ridgeline and a valley
line.

6.2.2 Requirements

The requirements for thinning are almost the same as those for thinning a
binary image and we will summarize them again. Strictly speaking they are
slightly different from those in binary image processing, because properties
concerning the shape features of a connected component as well as the distri-
bution of density values relate to the actual thinning process.

[Requirements for thinning a gray-tone image]

(1) Connectivity: A core line keeps topological properties of an input image
without change.

(2) Location: A core line is located at the ridgeline of the density value dis-
tribution (in subsequent parts we simply write a ridgeline) of an input
image, if a ridgeline exists.

(3) Line width: The width of the core line is one unit width (one-voxel width).
(4) Degeneration: The length of a core line is close enough to the value that

a human observer recognizes as natural.
(5) Branching part: At the branching part and the crossing part of an input

figure, the core line also becomes a branching part and a crossing part in
the natural form.

(6) Stability: A core line is not affected excessively by noise irregularity in the
shape of an input figure or by random variations in the density values of
an input figure.

(7) Rotation: A core line is not affected by the rotation of an input figure.

It is extremely difficult to satisfy all of these. Some of them are not com-
patible with each other in principle.

Remark 6.3. Terms such as centerline and core line may not be suitable for
structural lines such as a ridge line or a valley line, because they are not always
located in the center of an input figure in the geometrical sense. A branching
point (5) means both the branching as a shape feature and that of a ridgeline.

6.2.3 Principles of thinning

A 3D gray-tone image is, as stated in Chapter 1, a set of voxels accompanied
by gray values (density values) in a 3D space. It seems that the thinning of
such data has not been discussed much in past papers. Although basic ideas
and methods of thinning 2D gray-tone images conceptually can be applied
to a 3D image, their implementation and algorithms are not always obvious.
We will summarize below the basic concepts of thinning 2D images and any
important problems occurring when extending them to a 3D image.
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(1) Ridgeline extraction: Thinning based on the ridgeline extraction of a
curved surface of density values distributed on a 2D plane (= ridgeline
extraction of a surface in 3D space) is extended to the extraction of ridge-
lines of a curved surface in a 4D space [Enomoto75, Enomoto76, Yu90,
Fritsch94, Pai94, Arcelli92, Niblack92, Monga95, Thirion95, Hirano00].
One problem here is the complexity in the shape of a ridgeline. The form
of a ridgeline in a 3D gray-tone digital image may be difficult to define. It
therefore will be difficult also to derive an algorithm to extract it based
on heuristics. This type of idea can be applied to an arbitrary gray-tone
image with no background. On the other hand, the shape features of a
figure cannot be used in this type of method, and problems concerning
the preservation of topology cannot be dealt with.

(2) Classification of the state of a voxel: In the processing of a 2D image, the
state of each voxel is classified as ridge-like, valley-like, etc., according to
the relation of density values of voxels in its neighborhood. Results are
used for the extraction of a ridge line [Toriwaki75, Yokoi75]. This method
has been applied to the analysis of terrain elevation data [Haralick83,
O’Callaghan84, Johnston75, Peucker75]. However, a good quality ridgeline
cannot be extracted when using only the local pattern features of a 3D
image. This type of method cannot easily be extended to a 3D image. The
classification of local patterns includes relations in density values that have
not been discussed yet. Shape features cannot successfully be treated with
this type of the method. In the case of a continuous image, the problem
is treated using differential geometry [Enomoto75, Enomoto76].

(3) Binarization of density values in a local area: Methods of thinning a bi-
nary image may be extended to a 3D gray-tone image by binarizing local
subpatterns of a gray-tone image (with suitable thresholds and while ap-
plying methods suitable for 3D binary images). For example, a method in
[Toriwaki75, Yokoi75] can easily be extended to a 3D image. However, the
quality of an obtained result is not always good because degeneration is
likely to occur. Frequently parts of an input image remain without being
converted to a linear figure.

(4) Use of GWDT: Methods described in (1), (2), or (3) above may be per-
formed after GWDT has been applied to an input image. Information con-
cerning the minimal paths obtained by performing GWDT is also available
for thinning [Naruse77a, Naruse77b]. By the use of GWDT we can sup-
press random noise in an input image, and we are able to utilize some of
shape features. In combining GWDT with (1) ∼ (3) above, shortcomings
are also inherited. The concept of a minimal path cannot be applied in
the Euclidean DT. Therefore, the use of GWDT is affected significantly
by the rotation of an input image. The topology of an input figure is not
always preserved in the use of the minimal path.

(5) Modification of a result by methods of thinning: After binarizing an input
image by an approximate threshold, any method of thinning a binary im-
age can be applied to obtain an approximated result of thinning. Then
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Fig. 6.2. Codes of direction for grouping border voxels in Algorithm 6.2.

we can modify results while considering the density values distribution of
an input gray-tone image [Salari84]. Density values may be available in
the process of thinning a binary image [Hilditch69, Saito95, Saito96]. The
use of shape features and preservation of topology of an input image are
realized immediately based on the discussion in Chapters 4 and 5. How-
ever, it is necessary to distinguish between the figures and the background
beforehand. The modification of intermediate results using density values
has eventually the same kind of disadvantages as in (1) and (2) above.

6.3 Examples of algorithms – (1) integration of
information concerning density values

6.3.1 Algorithm

Algorithm 6.2 presented below is based on the concept of thinning of a 2D
binary image [Hilditch69, Yokoi75], and was derived by adding to it a proce-
dure to use density values. In principle, a voxel with a smaller density value
is deleted earlier among deletable voxels. Deletable voxels of the same den-
sity value are deleted with an equal rate from six directions (T,B,W,E,N, S)
(Fig. 6.2). The algorithm is as follows [Yasue96].

Algorithm 6.2 (Thinning of a gray-tone image).

F = {fijk}: Input and output image. Input image (a positive image with the
background) at the beginning of execution and output image at the end
of execution. The size is L×M ×N .

W = {wijk}: Work array.
L,M,N : Numbers of rows, columns, and planes of an image.
min: Minimum of density values in an input image.
bordertype: Group number of border voxels.
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[STEP 1] (Detection of positive border voxels and their grouping)
Extract all positive border voxels and group them according to the position of
0-voxels in their 6-neighborhood. Here a positive border voxel means a positive
voxel that has at least one 0-voxel in the 6-neighborhood. For example, a pos-
itive voxel that has a 0-voxel in the direction of T in Fig. 6.2 in the neighbor-
hood is classified into the group BT . If more than one 0-voxels exists in the 6-
neighborhood, the priority is given in the order (T,B,W,E,N, S). Each group
of positive border voxels is represented as B = {BT,BB,BW,BE,BN,BS}.
This process is written as follows.
for all (i, j, k)s do

if (fijk > 0 ) ∩ ( (i, j, k) �= end voxel)
then

if fi,j,k−1 = 0 then wijk ← 2
else if fi,j,k+1 = 0 then wijk ← 3
else if fi−1,j,k = 0 then wijk ← 4
else if fi+1,j,k = 0 then wijk ← 5
else if fi,j−1,k = 0 then wijk ← 6
else if fi,j+1,k = 0 then wijk ← 7
endif

endif
enddo

[STEP 2] (Extraction of a voxel that is of the minimum density value among
deletable voxels and that is not an end voxel) (See Note also)
Find a voxel in the set B that is deletable, not an edge voxel, and has the
minimum density value in B. Denote the density value of a detected voxel by
min.
min ← Sufficiently large integer;
for all (i, j, k)s do

if 2 ≤ wijk ≤ 7
if fijk < min ∩ ((i, j, k) = deletable and not an edge voxel)
then min ← fijk;
endif

endif
enddo

[STEP 3] (Deletion)
(i) Search each group in B in the order of BT,BB,BW,BE,BN,BS.

Note: Deletability and a border voxel are defined in the same way as for a binary
image obtained by regarding all positive voxels as 1-voxels.
Note: If there is more than one deletable border voxel in some group, all of those
voxels are processed before moving to the processing of the next group. Deletion
of a voxel from an image is executed at the moment when it is found to be
deletable. That is, the corresponding voxel is replaced by a 0-voxel (sequential
algorithm). Once a voxel is given a mark of an edge voxel, it is regarded as a
finally preserved voxel and will never be deleted in the subsequent procedure.
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(ii) Find and remove from B an element satisfying all of the following condi-
tions.

(a) A density value is equal to min.
(b) A voxel is deletable.
(c) A voxel is not an edge voxel.

(iii) Delete a voxel of an image F corresponding to the element removed
above. If the voxel is found to be not deletable in the above procedure, give a
corresponding voxel the mark showing an edge voxel.
for bordertype = 2 to 7 do

for all (i, j, k)s do
if (wijk = bordertype) ∩ (fijk = min)
then

if (i, j, k) �= edge voxel
then

if (i, j, k) = deletable
then fijk ← 0
endif

else (i, j, k) = edge voxel
endif

endif
enddo

enddo

[STEP 4] (Test of the terminating rule)
if no voxel was deleted in [STEP 3]
then stop
else go to [STEP 1]
endif
The result of thinning is stored in an image F when the program finishes.

This algorithm is a sequential type and repeatedly scans the whole of a
input image (the procedure of [STEP 1] ∼ [STEP 3] is executed repeatedly).
The number of times of iteration depends on the size (width) of an input
figure (connected component).

Next, let us present another algorithm, which is obtained by adding to the
above Algorithm 6.2 a preprocessing consisting of 3D GWDT [Naruse77a].
As was stated in the previous section, GWDT is a processing that gives each
voxel the minimum value of the sum of density values along a path (= the
weight of a path) to that voxel from a background voxel. In this algorithm,
we use the sum of density values weighted by the Euclidean distance between
adjacent voxels instead of the simple sum of density values. Weight coefficients
assume either of 1 ,

√
2 , and

√
3 according to relative locations of an adjacent

voxel. The outline of the algorithm is as follows [Yasue96].

Algorithm 6.3 (Thinning of a gray-tone image with GWDT – out-
line).
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Input image: F = {fijk}; 3D positive image with the background.
Output image : G = {gijk}; result of thinning (binary image)

[STEP 1] (3D GWDT)
(Initialization)
for all (i, j, k)s do

if fijk > 0
then gijk ←M
endif
M is an integer that is sufficiently larger than the maximum distance value.
if fijk = 0
then gijk ← 0
endif

enddo
(Iteration)
for all (i, j, k)s do
gijk ← min{gijk, fijk + πpqrijk × gpqr; (p, q, r) ∈ N [26(i, j, k)}:
πpqrijk is a coefficient, assuming either value of 1 ,

√
2 , or

√
3 according to the

location of (p, q, r) relative to (i, j, k). N [26](i, j, k) is the 26-neighborhood of
(i, j, k).
enddo

(Test of the terminating rule)
Stop the procedure and go to [STEP 2] if no change in a voxel value occurs
in the whole of an input image. Otherwise, go to (iteration).

[STEP 2] (Thinning)
Perform Algorithm 6.2, regarding the distance image G as an input positive
image. After finishing the procedure, the result of thinning of the image F is
stored in G.

This algorithm will be implemented easily by combining Algorithm 6.1
and 6.2.

6.3.2 Experimental results

An artificial 3D binary image including a geometrical figure was generated.
This figure (Object 1 and Object 2) consists of two or three cylinders in 3D
space (Figs. 6.3, 6.4). Density values inside these cylinders at the distance r
from the axis of a cylinder are determined by [a × (R + 1 − r)], where [ ]
represents a ceiling function, R = the radius of the cylinder, and a = the
gradient of density distribution. In real experiments, R = 10 and a = 10 .
Effects of the rotation of a figure, noise in density values, and noise in figure
shape were studied systematically. Parts of results are shown in Fig. 6.3.

The same algorithms were also tested by a real CT image. A chest CT
image taken by helical CT was processed using thresholding operations to
obtain a positive image with the background. In this image figures roughly

.
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Fig. 6.3. Experimental results of Algorithm 6.2 [Yasue96] (applied to artificial
images).

correspond to blood vessels. Voxels inside these figures keep original CT values
which are likely to be higher in the vicinity of center lines. Parts of results are
given in Fig. 6.3.

Thinned results created with the method mentioned above were com-
pared with results obtained by algorithms for a binary image, because other
methods for a 3D gray-tone image have not been reported. Three meth-
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ods by [Kawase85] (K-T methods), by [Tsao81] (T-F method), and by
[Saito95, Saito96] (S-T method) were used for experiments. Since all these
methods were developed for a binary image, information concerning a den-
sity value is not used for thinning. An artificial image (presented above) was
processed by these algorithms after an input image was binarized by thresh-
olding with a suitable threshold value. A rough tendency was observed in the
experiment using an artificial figure.

In Algorithm 6.2 the extracted center line is very close to an ideal core line
except for in Case 2 of Fig. 6.3. The reason that many short branches appear
in the result is that the local maxima of density value distribution inside a
figure were erroneously regarded as edge points. The effect of the noise in
a density value was suppressed to some extent in Algorithm 6.3 compared
to Algorithm 6.2. This is due to the smoothing effect of GWDT. On the
other hand, the result is affected more by the noise in the shape in Case 3 of
Fig. 6.3. The effect of the shape of an input figure seems to increase by the
use of GWDT.

The K-T method caused degeneration in Object 2, and could not extract
the centerline satisfactorily in the branching part in Object 1 and Case1. The
result was severely affected by shape noise in Case 3.

The T-F method extracted too many plane-like components, in particular
in Case 1 and Case 3. This suggests that the method is affected relatively
more by the rotation of a figure and by the shape noise.

Two branching parts were extracted for Object 1 by the S-T method. In the
results for Object 2 and Case 1, the shapes of branching parts are unnatural.
The effect of shape noise seems to be more severe compared to Algorithm 6.2
and 6.3 in Case 3.

Summarizing these experimental results for an artificial image, Algo-
rithm 6.2 is affected by the density value distribution more than the shape of
a figure. It works effectively in the way that density values are higher in the
vicinity of ideal centerlines, but there is sensitivity to density noise.

A few algorithms have been developed to extract ridgelines of a 2D gray-
tone image [Toriwaki75, Enomoto75, Enomoto76, Naruse77a]. By extending
them to a 3D image, we will be able to derive algorithms with characteristics
similar to Algorithm 6.2, although the topology of a figure is not always
preserved. Algorithm 6.3 will provide a compromise between the centerline of
a figure and a ridgeline of the density value distribution.

The followings is known from experimental results using a real CT image
(Fig. 6.4, Object 3).

The core lines by Algorithm 6.2 and 6.3 are close to an ideal core line.
On the other hand, the core lines by S-T method and K-T method are not
smooth due to unevenness of the surface of regions used as an input figure
in the experiment (= blood vessel regions), extracted automatically from 3D
CT images.

The shape of a branching part is not suitable. Many plane-like components
remain in the results when the T-F method is used. Algorithm 6.2 and 6.3
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(a) (b)

Fig. 6.4. Experimental results of Algorithm 6.2 (applied to real CT images): (a)
Input image (blood vessels in a chest X-ray CT image); (b) the result of thinning.

were relatively better in the thinning of vessel region images used in this
experiment. In fact, it is known from Fig. 6.4 that the core line obtained by
Algorithm 6.2 preserves most of the important structure of vessel regions.
More details are reported in [Yasue96].

6.4 Examples of algorithms – (2) ridgeline following

6.4.1 Meanings of a ridgeline

In order to extend the basic idea of ridgeline extraction of a 2D image (in (1)
of Section 6.2.1) to a 3D image, we need to develop a procedure to extract a
ridgeline of a hypersurface u = f(x, y, z) representing a hypercurved surface
of the density distribution in 3D space, that is, a hyper-curved surface in
4D space u − f(x, y, z) = 0 . To achieve this, we first have to decide what
conditions should be satisfied by points (voxels) on a ridgeline.

Let us consider a 2D image to find keys to a solution (Fig. 6.5). Our idea
is to follow a point sequence to the direction of the minimum curvature from
a local maximum (top) of density values. This means that we consider the
direction of the minimum curvature coincides with the direction of a ridgeline.
The minimum curvature means the minimum of principal curvature described
in Section 3.4. However, it may not be correct to extract points with zero
curvature because all parts that are locally flat may be extracted. If we exclude
points of zero curvature, another inconvenience may be caused because any
smooth top of a mountain that is differentiable is excluded.

So two different types of requirements are contained in the concept of
ridgeline as follows.

(1) The state of the spatial distribution of density values in the neighborhood
of each voxel is ridge-like. We call such a point a ridge voxel.

(2) Ridge voxels are arranged linearly.
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Fig. 6.5. A model of a ridgeline on a curved surface of density values distributed
on 2D images.

The first requirement can be examined independently and point by point,
although the procedure may not always be self-evident. To test the second
requirement, we need to observe the local area of an image. From an analogy
to a 3D surface, a point may look like a ridge point if the curvature is large in
one direction and small in the direction perpendicular to it. We still need to
select experimentally or by experience some ad hoc criterion regarding how
large a curvature should be to be regarded as a ridge, because we do not have
a known standard about the value of curvatures for a ridge point.

6.4.2 Algorithm

In spite of such complexity or ambiguity in the concept of a ridge point (ridge
voxel) and a ridgeline, we will be able to derive algorithms to obtain a ridgeline
by detecting ridge-like voxels and by following the sequence of such voxels.
We will show an example of this type of algorithm as Algorithm 6.4 below.

[Definitions used in Algorithm 6.4]

Starting condition: Consider an arbitrary point (voxel) P of a 3D image, and
we call two voxels Q1 and Q2 an adjacent voxel pair of a voxel P, if Q1

and Q2 are in the 26-neighborhood of P and their locations are symmetric
with respect to P. A voxel P and its adjacent voxel pair Q1 and Q2 are
said to satisfy the starting point condition, if the following inequality holds
(Fig. 6.6).

Starting point condition: [(f(P) ≥ f(Q1)) ∩ (f(P) > f(Q2))] ∪ [(f(P ) >
f(Q1)) ∩ (f(P) ≥ f(Q2))], where f(P) means the density value of a voxel
P.

Continuity condition: Let us represent by k1, k2, and k3 three 4D principal
curvatures at a current voxel P. Then the direction of the principal axis
corresponding to the minimum of k1, k2, and k3 is coincident to the direc-
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Fig. 6.6. The starting point condition of Algorithm 6.4.

tion of the tracing, and the sign and the amount of the curvature at the
voxel P satisfy a given condition.

Algorithm 6.4 (Ridge line extraction tracing type).

[STEP 1] Scan the whole of an input image by the raster scan and start
the procedure at the next voxel after the current voxel if it has not been
traced yet.
Go to [STEP 3], if all adjacent voxel pairs in the 26-neighborhood of a
voxel P satisfy the starting condition.
Go to [STEP 2], if 12 of 13 adjacent voxel pairs satisfy the starting
condition.
Terminate tracing when the scan finishes.

[STEP 2] Select as tracing direction the direction toward one of the voxels
of the adjacent voxel pair that does not fulfill the starting point condition
from the trace starting point. Then start the actual tracing procedure.
Go to [STEP 4], if the tracing procedure terminates.

[STEP 3] If there exists a voxel P′ that satisfies the continuity condition
among voxels adjacent to a starting point, begin the tracing procedure in
the direction connecting the above voxel P′ and the starting point.
Go to [STEP 4], if the tracing procedure terminates.
Go to [STEP 2] unless the direction satisfying the continuity condition
exists.

[STEP 4] Go back to the starting point and begin tracing procedure again,
along the tracing direction rotated by 180 degrees (in the direction oppo-
site to the previous one).

[Tracing procedure] Prepare an image F W (work area; all voxels are initialized
by 0 ) of the same size as an input image.

[STEP I] Move a current voxel by one voxel in the direction of tracing. If
the continuity condition is satisfied at the current voxel after the above
one-voxel shift, then write value 1 into the voxel of the image F W corre-
sponding to the current voxel and repeat [STEP I].
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[STEP II] Move the current voxel by two voxels in the trace direction. If
the continuity condition is satisfied at the current voxel after the above
movement, then write value 1 into the corresponding voxel of the work
image F W and go to [STEP I]. Otherwise move the current voxel back
to the previous position and go to [STEP III].

[STEP III] Change the tracing direction into the direction connecting the
current voxel and adjacent voxels and select such a direction that the
amount of angle change is less than 90 degrees. Then move the current
voxel by one voxel along the newly selected direction. If the continuity
condition is satisfied at the current voxel after the movement, then write
value 1 into the corresponding voxel of an image F W and go to [STEP
I]. Otherwise move the current voxel back to the starting point of the
trace and terminate the tracing.

All directions traced in the past by the tracing procedure at all visited voxels
should be recorded, and the tracing procedure is terminated if the direction
of tracing in each step of the procedure is found to be the same as the one
that was traced in the past. This is required in order to avoid the same voxel
being traced more than once in the same direction.

Remark 6.4. The concrete content of continuity condition is not fixed here.
As was stated in Chapter 3, however, only 20 cases occur in the size relation
among three principal curvatures. The continuity condition will be fixed by
giving which of those 20 cases are adopted as a ridge point. In the experiments
presented in the text, for example, the following two cases:
(Set 1) Pattern 5, 6, 9, and 10 in Table 3.4
and
(Set 2) Two or more principal curvatures are positive, and only |k3| among
|k1|, |k2|, and |k3| is not a local maximum
were tested.

The first set (Set 1) above was seen frequently on the centerline of an
artificial image used here (Fig. 6.7). The centerline is really located along a
line with the highest density value in this artificial figure, and is considered
as a ridgeline intuitively. The second set (Set 2) above includes as the cases
No. 1 ∼ 11 (excluding No. 4 and 8) of Table 3.4 and the case No. 19. Since (Set
2) contains (Set 1), the set of voxels extracted by using it includes the one
extracted by (Set 1). In the mathematical analysis of a 3D curved surface,
a curved surface such that H < 0 and K < 0 is sometimes called ridge
surface, and the one such that H < 0 and K = 0 is called saddle ridge,
where H and K represent the mean curvature and the Gaussian curvature,
respectively (Table 3.4) [Haralick83]. By the analogy with this, the above (Set
2) will contain relatively more of patterns like the ridge surface and parts of
saddle ridge of a 4D curved surface.
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x
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Fig. 6.7. Experimental results of Algorithm 6.4 applied to artificial images. From
top to bottom, input images, ideal centerline, result (with the connectivity condition
(Set 1)), and result (with (Set 2)).

6.4.3 Experiments

This algorithm was applied to an artificial image and a real CT image. Parts
of results are presented in Fig. 6.7 and Fig. 6.8. For details, see [Hirano00].
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(a) (b) (c) (d)

(e) (f) (g)

Fig. 6.8. Experimental results of Algorithm 6.4 applied to a real CT image:
(a) Input image (by MIP (see 7.3.3)), (b) ∼ (g) results by Algorithm 6.4 with
different conditions as follows. (b) Connectivity condition (Set 1), division index
n = 1, (c) (Set 1), n = 2, (d) (Set 1), n = 3, (e) (Set 2), n = 1, (f) (Set 2), n = 2,
(g) (Set 2), n = 3. A parameter n (division index) denotes the spatial resolution of
an input image. For details see [Hirano00, Hirano03].
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VISUALIZATION OF 3D GRAY-TONE
IMAGES

In this chapter we discuss the visualization of a 3D gray-tone image. Explained
are tools for visualizing a 3D gray-tone image such as projection, surface
rendering, and volume rendering. These topics belong to the field of computer
graphics, and are discussed in detail in ordinary computer graphics textbooks.
Here we will discuss only the topics that are used for the visualization of a
3D gray-tone image.

7.1 Formulation of visualization problem

Let us summarize briefly the meaning of visualization as presented in this
chapter. The human eye is incapable of seeing a whole 3D gray-tone image
f(x, y, z). The reason is that in an image f(x, y, z) a density value is assigned
to every point (x, y, z) in 3D space, and we are unable to understand the
whole 3D space from only looking at an object in the real world with our
ordinary human vision. In order to solve this problem various methods have
been developed by using computer graphics (CG) technologies. This problem
also exists in data visualization and the development of methods for this. In
this chapter we introduce the basics of displaying or visualizing a gray-tone
3D image.

Visualization means the presentation of the whole of a 3D image in such
a way that a human observer can understand it when he or she looks at
it. Therefore, the result (the output of the visualization process) should be
drawn (or displayed) onto a 2D plane. In other words, visualization is a way
of mapping, that is, to map the distribution of density values and forms of
objects in a 3D (or higher dimensional) space onto a 2D plane. Therefore, it
is unavoidable that part of the information contained in an original 3D image
is lost except for in very specific cases. Intuitively the information concerning
the depth (the information in the direction perpendicular to an image plane)
will be lost, although some very complicated methods of compensation may be
effective in few cases. In spite of this serious information loss problem, we have
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to use display on a 2D image plane (or mapping onto a 2D plane), because
the human vision cannot observe the whole of the 3D image directly. This is
the major premise in considering visualization discussed in this chapter.

We will add the following minor premises:

(i) The input to visualization procedure or the object data used to be visu-
alized are voxel data representing a 3D gray-tone image.

(ii) Input data (an input 3D image) are given beforehand. They are usually
obtained experimentally or as a result of observation or measurement.
Mathematical descriptions and definitions of an explicit form are rarely
available.

These facts stand in remarkable contrast to computer graphics in which
most of the visualized objects are described by mathematical expressions or
algorithms. More exactly, objects defined mathematically or by way of an
algorithmic procedure will also be contained in a target of visualization. We
need to treat the above types of data in visualization as well as well-formed
data.

Remark 7.1. There are exceptional cases in which a 3D input image can be
visualized on a 2D plane without losing any information:

(1) All 2D cross sections are presented as 2D images. This is a popular method
in the medical diagnosis of X-ray CT images. It often takes a lot of work
for human observers to do this due to large numbers of images that need
examining. The 3D form of an object, in particular one featuring the
spatial distribution of density values, is difficult to interpret.

(2) A 3D object consisting of a limited number of curved surfaces and polygons
is drawn exactly by various methods of descriptive geometry such as a set
of orthogonal projections in three directions which are perpendicular to
each other. It is not easy for those unfamiliar with these drawing methods
to intuitively understand 3D shapes.

(3) A polyhedron is specified by a net on a plane without any ambiguity.
(4) An “origami” is drawn on a 2D plane in the form of a net with folding

lines. This is used mainly to explain the procedure generating individual
work, and helps to visualize the procedure rather than the form. In fact
we hardly can imagine a 3D shape of an “origami” work from its net.

Thus a result drawn using the above methods of Remark 7.1 is not al-
ways comprehensible. Sometimes a stereoscopic display can be useful in some
kinds of applications, although these are not discussed here. In some computer
graphics applications, we may be able to design a 3D image (or the structure
of the 3D space) so that display results on a 2D plane are more effective for
observers. In the visualization, however, the given 3D data cannot be changed
in principle.
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7.2 Voxel data and the polygon model

To begin with, let us clarify the form (it may be called model and data struc-
ture) used to represent an image to be visualized.

We will discuss a 3D continuous gray-tone image and a 3D digitized gray-
tone image. As explained in Chapter 2, these are represented by the notation
f(x, y, z) and F = {fijk}, respectively. A digitized image is stored in a 3D
array.

These data are called voxel data, or are named a voxel model. Another
way to represent data, frequently used in visualization, is approximating the
surface of an object to be visualized by polygons.This is called a polygon model.
To simplify, a triangle is most frequently adopted to represent a polygon
model. As a result the object surface is expressed by a set of many small
triangular elements (called triangular patches).

To apply a polygon model to voxel data, we first segment an object from a
3D image, after which we approximate the object surface by a set of polygons,
that is, we transform the object surface to a polygon representation. There are
various methods to perform this procedure corresponding to different proper-
ties of objects and the specific purpose. For digitized data, features specific to
voxel data will be effectively used. It is important that each density value is
put on the regular cubic lattice, and that an object itself is regarded as a set
of cuboids. Let us discuss two examples.

7.2.1 Voxel surface representation

Here we regard each voxel as a small 3D continuous figure and render visible
faces of cuboid voxels directly. In this case, all faces forming the object surface
are squares of the same size. If we assume that the viewpoint is infinitely far,
that is, if we adopt the orthogonal projection, only three kinds of faces appear
around every vertex, looking to the same direction except for specific locations
(Fig. 7.1). The spatial resolution of the imaging system used to obtain an
original image is preserved, and shape deformation is not caused during the
rendering procedure. These properties greatly contribute to the simplification
of the visualization procedure.

On the other hand, artifacts are likely occur in rendering due to the fact
that the surface is represented by only three kinds of parallelogram patches.
Image quality of a visualization result may be not so good in such a resolution
where individual voxels can be seen. The surface of a rendered figure lacks
smoothness. The computation time is not always short compared with the
computation time for triangular patches.

7.2.2 Marching cubes algorithm

Fitting triangular patches to the surface of an object is done by placing a
triangular patch so that a set of patches makes a border surface between a set
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Fig. 7.1. Voxel surface representation.

of 1-voxels corresponding to an object and a set of 0-voxels corresponding to
the background. Here we represent each voxel by a sample point at the center
of a voxel.

Considering a set of 2 × 2 × 2 voxels (sample points) and arranging the
values 0 and 1 on them, there are 256 (= 28) possible patterns. However,
by inverting 0 and 1 and taking into account the geometrical symmetry of
patterns, it is found that only 14 patterns are essentially different from each
other (Fig. 7.2). Therefore, it is sufficient to fix the locations before a trian-
gular patch is inserted corresponding to each of these 14 patterns and store
them in the computer memory. These 2 × 2 × 2 local patterns do not ex-
ist independently, meaning that neighboring patterns strongly relate to each
other according to some deterministic rules. By using this relation and the list
of local patterns an effective algorithm was developed to generate triangular
patches sequentially with raster scanning an image. This algorithm is called
a marching cubes algorithm and is commonly used [Lorensen87, Watt98].

Remark 7.2. Strictly speaking, it is necessary to meet several additional con-
ditions when using the algorithm. First, the inside and the outside relation
should not contradict between adjacent patches. Second, a solid figure sur-
rounded by a surface defined by a set of patches should have the same topo-
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Fig. 7.2. Basic arrangements of 2 ×2 ×2 voxels (marching cubes algorithm). Black
circles indicate voxels of density values higher than a threshold t, while white ones
indicate those lower than t. Equidensity surfaces of the density value t exist at the
location shown in the figure.
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logical properties as an original solid (this is the same for the polygon model
mentioned previously).

Remark 7.3. Thresholding operations may be performed simultaneously to
render the segmentation of a figure. This algorithm is also used for rendering
an equidensity surface. The connectivity index (Chapter 4) may be used for
testing the topology preservation.

7.3 Cross section, surface, and projection

7.3.1 Cross section

A cross section is a 2D gray-tone image presenting the surface plane of an
object that appears when an object is cut by a plane. Most currently available
CT systems generate many axial sections of the human body cut by parallel
planes. The most basic way of visualization is to present these 2D sections
directly. In fact, a clinical diagnosis in medicine is usually performed in this
way, examining the set of cross-sectional images of the studied organs carefully.
It is not difficult to generate a section in another direction if enough numbers
of original sections are given with a small enough interval. A suitable 2D or
3D interpolation may become necessary to obtain a good quality of images if
the direction of sections is different from the direction of rows and columns of
initial voxels.

In many CT images, the spatial resolution on each cross-section image
(or a slice) and the interval between section planes (or between slices) are
different from each other. Usually the first is higher than the last. In recent
CT machines the size of a voxel in each slice and the interval between slices
(called reconstruction pitch) is chosen individually. These facts should be taken
into consideration when obtaining good quality 3D images. Slices are often
interpolated in order to create a given image more similar to a 3D image of
cubic voxels when the slice interval is significantly larger than the voxel size
in each slice.

A well-known simple method of interpolation is linear interpolation, as
follows: Denote an arbitrary point on a cross section by P and assume that
we need to determine the density of a point P (Fig. 7.3). Let us consider eight
sample points a, b, · · · , h on original slices shown in Fig. 7.3. Then denoting
the density values of those eight points by fa, fb, · · · , fh the density value fP
of a point P is calculated as

fP = wafa + wbfb + · · ·+ whfh, (7.1)

where wa, wb, · · · , wh are suitable weight coefficients.
More complicated interpolation (using splines and sampling functions, for

example) also may be available. Significance, necessity, and effectiveness of
such complicated methods still strongly depend on individual applications.
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Fig. 7.3. Interpolation of a density value. A density value of an interpolated voxel
P is calculated using density values of the nearest eight voxels.

The density value distribution along a curved surface is calculated in a sim-
ilar way based on interpolation. Examples used in medical image processing
include density value distribution along the surface of massive organs like liver,
and on the inner walls of tubular or cavity organs such as the bronchus, colon,
and stomach. To calculate density distributions along complicated surfaces is
needed in applications such as virtual endoscopy, multiplanar reconstruction,
and to unravel the colon [Harker00, Hayashi03, Oda06, Truong06, Wang98].

7.3.2 Surface

Rendering surfaces of solid objects is one of the major problems in com-
puter graphics. Nowadays a variety of methods is available and explained in
many computer graphics textbooks, in particular surface rendering [Foley84,
Watt98, Bankman00]. This method is used primarily for rendering the shape
of surface (a 3D curved surface) of a 3D solid object. If this surface is derived
from a 3D gray-tone image by a suitable method, the surface rendering is
useful also to visualize a 3D image. For example, if this surface represents
an equidensity surface, a rendered result shows one of the characteristics of a
density distribution in a 3D space.

Remark 7.4. Displaying a section of an image is regarded as rendering the
gray value distribution patterns seen on a cutting plane. In this sense the
visualization of a section is reduced to that of a surface. If we find a 3D
coordinate value of a point drawn on a 2D image plane, then a density value
for that point is derived directly from an original 3D image.
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Fig. 7.4. Illustration of projection. A density value gP of a point P = (u, v) on 2D
projection plane Pl is obtained by adding density of values of voxels (i, j, k) in 3D
space in the direction of a projection line lP.

7.3.3 Projection

As was stated in Section 2.2.5, projection means the integration of a 3D image
along a line lp perpendicular to a plane PL. In this chapter we extend the
integration a little so that it includes a kind of mapping of a density value.
Here a mapped value is calculated by various ways from the density values of
a 3D image on the line lp and is given to an intersection of the line lp and the
plane PL. A result of projection is a 2D image and is presented on a display.
There are several ways to calculate a mapped value. The following two types
have been widely used in medical image processing (Fig. 7.4).

Denoting by gP a density value of a point P on a plane Pl,

(i) gP =
∫

lP

w(x, y, z)f(x, y, z)ds (7.2)

where
∫

lP
is the integration along the normal lP of a projection plane Pl,

and w(x, y, z) is a suitable weight function.

(ii) gP = max
lP
{w(x, y, z)f(x, y, z)} (7.3)

where max
lP

is the maximum density on the above line lP and w(x, y, z) is

a suitable weight function.
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Fig. 7.5. Calculation of a density value in projection.

In the subsequent part we call the first case a weighted sum projection, and
the second case weighted maximum intensity projection. They are simply re-
ferred to as the accumulated sum projection and maximum intensity projection
(MIP), if w(x, y, z) = 1 , ∀(x, y, z).

Several additional problems should be taken into consideration when ap-
plying them to a digitized image. For example, there may be very few sample
points or voxels on a projection line. One basic idea in this case is as follows.
First, consider a normal line (a line perpendicular to the projection plane) at
each sample point P on the projection plane. Then add density values of vox-
els within a predetermined distance from the normal one. A resultant value is
given to the point P. A formal description will be given as follows (Fig. 7.5).

Let us denote by lP a line perpendicular to the projection plane at a point
P = (u, v) on the projection plane and by fijk a density value at a voxel
(i, j, k) of a 3D image. Then, a density value gP of a point P on the projection
plane is given by

gP =
∑

w(i, j, k;u, v)fijk (7.4)

where w(i, j, k;u, v) is a weight function determined by coordinate values
(i, j, k) and (u, v). In many cases w(i, j, k;u, v) is given as a function of the
distance from a point (i, j, k) to a line passing a point P and is perpendicu-
lar to the projection plane. A linear interpolation given by Eq. 7.1 is also an
example.

An alternative way is to assume a kind of beam of which the centerline is
a line lP with a constant thickness, and to calculate a weighted sum of density
values of voxels intersecting the beam. A weight used here is determined based
upon the area of the intersection of the beam and of each voxel (Fig. 7.5).
The simplest case is the sum of density values of all voxels intersecting the
line lP without weighting.
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The projection of a perpendicular plane to an original slice and a projection
to a slant plane are reduced to the projection of a 2D image to a line. This is
basically the same as the calculation of a section. The same type of method
(and in particular the arithmetic method) is utilized in the reconstruction of
a 2D section image from a CT projection.

In any of the mentioned methods, a high quality image is obtained only
when an angle between a projection plane and a slice is relatively small. The
calculation of projections and sections is one of the fundamental problems
common to the display (or visualization) of 3D images and the reconstruction
from projections. Special purpose hardware has been developed for obtaining
sections and projections in a vertical direction. A method of rendering pre-
sented here is actually a good model showing what a 3D object and a 3D
scene look like when we see them from a specific position in the real world.
In a sense visualization is similar to painting a 3D scene or taking pictures.
Considering this we often use words like a “viewpoint” and a “view direction”
that are originally used for human image generating.

7.4 The concept of visualization based on ray casting –
(1) projection of a point

The idea and methods presented here are basically the same as those in 3D
computer graphics. We will explain them briefly considering the convenience
of applying them to the visualization of a 3D gray-tone image.

For starters, let us imagine the 3D world containing a 3D image (object)
to be rendered and an image plane (screen) for rendering. No other things
exist in this world. We call this imaginary (virtual) 3D space and denote it by
SI . A light source and a ray in Sv are assumed only to be convenient tools
for this visualization. They usually do not have any specific relation to those
in the real world. This is one of the major differences from the generation of
high-quality realistic images in photorealistic rendering in computer graphics.

In the subsequent part of this section we explain the case of a continuous
image only for the sake of simplicity. It should be noted that digitization is
performed in many steps like in the sampling on a ray as described before.

7.4.1 Displaying a point

Assume the coordinate system (x, y, z) in a 3D imaginary space SI that is
called the world coordinate system and the 2D coordinate system (X,Y ) on a
display plane Hp which we call the image plane coordinate system.

First of all we need to determine where an arbitrary point P = (x, y, z)
in space SI should be mapped onto a display plane Hp, that is, which point
on a plane Hp is the image of mapping. We call this mapping of a 3D point
to a 2D plane ray casting. Positions of the plane Hp and a view point Pe are
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Fig. 7.6. Geometry of mapping of a point onto a plane: (a) Perspective projection;
(b) parallel (orthogonal) projection.

selected arbitrarily. Here we assume that a viewpoint is at Z = −d on the
Z axis, that is, at (0 , 0 ,−d), and that an image plane is on the x − y plane
(Fig. 7.6).

Denoting by P′ = (XP, YP, ZP) a point on the image plane that corre-
sponds to the point P, the following two kinds of projections are most fre-
quently employed.

(1) Orthogonal projection (parallel projection, normal projection)

XP = x, YP = y, ZP = 0. (7.5)

In this case, a point in 3D space is projected in parallel to the Z-axis of
the world coordinate system. The position of P′ does not depend on the
viewpoint. In other words, the viewpoint is regarded to be infinitely far
from an image plane.

(2) Perspective projection (central projection)

XP = d · x/(z + d), YP = d · y/(z + d), ZP = 0. (7.6)

In this case, the point P′ is located at the intersection of the image plane
and a line connecting the point P and the viewpoint Pe (= the view
direction).

By using these projections we can determine where on an image plane we
should draw each point in the 3D space. In this space each voxel is drawn on an
image plane and is determined in the same way, for example, by representing
each voxel by its center point.

Since we are discussing the digitized space in practice, both a 3D image
and a 2D image on a projected plane are digitized images. The coordinate
value (x, y, z) in the above explanation is a center point of a voxel or a vertex
of a voxel.
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They are many different methods for mapping the shape of a 3D object
onto a 2D plane in descriptive geometry, computer graphics, drawing, and
painting. Details can be found in books in each field. The two methods that
we discuss are sufficient to visualize a 3D image.

In the normal (parallel) projection, lines running parallel in a 3D space
are drawn as parallel lines on a 2D plane. The length of a line segment and
the area of a face that is parallel to a 2D image plane is coinciding with real
values in the 3D space. The depth information is lost, however, and a drawn
result lacks in perspective.

In the perspective projection, a group of lines running parallel in a 3D space
and not parallel to an image plane are mapped to a group of lines intersecting
at a common intersection point on a 2D image plane. This intersection point
is called a vanishing point. The length of a line segment and the area of a face
on a 2D image plane can be changed according to the distance in the depth
direction, even if those lines and faces are parallel to an image plane. This
is called a perspective painting and was a basic method of European painting
after the Renaissance [Hockney01, Panofsky24].

Remark 7.5. In the wider sense, drawing perspective is the methodology for
feelings of the 3D world on a 2D plane. For example, details of a far object
are neglected without drawing, a distant view is drawn more bluish, a more
distant scene is drawn in the upper part of an image and the scene in the
foreground are in the lower area, a distant object is drawn vaguely and the
foreground view is drawn clearly. All of those are part of a perspective drawing.
More restrictive terms such as linear perspective may be used to represent the
perspective projection in the narrow sense as defined above.

Remark 7.6. In practical display equipment, a point on a display screen is
represented by its own coordinate system. The range of coordinate values is
definite. Therefore, the image plane coordinate system used in Section 7.4.1
has to be transformed once more into this coordinate system for every type of
display equipment. It is necessary to designate which part of an image plane
(HP in Fig. 7.6) in a virtual 3D space is displayed on a screen (window) on a
certain type of display equipment. This is called viewpoint transformation in
computer graphics (Fig. 7.7).

Remark 7.7. The whole of a 3D image that is to be visualized is not always
mapped onto an image plane HP in the mentioned imaginary 3D space. It
is sufficient for the part that we want to observe to be rendered. An object
that is to be rendered is simplified for easiness in observation and to reduce
the computation time. Therefore, we frequently cut a 3D space by two planes
parallel to an image plane, and render only the part of the 3D space situated
between these two planes. In computer graphics this part of the 3D space
that is rendered is called the view volume. The view volume is a prismoid in
perspective projection and is in most cases a parallelepiped in the orthogonal
projection (Fig. 7.7).
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Fig. 7.7. Viewport transformation and view volume (clipping on 3D space): (a)
Perspective projection; (b) parallel projection.

7.4.2 Displaying lines

A line (or a line segment) is determined automatically by fixing both of its
end points. Thus there is no problem in the projection of a line segment
except for in a few specific cases. For example, a part of a line segment in a
3D space may not be seen on a 2D image plane due to occlusion caused by
other objects. This is an important problem that is widely known as a hidden
line problem in computer graphics. We do not explain details of the hidden
line problem here because they are discussed in many ordinary text books on
graphics [Foley84, Watt98].

7.4.3 Displaying surfaces

A piece of a surface (= part of a plane in the finite area) is defined as an area
surrounded by line segments (= edges) connecting vertexes. Therefore, the
projection of a surface is obtained again by projecting vertexes (by the pro-
jection of points). However, additional considerations are required concerning
at least two problems.

One problem is the question of which side of a borderline (usually a closed
sequence of line segments or a polygon) is the surface that we are going to
define. One possible assumption is that we regard the left-hand side of a border
as the inside when we trace vertexes according to the order given beforehand,
and that we consider the inside as the surface we want to define. The other is
which surface is nearest to the viewpoint when more than one surface exist is
the current 3D space.

The portion of a surface hidden by other surfaces must not be rendered on
a 2D image plane. This is also called a hidden surface problem and has been
studied extensively in computer graphics. Details can be found in computer
graphics text books [Foley84, Watt98].

Displaying a surface is important also in the visualization of a 3D image
of a voxel type, because the polygon model described in Section 7.2 is also
employed frequently in practical applications.
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Remark 7.8. The projection of a curved surface and a curve is discussed as
follows:

(1) If they are defined by using mathematical expressions, those expressions
are transformed mathematically into expressions for corresponding 2D
curves and 2D figures.

(2) If curved surfaces or curves in a 3D space are represented by piecewise
linear expressions, the methods explained here can be applied.

7.5 The concept of visualization based on ray casting –
(2) manipulation of density values

The methods to determine where an arbitrary point (or voxel) in a 3D space
should be mapped onto a 2D image plane was explained in the previous sec-
tion. The next step to consider is what density value should be given to a point
projected on a 2D image plane by methods presented in previous sections. The
following methods have been developed for this problem:

(1) Suitable light and dark shades are added when rendering surfaces in a 3D
space so that the shape of a surface may be perceived easily. This process
is called shading.

(2) Appropriate values reflecting density values of corresponding points (or
voxels) in 3D spaces are given to each point on a 2D image plane. By
doing this, we aim to visualize information of the spacial distribution of
density values in a 3D space on a 2D image plane.

(3) We can effectively use colors in the second method as described above.
Colors are usually represented by three numerical values corresponding to
the three color components, red (R), green (G), and blue (B). We call this
the triplet color code. A few different definitions have been proposed for
the physical meanings of the color code.

These three methods are important topics in computer graphics. Here we
only explain the minimum needed for visualizing a 3D gray-tone image. Let us
note that our objective here is to provide images that assist us to understand
the contents of 3D images. We do not intend to generate images with a high
reality level.

7.6 Rendering surfaces based on ray casting – surface
rendering

The existence of a surface in a 3D space is not perceived until each point on
a surface is given density values (or it is shaded suitably) in such a way that
it is compatible with the shape and other properties of a surface.
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Fig. 7.8. Reflectance model for shading: (a) Diffuse reflection; (b) specular reflection
(smooth surface); (c) specular reflection (uneven surface).

To do this we first assume a virtual light source in the above virtual 3D
space and consider light and darkness of a surface by this virtual light source.
Brightness at each point P on the surface determined by this light source
is calculated using a suitable model of reflection by surface. This value of
brightness depends on both the position of the point P on the surface and
the position of the viewpoint set in 3D virtual space. The brightness value of
the point P′ on an image plane, which is a projection of a point P onto an
image planeHP , is determined by giving the above brightness value of P to P′.
That is, the density value at a point P′ on an image plane HP (= a 2D image
rendered on HP ) is equal to the brightness value of P in 3D space when it was
observed from the direction connecting P and the viewpoint. Using physical
analogy, the amount of the brightness at a point P′ on an image plane HP

is considered to be the amount of energy radiated from a point P toward the
viewpoint passing through a point P′.

7.6.1 Calculation of the brightness of a surface

Properties concerning the reflectance of a surface are suitably assumed. The
following examples are adopted frequently (Fig. 7.8).
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(a) Diffuse reflection

Incident light is reflected with equal intensity in all directions. This kind of
reflection is called diffuse reflection.

(a-1) Irradiation by parallel rays: When a light source is located infinitely far
away like the sun, all rays radiated from the source are regarded as parallel.
In this case, the intensity of the reflected light is given by

I = kIi cosα (7.7)

where
Ii = intensity of incident light,
I = intensity of reflected light,
α angle between the normal of a surface and the direction of the incident

light at a point P (= incident angle),
k = reflectance (index of reflection) of a surface in diffuse reflection.

(a-2) Irradiation from a point source: If a light source Q is at a definite dis-
tance from an object and its physical size is small enough compared to an
object, the source is regarded as a point source. Then, the intensity of the
reflected light I is given by

I = kIq cosα/r2, (7.8)

where
Iq = amount of luminous intensity of a light source Q (= brightness of

a light source),
I = intensity of the reflected light at a point P,
α = angle between the surface normal and the direction of a light source

PQ,
k = reflectance (reflection index) of a surface in diffuse reflection,
r = distance between a point P and light source Q.

(b) Specular reflection

Specular reflection is intuitively known as a phenomenon that reflected light
from a surface is concentrated in a particular direction. This is observed typ-
ically in the reflection by an ideal mirror. The well-known law of the incident
and reflected light holds here. That is, the angle of incidence is equal to the
angle of reflection (Fig. 7.8 (b)). Actually reflected light expands to some ex-
tent around the direction of the specular reflection. We will introduce here a
typical model by Eq. 7.9 (Fig. 7.8 (c))

I = Iikα cosn δ, (7.9)

where
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I = intensity of reflected light at a point P,
Ii = intensity of incident light at a point P,
δ = angle between the direction of reflection and the direction to a viewpoint,
α = angle of incidence,
kα = specular reflection index at a point P (function of α),
n = parameter representing the extent of expansion of reflected light around

the exact reflection direction.

In either (1) and (2), a density value (brightness) at a point P′ on a
2D image plane HP is determined by the intensity of reflected light given
above. This process of giving light and dark appropriately to a surface is
called shading. The shading in the context of this chapter is simply a tool for
rendering an object surface in such a way that the 3D shape of an object is
perceived easily. Parameters in equations given above are suitably selected in
consideration of easiness in understanding the shape of an object.

In computer graphics, in particular in photorealistic rendering, we intend
to generate an image that looks like real objects or real scenes or an image that
gives as an impression as similar to the real phenomena as possible. Models
and parameters are selected considering physical properties of real light and
material. We shall leave details of such sophisticated rendering techniques to
other books on graphics [Foley84, Watt98].

It should be noticed that the intensity of light reflected by a surface at a
point P′ on a 2D image strongly depends on the normal vector at a point P
on a surface of a 3D object. This suggests that the brightness of a 2D image
may be calculated using Eqs. 7.7 ∼ 7.9 if the surface normal is given at each
point, even if details of an object are not described exactly.

7.6.2 Smooth shading

The following problems may occur in applying methods explained above to
surfaces of objects generated by a polygon model.

(i) Normal vectors are not defined uniquely on a vertex and on an edge.
(ii) Normal vectors change rapidly on both sides of an edge. As a result, an

abrupt change in brightness levels arises in the vicinity of edges. Spurious
edges or artifacts that look like fold lines may be seen even on a smooth
plane surface. On a rendered image, a border or an edge between two
adjacent faces of a polygon is enhanced too much. The Mach effect of the
human vision system emphasizes this phenomenon furthermore, and as a
result the image quality deteriorates significantly.

These problems are overcome by interpolating brightness values or only
normal vectors appropriately and smoothing changes in them. This is called
smooth shading. We will introduce examples below (Fig. 7.9).
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Fig. 7.9. Smooth shading.

(a) Gouraud shading [Gouraud71, Watt98]

(1) Calculate a normal vector at each vertex from results of measurement or
definitions of curved surfaces.

(2) Calculate the intensity (brightness) on a displayed image HP of reflected
light at each vertex.

(3) Calculate brightness values at points on an edge by the linear interpolation
from those values at both end points (vertexes) of the edge.

(4) Determine a brightness value at a point P inside a face (polygon) by
interpolating brightness values at crossings of edges and the horizontal
line (scan line of a display image plane) passing the point P.
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(b) Phong shading [Phong75, Watt98]

In step (2) and subsequent steps in the above procedure, determine normal
vectors of each point by the linear interpolation and calculate brightness values
of each point using those normal vectors.

7.6.3 Depth coding

A simpler method of shading so that a brighter value is given to a plane or
point nearer to an image plane HP (or nearer to the viewpoint) is available
for rendering a plane surface. That is,

I = Ii/(k1 + k2d), (7.10)

where

I = brightness value at a point P′ on a display image plane HP (= density
value of a 2D projection image),

Ii = brightness value (density value of an image on HP ) given to the point
P′ of HP corresponding to the point nearest to an image plane HP in 3D
space,

d = distance to an arbitrary point P in virtual 3D space from an image plane
HP ,

k1, k2 = parameters.

This method is called depth coding. Although this procedure is not always a
direct analogy of the optical phenomenon, it is frequently used because the
computation is simple and is performed relatively easily, and still can give
perspective to a resultant image.

7.6.4 Ray tracing

Drawing a scene in the 3D world viewed from a suitably selected viewpoint
is regarded as putting a plane corresponding to a 2D image plane between
a viewpoint VE and an object and projecting 3D space and the object with
which we have interest onto the image plane. The projection here is performed
by generating a line toward a point P from the viewpoint VE and extending
the line to find a point Q, where the line intersects an object nearest to
the viewpoint VE . We call a line from the viewpoint to an object a ray and
generation of a ray ray casting (Fig. 7.10).

After a ray meets the first object at Q1, a ray is reflected to the direction
determined by the law of reflection peculiar to the object. The reflected ray
is extended in the direction of reflection. If the ray reaches a light source, we
may find that a ray from the light source is reflected by an object at a point
Q1, and reaches to a point P on an image plane. Then we paint a color with
the intensity (brightness) both determined by properties of the light source
and the characteristics of colors and reflection of the object.
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Fig. 7.10. Ray casting and ray tracing: (a) Single object; (b) tree structure repre-
senting the ray tracing procedure. Q1, Q2, Q3 are crossing points among a ray and
an object, and r1, r2, and r3 mean the index of reflection at each crossing point; (c)
multiple objects.

If a ray reflected at Q1 meets the surface of another object at Q2 before it
reaches a light source, we can find that a point Q1 is in the shadow of an ob-
ject including a point Q2.Then we give a point P a density value representing
the shadow (black, for example) instead of a color of a light source. We alter-
natively may extend a ray further using a model of reflection by the surface
of an object at Q2 instead of giving a color of shadow to P immediately.

Then a ray may reach another light source. As a result, a density value
at a point P is determined by the light reflected at Q2 after the reflection at
Q1. In this way we can render an image of an object reflected on the surface
of another object (reflected image). If a ray is extended infinitely without
meeting any light source, we give a color of the background (ambient light)
to a point P.

If an object is transparent or translucent, part of a ray proceeds reflectively
into the inside of an object and the other part is reflected on the outside
of an object. Directions and intensities of refracted and reflected light are
determined by properties concerning refraction and reflection of materials
existing in the both sides of a surface. The same procedure is repeated if more
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Fig. 7.11. Wine glasses generated by ray tracing. Part of checkerboard pattern
seen through a glass in distorted by refraction. A brighter part on the top of a
glass is generated by direct reflection of a virtual light source. Images of parts of
other glasses are observed on a surface (“reflection image”) and on the floor of
the glass. This shows a typical example of photorealistic rendering in early 1980s
[Horiuchi87, Kurashige86].

than one object exists in 3D space. By using this method, we can render an
image of objects reflected on the surface of other objects and objects behind
other transparent object.

As explained above, this procedure is implemented by tracing light paths
inversely from the viewpoint toward an object and a light source. Note that
real light radiates from a light source toward objects and repeats reflection
and/or refraction before reaching our eyes. The above procedure is called ray
tracing [Whitted80, Watt98]. This is a type of simulation of an optical phe-
nomenon in the neighborhood of a surface of an object and a border between
adjacent objects. Really photorealistic rendering has become possible by this
method. It contributed much to raise the evaluation of computer graphics. A
large number of papers have been published on improvement of the ray trac-
ing and its applications. An example of its application is shown in Fig. 7.11.
However, the ray tracing explained above is not always suitable as a main
topic for this chapter.
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Fig. 7.12. General frame of computer graphics.

7.7 Photorealistic rendering and rendering for
visualization

Mathematical models presented in Sections 7.4 ∼ 7.6 were developed to gen-
erate images that arouse feelings similar to the ones we have when we see the
scene in the real world. In this sense, they are tools of what we call photore-
alistic rendering, or tools for designing industrial products utilized in the real
world. The whole of a basic idea common to them is presented in Fig. 7.12.

Light is irradiated by a light source and shines on objects. Then part of
a light reflected by objects or passed through objects reaches the position of
eye located at a viewpoint. An image plane that corresponds to a screen of a
display device exists somewhere on the way of this light path. The above model
for rendering is a modeling that realizes all such phenomena concerning the
image generation process within acceptable image quality and computation
cost.

Major factors in image generation by this model are a light source, a space
through which light propagates, interaction among light and objects, posi-
tional relation among an image plane, a viewpoint and an object, and optical
properties of objects. All of them and many other factors relating to image
generation have been studied extensively in the field of computer graphics.
Ray tracing and radiosity methods following this remarkably contributed to
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the progress of this field [Nishita85, Cohen85, Cohen88]. For details, see books
on technical computer graphics [Watt98].

However, a different kind of rendering has attracted much attention in
these years, and this rendering is called nonphotorealistic rendering. This tech-
nique aims at generating a freer style of images such as pictures that look like
classical European style paintings, those similar to India-ink paintings, and
those similar to other fine arts produced by human artists.

We stress that visualization is different from any of those. The most im-
portant feature of this is using rendering as a tool to understand the charac-
teristics of given data (a 3D gray-tone image). We must consider that a 3D
image that is to be visualized is put at the position of an object in Fig. 7.12,
and a viewpoint and an image plane are the same as in that figure. All other
factors such as a light source and the interaction of objects and light itself are
simply tools for perceiving the data structure with the human vision. There
do not always have to be meanings related to real optical and other physical
phenomena. The process of volume rendering described in the next section
is regarded as a method developed for visualization of a 3D gray-tone image
with a rough analogy of optical phenomena.

7.8 Displaying density values based on ray casting –
volume rendering

7.8.1 The algorithm of volume rendering

Consider a 3D image in which each point has a density value (3D gray-tone
image). Using the same scheme of ray casting as in the previous section, a
point P in 3D space (virtual space) is projected to a point P′ on an image
plane HP (Fig. 7.13). Then all points on a line segment connecting a view-
point Ve and a point P′ (we call this line a ray, too) are projected to the
same point P′. This means that all points on this ray in 3D space are seen,
overlapping each other at the position P′. The problem to be solved here is
how to visualize information of density values at these points. One basic idea
employed here is to accumulate in some ways information stored at points
on the ray. A color or brightness value of a point P′ on an image plane is
determined by a result of this accumulation. This method is called volume
rendering [Levoy88, Drebin88]. Below we present a procedure to perform this
processing (Fig. 7.13).

First let us assume that a brightness value bi is stored at a point Pi in
a 3D image, and that an intermediate result of accumulation Iin(i) has been
sent to Pi. Then a brightness value Iout(i) given below is output to be sent to
the next point.

Iout(i) = Iin(i) · (1 − αi) + bi · αi (7.11)

Here a letter i represents the sequential number given to a sample point (voxel)
selected along a current ray, which is smaller at a point further from a view-
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Fig. 7.13. Illustration of volume rendering.

point. The α0 is assumed to be 1 , and b0 is a suitably selected constant
that corresponds to a parameter called ambient light in computer graphics.
A parameter αi is called opacity and bi is often called color value in volume
rendering. From physical analogy, a larger value of brightness looks clearer
(looks darker). See Remark 7.9, too.

Equation 7.11 is applied recursively along a ray by regarding an output
value of the k-th sample point Iout(k) as an input brightness value to the
(k + 1 )-th sample point Iin(k + 1 ). As a result, the following equation is
obtained which gives an output brightness value Iout(K) of the K-th sample
point from the background.

Iout(K) =
K∑

k=0

{bk · αk ·
K∏

p=k+1

(1 − αp)}. (7.12)

In actual rendering, parameters αk and bk are also given appropriately. This
method has a large degree of freedom for a user because such large numbers of
free parameters are contained. This also means that the usage is complicated
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and much experience is required to use it effectively. We will present examples
produced by volume rendering in Fig. 7.14.

7.8.2 Selection of parameters

Let us present several examples of ideas concerning parameters in Eq. 7.12
[Drebin88]. Parameters are roughly divided into two groups {bk} and {αk}.

(a) Selection of {bk}
Values of parameters {bk} determine the basic color tone in rendering and are
called color codes or color values. They are usually fixed by giving relative
ratios of three components R, G, and B in color codes. We may select differ-
ent arbitrary values so that they correspond to different objects or different
physical phenomena. Examples are shown below.

(i) Color values are changed corresponding to the range of density values in
an original image or a histogram of density values of an original image.
In a medical CT image, for example, the range of CT values varies cor-
responding to each organ. Thus we will be able to distinguish organs by
color in a rendered image. If some abnormal shadows are distinguishable
by CT values, their existence may be noticed easily by changing colors of
voxels having CT values to which attention should be paid in diagnosing
a rendered image.

(ii) Colors may be changed by a position in 3D space. This makes it easy to
observe the state of the density value distribution in a region of interest
and its vicinity.

Both methods are used to mark a place to be noticed. The name color code
comes from this type of usage. In other words, this is regarded as performing
a kind of clustering of voxels beforehand and then utilizing resultant clusters
of voxels for the following processing.

(b) Selection of {αk}
Usually we set this group of parameters so that the special distribution of
density values in a 3D image may be observed clearly as well as possible.
Basically a value of αk is selected to be nearer to 1 at a point satisfying a
condition that we want to see on a rendered 2D image. In other cases we select
values of {αk} empirically with observing resulting 2D images. As an example,
if any one of αk+1, αk+2, · · · , αk, αu � 1 , for example, then 1 − αu � 0 .
Therefore, βk � (1 − αk)(1 − αk−1) · · · (1 − αk+1)(1 − αk) � 0 . This means
that the value of bk does not contribute to Iout(K) significantly. That is, the
value of bk does not reach a displayed image plane. This corresponds to the
case that opaque material exists at a point Pu on the way from a point Pk to
a display image plane.
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Fig. 7.14. Examples of volume rendering generated from a 3D X-ray CT image of
a human body. H.U.: Hounsfield Unit. Numbers show values of opacity.



7.8 Displaying density values based on ray casting – volume rendering 235

Alternatively, if αu � 0 , for all u such that u = K,K−1 , · · · , k, 1−αu � 1 .
Therefore, βk � 1. This means that the amount αk in bk contributes to a
density value of a displayed image with little loss. This corresponds to the
case that material between a point Pu and Pk is almost transparent.

(c) Visualization of equidensity surface of a density value f∗

Assign suitably an opacity value α∗ to a density value f∗, and then give a
value near to α∗ to a point having a density value similar to f∗. Using the
gradient, for instance,

αi =




1 , if |∇fi| = 0 , and fi = f∗

1 − (1/r) · (fi − f∗)/|∇fi|,
if |∇fi| > 0 , and fi − r|∇fi| ≤ f∗ ≤ fi + r|∇fi|

0 , if otherwise

(7.13)

where fi is a density value at a voxel Pi, ∇fi is the gradient at a point Pi,
and r is an appropriately given constant [Drebin88].

(d) The visualization of a border surface in a 3D image

If it is known beforehand that typical density values are f∗
n, n = 1 , 2 , · · · , N ,

where f∗
1 < f∗

2 < · · · < f∗
N then opacities α∗

k that are proportional to density
values f∗

k are employed. If a density value fi of a voxel Pi takes an intermediate
value among them, a value of αi corresponding to it is given as follows.

αi =




1 , if |∇fi| × αn+1[(fi − f∗
n)/(f∗

n+1 − f∗
n)]

+αn[(f∗
n+1 − fi)/(f∗

n+1 − f∗
n)],

if f∗
n ≤ fi ≤ f∗

n+1

0 , if otherwise
(i = 1 , 2 , . . . , N − 1 )

(7.14)

As is known from these examples, the volume rendering also intends to
visualize a surface that may exist in a 3D gray-tone image. A surface to be
visualized (or displayed) is determined by only the spatial distribution of den-
sity values in 3D space. In examples presented above, the existence of a surface
is detected mainly by the gradient. Larger values of the opacity are assigned
to the part of small gradient values in the case of visualizing equidensity sur-
faces and to the part having larger gradient values in the case of visualizing
a border surface, so that those surfaces may become more noticeable.

7.8.3 Front-to-back algorithm

Let us introduce another procedure to perform the volume rendering that is
called front-to-back algorithm [ERTL00].
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A brightness value Iout(i) to be output at a point Pi along a ray is given
by the following equation.

Iout(i) = Iout(i− 1 ) + βi · bi,

βi = αi ·
i−1∏
k=1

(1 − αk), (7.15)

where

αi = opacity value at a point Pi,
bi = brightness value at a point Pi.

The number i is given in the increasing order starting at a sample point
nearest to a viewpoint on a ray. The βi in Eq. 7.15 is called accumulated
opacity. The calculation is iterated on each ray until a point is reached that
is regarded as having no significant effect on density values of a rendered
image. A resulting value of Iout(i) (accumulated brightness value) is given to
a corresponding pixel on a 2D image on an image plane.

This procedure is intuitively interpreted as follows. Let us assume first
that the i-th point Pi has the brightness value bi and opacity αi. Then we
consider that there is a light source of the power αi · bi. The light reaches a
viewpoint (or an image plane) after passing through points Pi−1,Pi−2, . . . ,Pi.
The fraction (1 − αi) · αi · bi incident to Pi−1 passes through point Pi−1 and
comes to the next point. Total sum of contribution from all ofK sample points
on a ray to a viewpoint is given to a corresponding pixel on an image plane
as its density value (color value). In fact, Iout(i) of Eq. 7.15 is expressed as
follows considering all contributions from the K-th sample point to the first
sample point.

Iout(K) = Iout(0 ) + b1α1 +
K∑

k=2

{
bkαk

k−1∏
n=1

(1 − αn)

}
. (7.16)

Each term in the summation
∑

in the right-hand side of this equation corre-
sponds to the term interpreted as was explained above.

7.8.4 Properties of volume rendering and surface rendering

Let us summarize properties of volume rendering compared with surface ren-
dering.

(a) Volume rendering

(1) Volume rendering can be applied without extracting surfaces to be visual-
ized beforehand. In this sense, volume rendering is a tool to visualize or to
observe the structure of a 3D gray-tone image that has not been structur-
ized yet. It does not require any preprocessing such as segmentation and
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border extraction. A surface to be visualized is determined substantially
(and implicitly) by setting parameters {αi} (opacity).

(2) The essential part of volume rendering is in calculating the mixture of
the information that has been accumulated and propagated to a current
point along a ray and the information given by a density value of a current
point. The ratio of two types of information is determined in fusing them
and controlled by a value of the opacity αi in each point. A resulting
mixture is sent to the next point along a ray. If αi = 1 , for example,
only a density value at a sample point Pi propagates, and brightness
values accumulated along a ray in the past disappear there and do not
contribute to a density (brightness) value on a rendered image at all. This
corresponds to a completely opaque medium. Alternatively, if αi = 0 , the
effect of a density value of a point Pi disappears there. This means that
the medium is completely transparent.

(3) By utilizing the above property, we can extract component patterns by
thresholding density values or similar processing. This is considered as
inserting the segmentation procedure into the procedure of rendering. This
also means that we cannot always avoid the problem of parameter selection
completely since selection of {αi} relates to selection of threshold values
substantially.

(4) Even if a surface seems to be extracted correctly, it is not always guaran-
teed that a surface or a border is extracted exactly from the viewpoint of
the shape. This is because the rendering is based on the opacity parame-
ter {αi} and is performed only by a density value of each point, and any
information concerning shapes is not considered.

(5) Results are sensitive to random noise. Inappropriate settings of {αi} may
cause apparently unexpected artifacts.

(6) We need not take care of the failures in border surface extractions. From
the beginning border extraction algorithms are not required.

(7) Even if a border surface is perceived visually in a rendered image, the
location of the surface cannot be determined exactly. This is because the
border extraction is not actually performed in volume rendering. The sur-
face is visible in a rendered image only by human vision. We cannot des-
ignate an object using a border surface that can be seen in a rendered
image. Neither can we obtain quantitative measurements from a border
surface that is seen in an image drawn by volume rendering.

(8) The computation time is likely to be longer in the volume rendering than
in surface rendering, because the volume rendering procedure contains an
accumulation of density values along a ray. This problem is being overcome
in newer computers with a graphic engine.

(9) Although objects existing on the same ray overlap, it should be avoided
that an object in the back of another object is completely invisible (oc-
currence of occlusion). Exact results of rendering depend on setting of
parameters {αi}.
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Fig. 7.15. Surface rendering and volume rendering applied to the same object. Left:
Surface rendering with smooth shading. Center: Polygon model used in generation
of the left image. Right: Volume rendering.

(b) Surface rendering

Surface rendering, on the other hand, has the following properties that are in
strong contrast to those mentioned above.

(1) We can designate each object or obtain quantitative measurements of
features interactively on a rendered 2D image, since a border surface is
determined strictly beforehand.

(2) Computation time tends to be shorter because the accumulation of density
values along a ray is not necessary.

(3) The detection and extraction of border surfaces satisfying geometrical
constraints is possible, if a border extraction algorithm works well. The
description of a 3D image structure is also possible by using those results.
Results may be affected strongly by the failure of those algorithms. Border
detection or segmentation is required before rendering.

(4) Algorithms to extract border surfaces of each object have to be prepared
before rendering.

(5) After rendering a surface of one object, other objects behind them become
invisible unless some particular methods are employed.

Examples of applications of both methods on the same object are presented
in Fig. 7.15.

Remark 7.9. Before application of the volume rendering, the density values
of a 3D image to be visualized are replaced by parameter values {α0} and
{bi} given in Eqs. 7.11 ∼ 7.16. Such parameter values are stored beforehand
in a 3D array or the replacement of density values by {αi} is performed in
the procedure of rendering. In the first case an extra 3D array is needed. It is
desirable that these values are calculated at sample points selected with equal
intervals on a line representing a ray. They are calculated by suitably interpo-
lating voxel values of the 3D image to be visualized. It is worth noticing that
this digitization along a ray might cause errors in feature measurements on a
displayed image or on unexpected artifacts. Additionally, the following should
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be taken into consideration. It is not an original image itself but the spatial
distribution of the opacity that is visualized. Therefore, improper settings of
opacity parameters {αi} also may cause artifacts.

Remark 7.10. A 3D image (which is a set of density values filling 3D space)
is compared to a 3D space filled with dirty water or is seen as a foggy world in
which the density varies from place to place. Volume rendering is compared
to looking though such a space. A borderline or a border surface that we can
perceive on a 2D image rendered on an image plane can be seen as a result of
looking through such a world in a certain direction. It cannot be recognized
in its vicinity like a border of clouds in the sky. An object that is seen vaguely
at a distant place could be a solid wall of a building. The suitable setting of
opacities makes it possible to visualize an example such as the latter one.

Remark 7.11. If we project the simple sum of density values along a ray to a
point P without designating a particular value for {αi}, the result is approxi-
mately equivalent to the projection mentioned in Section 7.3.3. If a viewpoint
is infinitely far, the projection method reduces to the orthogonal projection
in Section 7.4 and the result coincides with the projection mentioned in Sec-
tion 7.3. The density values on a projected image may be a little different
from each other due to different approximations employed in the projection
performed in the digitized space. This type of projection is regarded as a
type of simulation in an imaging process. For example, in the visualization
of a 3D image obtained by X-ray CT, the above projection for visualization
is regarded as the simulation of taking an X-ray image of the human body,
in which an X-ray source is at the position of a viewpoint and an X-ray film
is put on a projection plane. This is an ideal imaging situation in which an
X-ray source is a point source and no scattering occurs by an object. An X-ray
source can be put at an arbitrary place in the human body in this simulation.
From this viewpoint, it might be possible to generate interesting images.

Remark 7.12. The volume rendering explained above is a tool of visualiza-
tion and does not always relate exactly to real physical phenomena. Some
other methods of rendering have been developed that intend to simulate opti-
cal phenomena occurring along a ray propagating through continuous media
such as air and water. Effects of optical phenomena such as reflection, refrac-
tion, scattering, and absorption are accumulated along a path of light and
utilized to render a scene irradiated by various light sources. Those methods
are sometimes named volume rendering, too. Examples of applications include
rendering of cloud, fog, flare, smoke, and gemstones including impurity. This
kind of method originated from [Kajiya82, Kajiya84] and has been studied
actively in the field of computer graphics [Yokoi86, Nishita85, Horiuchi87,
Kurashige86, SIGGRPH88], etc. The expression such as “rendering volume
densities” was used in their papers. The term of volume rendering seems to
be first used in [Levoy88] among journal papers and appeared in several con-
ference proceedings about the same time.
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Fig. 7.16. Example of rendering by the MIP method (chest X-ray CT image of the
human body).

Remark 7.13. The maximum value of densities on a ray may be projected
instead of accumulation along a ray. This is called the maximum intensity
projection (MIP) and is used frequently in the visualization of CT images
(Fig. 7.16).

7.8.5 Gradient shading

The methods of rendering explained in Sections 7.5 and 7.6, and in particular
the surface rendering method, are necessary for the normal vector of a surface
to be rendered. However, voxel data obtained by binarizing a gray-tone CT
image, e.g., a binary image in which a value 1 corresponds to the skull, do
not have enough information to uniquely determine the normal vector of the
object surface. One method to obtain the normal vector in such a case is to
fit a plane to each voxel and its neighborhood and to use the normal plane.
An alternative method is to utilize the gradient vector of the density value
distribution in the neighborhood of a surface and to regard the gradient as
the surface normal [Hoehne86].

Let us discuss this briefly. Consider the coordinate system as in Fig. 7.17.
We consider an image plane L and a pixel P′ = (i′, j′) on L. The directions
i and j are assumed to be coincident to the row and the column directions
(i and j) of the 3D space including a point P′ and a 3D image (or a 3D
object) to be visualized. The surface including a point (i, j, k) to be rendered
is assumed at the distance k from a point P′ on the image plane in the direction
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Fig. 7.17. Illustration of gradient shading [Hoehne86].

perpendicular to the image plane L. Then a density gi′j′k′ of a point P′ =
(i′, j′) on the image plane L is given as follows.

gi′j′k′ = A cos{(fi,j+1,k − fijk)/B}, (7.17)

where

fi′j′k′ = a density value of a 3D gray-tone image before binalization,
A,B = suitable constants.

This method is called gradient shading [Hoehne86]. This enables us to
render a 3D gray-tone image by treating it as if light reflected by some surface
has a virtually normal vector. This method is frequently used in combination
with the volume rendering for visualization of medical CT images.

Remark 7.14. In the virtualization methods discussed here, a viewpoint and
view direction are selected arbitrarily. Therefore, we can select a physically
unrealizable viewpoint inside the human body. Furthermore, by generating a
sequence of images while viewing an object from continuously moving view-
points, we can present a moving image looking as if it is flying through the
inside of a 3D solid object. This technique has recently gained popularity
when observing 3D CT images in medicine. This is called virtual endoscopy,
because it is regarded as a simulation of an endoscope. Sometimes it is called
by the name of a target organ to which it is applied, like virtual colonoscopy
and virtual bronchoscopy [Rogalla01].
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Remark 7.15. Virtual endoscopy was first reported in 1993 [Vining93]. The
method employed volume rendering and the editing of video images. It
took 8 hours to generate the first fly-through image [Vining03]. Authors re-
ported interactively generated moving images (2.2 frames/sec on the aver-
age by Silicon Graphics IRIS) of virtual bronchoscopy in 1994, using sur-
face rendering of bronchus branches automatically extracted from chest CT
images [Mori94b]. These days images obtained by surface rendering are
generated much faster than volume rendering by using graphic engines in
workstations. Nowadays, virtual endoscopy has become one of the impor-
tant tools in medical diagnosis and the quality of presented images has
greatly improved. Most of them seem to employ volume rendering, and
a viewpoint and a view direction are freely controlled interactively (9.1
frames/sec on the average by conventional PCs (CPU: Intel; Xeon 3.2GHz
× 2)) [Hong97, Hayashi03, Mori03, Dachman03, Rogalla01, Bankman00].
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(k-connected) digital knot, 183

(squared) Euclidean DT, 169

0-component, 76, 114

0-dimensional Betti number, 80

0-pixel, 23

0-simplex, 79, 100

1-component, 76, 113, 114
1-pixel, 23

1-simplex, 79, 101

1-voxel, 73

18′-connectivity, 76

18’-connectivity, 77

18′ neighborhood, 76

18-adjacent, 75

18-connected, 75

18-connected component, 76

18-connectedness, 75

18-connected path, 104

18-connectivity, 117
18-neighborhood, 74, 75, 104

18-neighborhood GWDT, 192

1D Betti number, 80

1D difference filter, 61

1D homology class, 78

1st order difference, 61

1st order difference filter, 62

2-simplex, 79, 101

26-adjacent, 75

26-connected, 27, 75

26-connected component, 76

26-connectedness, 75

26-connected path, 104
26-connectivity, 117

26-neighbor distance, 106, 111

26-neighbor DT, 145

26-neighborhood, 74, 75, 104

26-neighborhood GWDT, 192

2D Betti number, 80

2D continuous image, 22

2D difference filter, 62
2D directional filter, 65

2D image, 22

2D interior voxel, 91

2D line figure, 26

2D Sobel filter, 65

2nd order difference, 61

2nd order difference filter, 62

3-simplex, 79, 101

3D continuous image, 24

3D difference filter, 65

3D digitized image, 25, 32

3D distance transformation, 111
3D figure, 116

3D Gaussian distribution, 52

3D image, 24, 25

3D Laplacian, 62

3D line figure, 26

3D simplex, 121, 128

3D Sobel filter, 65

3D surface-thinning algorithm, 127

4-connected, 107

4D binary image, 31

6-adjacent, 75, 106

6-connected, 27, 75

6-connected component, 76
6-connectedness, 75
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6-connected path, 104
6-connectivity, 117
6-neighbor distance, 106, 128
6-neighborhood, 74, 75, 104
6-neighborhood GWDT, 192
8-connected, 107

absolute value, 40
accumulated brightness value, 236
accumulated opacity, 236
accumulated sum projection, 217
addition, 35, 40
adjacency matrix, 101, 102
adjacent voxel pair, 204
algorithm, 40, 45
ambient light, 228, 232
angle of incidence, 225
arc elimination, 184
associative law, 35, 38
average, 50
axiom of the distance metric, 109
axis/surface thinning, 116
axis symmetry, 28
axis thinning, 119, 121, 134, 138, 142

background, 32, 73
backward raster, 45
backward scan, 163, 167
Betti number, 83, 93
binary image, 23, 31, 32
binary image operator, 33
binary operator, 34
binary operator between images, 34
binary relation, 32
binary relations between two images, 32
blue, 222
border-surface following, 179
border following algorithm, 114
borderline, 113, 177, 194
border point, 89
borders of Voronoi regions, 189
border surface, 113, 114, 177, 180, 194,

235
border surface following, 116, 176, 182
border voxel, 89, 90, 113, 126, 130, 198
boundary surface following, 176
boundary voxel, 90
branching part, 195
branching point, 89, 177, 195

brightness, 237

cartesian coordinate system, 57
cavity, 76, 78, 81, 120
cavity index, 82, 92
centerline, 120, 121, 194, 195
center surface, 120, 121
central projection, 219
chain code, 27
chamfer distance, 110, 158
characteristic function, 31
characteristic point, 89
closed segment, 78
closing, 54
color, 227
color code, 222, 233
color component, 222
color value, 232, 233
commutative law, 33, 35
completely parallel-processing type, 137
component index, 82, 92
computed tomography, 25
computer aided diagnosis, 56
computer graphics, 209, 210, 218, 220
concentration of information, 146
connected component, 73, 76, 77, 81,

92, 114, 116, 118, 191
connected component extraction, 116
connecting pixel, 126
connecting voxel, 27, 90, 120
connectivity, 71, 73, 75, 78, 79, 95–97,

132, 141, 160, 195
connectivity index, 82, 84, 87, 89, 90,

92, 101, 114, 123
connectivity number, 82, 85, 90, 93,

101–103
constant image, 32
continuity condition, 204–206
continuous figure, 76
continuous knot, 183
continuous surface, 113
contour surface, 106
coordinate transform, 57
core line, 194, 195
corner elimination, 184
covariance matrix, 52
crossing point, 89, 177, 183, 184, 186
cross section, 29–31, 210, 214
CT, 25
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cubic lattice, 25
cuboid voxel, 166
cue, 179
curvature, 66
curve, 115

data dependent, 46
data independent, 46
data structure, 211
degeneration, 123, 126, 134, 138, 195
Delaunay triangulation, 187
deletability, 82, 123, 198
deletability determination, 119
deletability test, 101–103, 123, 124, 126,

130, 138
deletable, 82, 84, 102, 121, 124, 126, 128
deletable voxel, 120, 121, 123, 124, 130
deletion, 123, 126
density, 22, 32, 237
depth-first search, 179
depth coding, 227
derivative, 58
descriptive geometry, 210, 220
DFT, 42
diagonal-adjacent, 106
difference, 58
difference filter, 49–51, 56, 60
difference of Gaussian, 66
difference operation, 59
difference operator, 59
differential, 57
differential geometry, 196
diffuse reflection, 224
digital ball, 159
digital geometry, 73, 114
digital knot, 183
digital simple closed curve, 183
digitization by grid, 27
digitization by pixel, 26
digitization of a 3D line figure, 27
digitized image, 22
dilation, 54, 56
direct calculation method, 147
directional-type, 60
direction code, 27
direction of the maximum gradient, 57
direction of the tracing, 205
direction symmetry, 28
Dirichlet division, 187

Dirichlet tessellation, 187
displaying density values based on ray

casting, 231
displaying line, 221
displaying surface, 221
distance, 145
distance field, 145
distance from a point set, 109
distance function, 103, 106
distance map, 145
distance measure, 103, 106, 107, 109
distance transformation, 110, 116, 128,

131, 145, 167, 189
distance transformation (DT) of a

gray-tone image, 191
distance transformation of a line figure,

176
distributive law, 33
division, 35
domain, 33
dominance area, 188
drawing, 220

edge-preserving smoothing, 53
edge detection filter, 49, 50
edge element, 79
edge extraction filter, 50
edge pixel, 126
edge voxel, 27, 126
element filter, 60
equal to, 32
equidensity surface, 194
equidistance surface, 106
equivalence class, 76
equivalence relationship, 75, 76
equivalent to, 76
erosion, 54, 56
Euclidean distance, 103, 106, 108–110,

112
Euclidean distance transformation, 128,

129, 143
Euclidean distance transformation -

parallel type, 152
Euclidean DT, 170, 192
Euclidean metric, 109
Euclidean RDT, 162
Euclidean skeleton 1, 171
Euclidean skeleton 2, 171
Euclidean squared RDT, 162
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Euler-Poincare’s formula, 80
Euler characteristic, 84
Euler number, 80, 82, 83, 85, 86, 93, 94,

96, 97, 101, 114
European painting, 220
exponential, 40
extraction of a connected component,

116
extraction of Skeleton 1, 172
extraction of Skeleton 2, 173

face element, 79
face Euler number, 81
false branch, 134
figure, 32, 73, 116, 194
figure dilation, 55, 56
figure erosion, 56
filtering, 45, 49
finally preservation voxel, 126
finally preserved voxel, 124–126, 128,

134, 143, 198
first-order derivative, 58
first fundamental form, 67
fixed neighborhood (6, 18, 26-

neighborhood) DT sequential
type, 155

fixed neighborhood (6, 18, or 26-
neighborhood) RDT (sequential
type), 167

fixed neighborhood distance transfor-
mation, 145

fixed neighborhood DT, 161, 167, 169,
171

fixed neighborhood path, 104
fixed neighborhood RDT - parallel type,

168
fly-through, 242
forward raster, 45
forward scan, 163, 167
Fourier transform, 42
frame, 73, 116
front-to-back algorithm, 235

Gauss curvature, 69
Gaussian curvature, 66, 70
Gaussian distribution, 52
Gaussian filter, 49, 52
general form, 41
general form of an image operation, 41

genus, 80
global operation, 42
Gouraud shading, 226
gradient, 57
gradient shading, 240, 241
gray-tone connected component, 191,

194
gray-tone image, 23, 31, 32, 120
gray value, 22
gray weighted distance transformation,

191
greater than, 32
green, 222
GWDT, 191, 196, 199

handle, 76, 78, 81, 84
Hessian, 58
Heuckel operator, 66
hidden surface problem, 221
hole, 76, 84, 120, 126
hole index, 82, 92, 93
homology class, 78

idempotent, 40
identity operator, 33
image, 21, 22, 32
image cells, 22
image density, 22
image elements, 22
image operation, 31, 32
image plane, 219, 230
image plane coordinate system, 218
image space, 32
imaginary 3D space, 218
incident, 225
incident angle, 224
incident light, 224, 225
index of reflection, 224
integration, 60
integration of element filters, 60
intensity, 22
interaction among light and objects,

230
interior point, 89
interior voxel, 84, 89, 90
interpolation, 214
inverse, 33
inverse operator, 36
irradiation by parallel rays, 224
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irradiation from a point source, 224
isolated voxel, 117
isolating voxel, 90
iterative operation, 33, 46

juxtaposition, 65

k-dimensional simplex, 80
k-simplex, 80, 93
k-th order statistics, 50, 53
knot, 78, 182, 183
knotted, 184
knotted knot, 184, 186

label, 77
label image, 117, 173
labeling, 77, 81, 114, 116, 117, 189
labeling of connected component, 116
Laplacian, 51, 58, 63
Laplacian-Gaussian, 66
larger than, 32
larger than or equal to, 32
lattice, 25
law of the incident and reflected light,

224
left distributive law, 38, 39
length, 103, 105, 183
length of a path, 103
length of the minimal path, 105
less than, 32
level, 30
light and dark, 222
light and darkness, 223
light source, 218, 227, 230
linear connecting point, 89
linear edge point, 89
linear figure, 115
linear filter, 51
linear interpolation, 214
line detection type, 60
line element, 89
line figure, 26, 121
link, 182
linkage, 78
list manipulation, 135
local function, 49
local linear function, 51
local maximum filter, 38
local minimum filter, 38

local operation, 41
local parallel operation, 45
local pattern, 86, 87, 101
local pattern matching, 50, 92, 101
local statistics filter, 50, 51
local template matching, 50, 97
logarithmic, 40
logical difference, 35
logical negation, 125
logical product, 35
logical sum, 35
luminous intensity, 224

m-connected, 177
m-connected, 177
m-connected component, 113, 177, 179
m-connected path, 103
m-connectivity, 113
m-connectivity, 113, 125, 128
m-deletable, 82, 84
m-neighborhood, 113
m-neighborhood, 105, 114
magnetic resonance imaging, 25
main cycle, 125
marching cubes algorithm, 87, 211, 212
mask, 51, 55
mask function, 55
mask operation, 45
mask processing, 49
mass detection type, 60
massive figure, 115
max, 35
maximum, 50
maximum filter, 53, 54, 169
maximum gradient, 57
maximum intensity projection, 217, 240
mean curvature, 68–70
mean vector, 52
medial surface/axis thinning, 144
medial surface extraction, 121
median, 50, 52
median filter, 50, 52
min, 35
minimality, 160
minimal path, 103, 104, 107, 192, 196
minimum, 50
minimum crossing point number, 183
minimum figure, 114
minimum filter, 53, 54, 153, 193
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MIP, 217, 240
mirror, 224
model, 211
modeling, 22
model of reflection, 228
monotonic, 38
monotonicity, 38
monotonic operator, 38
morphological filter, 50, 54
morphological operation, 50, 55
morphological operations, 55
MRI, 25
multiplanar reconstruction, 215
multiple point, 183
multiplication, 35, 40
multiply connected, 76
multiply connected component, 118

n-dimensional DT, 153
n-fold point, 183
n-th power, 36
n-th power of the operator, 36
negation, 40
neighborhood, 41, 49, 73
neighborhood logic, 45
neighborhood sequence, 107, 108
net, 210
nodule, 56
nodule detection, 56
nonphotorealistic rendering, 231
nonrecursive filter, 66
nonseparating cut, 78
nontrivial knot, 186
normal curvature, 67
normal distribution, 52
normal projection, 219
normal vector, 225

object, 230
occlusion, 237
octagonal, 107
omnidirectional-type, 60
omnidirectionalization, 60
one-dimension, 78
one-layer thinning, 124
opacity, 232, 237, 239
opening, 54
operation among image operations, 33
operations among image operations, 36

operator space, 33
optical property, 230
order statistics filter, 53
ordinary type, 146
origami, 210
orthogonal projection, 210, 219, 220
orthogonal projection in three direction,

210
outside surface, 78

painting, 220
parallel algorithm, 116, 147
parallel composition, 33, 36, 39, 40
parallelepiped, 220
parallelepiped voxel, 151
parallelogram patch, 211
parallel operation, 42
parallel projection, 219
parallel type, 136, 153
parallel type algorithm, 137
partial derivative, 58
partial thinning, 124
path, 103, 191
path extension method, 147
path extension type, 146
pattern matching, 98, 101, 102, 123
perspective painting, 220
perspective projection, 219
PET, 25
Phong shading, 227
photorealistic rendering, 218, 225, 229,

230
piecewise linear expression, 222
pixels, 22
planar figure, 115
plane point, 89
point, 32, 78
point operator, 39
point source, 224
pointwise operation, 34, 36
polar coordinate system, 57
polygon model, 211, 214, 225
polyhedron, 210
position invariant, 40
position invariant processing, 49
position of eye, 230
positron emission CT, 25
power, 40
preserve topology, 81
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principal curvature, 66, 67, 69, 70
prismoid, 220
procedure-dependent rule, 69
procedure-independent rule, 69
profile, 29
projection, 29–31, 209, 216, 218, 219
projection graph, 101–103
projection plane, 216
pseudo-Boolean, 92
pseudo-Boolean equation, 102
pseudo-Boolean expression, 97, 101

quantization, 22, 23

range, 33, 50
range filter, 50
raster scan, 45, 125, 179
ray, 218, 231
ray casting, 218, 222, 227, 228
ray tracing, 227–229
real world, 218
reconstruction pitch, 214
recursive filter, 66
red, 222
reflectance, 224
reflected image, 228
reflected light, 224, 225
reflection, 223
reflection by surface, 223
reflection image, 229
reflection of the object, 227
reflective law, 76, 106
reflectivity, 22
region-based segmentation, 69
region expansion, 69
region growing, 69, 71
region merging, 69
regular projection, 183
Reidemeister transformation, 183
relations between image operators, 34
rendering, 211
rendering surface, 222
rendering volume densities, 239
requirements of thinning, 122
requirements to thinning of a gray-tone

image, 195
restorability, 160, 172
restoration, 116, 167
restoration of a border surface, 181

restoration of a figure, 181
restoration of inner voxels, 181
reverse distance transformation, 161,

173
reverse Euclidean squared distance

transformation, 162
reverse squared distance transformation,

161
reverse squared Euclidean distance

transformation parallel type, 166
ridge-like, 196
ridge line, 194
ridgeline, 195, 203
ridge line extraction, 196
ridgeline extraction, 203
ridge line extraction tracing type, 205
ridgeline following, 203
ridge surface, 206
ridge voxel, 203
right distributive law, 35, 38
rotational difference filter, 62
rotationary type, 61
RSDT, 161

saddle ridge, 206
sampling, 22
sampling function, 214
sampling points, 22
scan mode, 156
scanning mode, 157
second-order derivative, 58
second fundamental form, 67
section, 218
segmentation, 56
semipositive image, 32
separability of filter, 66
sequential algorithm, 116, 123, 198
sequential operation, 42
sequential type, 119, 199
serial composition, 33, 36, 39, 40, 116
set sum, 79
set sum of simplexes, 79
shading, 222, 225
shape, 115
shape feature, 67, 146, 191, 194
shape of a figure, 115
shaving, 124
shift-invariant operator, 40
shift invariance, 40
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shift invariant, 40
shift invariant local operation, 45
shift operator, 39
shortest distance, 115
shrinking, 85, 117–119, 124
shrinking algorithm, 124
shrinking of a knot, 184
shrunk skeleton, 119
similarity measure, 50
simple arc, 27
simple difference filter, 61
simple digital curve, 27
simple point, 85
simplex, 78, 81, 87, 93, 95
simplex counting, 95
simplicial decomposition, 79
simply connected, 76
simply connected component, 117, 120
simply connected figure, 120
simulation of surgical operations, 182
size of an image, 23
skeleton, 158–160
skeleton 1, 171
skeleton 2, 171
skeleton extraction, 174
skeleton image, 162, 163, 166, 172–174
skeletonization, 120, 144
skeleton with the distance k, 159
slice, 214
smaller than, 32
smaller than or equal to, 32
smoothed difference filter, 60
smoothing filter, 49–51
smooth shading, 225
spatial difference, 57
spatial difference filter, 50
spatial frequency domain, 66
specular reflection, 224
specular reflection index, 225
sphere shell, 120
spline, 214
spurious branch, 138, 142
squared distance transformation, 145
squared Euclidean distance, 111, 128
squared Euclidean distance transforma-

tion, 128, 130, 132, 135, 148, 150,
151

squared Euclidean DT image, 172, 173
squared RDT, 162

squared reverse distance transformation
image, 163, 166

square lattice, 22
stability, 195
stack, 179
starting condition, 204
starting point condition, 204
starting voxel pair, 179
state of a voxel, 196
structural element, 55
structure element, 54
subborder group type, 137
subcycle, 123–125
subfield type, 137
subspace, 194
substitution, 40
subtraction, 35, 40
surface, 221
surface/axis thinning, 121, 124, 143, 146
surface/axis thinning algorithm, 136
surface figure, 189
surface neighborhood, 177
surface rendering, 209, 215, 222, 238,

242
surface thinning, 119, 121, 124, 127,

128, 132, 138, 142
surface thinning accompanied by

squared Euclidean distance
transformation, 128

symmetric law, 76, 106

template, 50
template matching, 97
temporary preservation state, 135
tetrahedron, 78
thermogram, 22
thinning, 85, 120, 124, 195
thinning algorithm, 123, 124, 131
thinning based on ridgeline extraction,

196
thinning of a gray-tone image, 194, 197
thinning of a gray-tone image with

GWDT, 199
three-dimension, 78
thresholding, 40, 194
threshold value, 30
topological feature, 191
topology, 118
topology-preserving, 81
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topology preservation, 84, 85, 114, 121,
123, 138, 160

torus, 120
tracing type, 45
transitive law, 76
transmission coefficient, 22
triangle, 78
triangle law, 106
triangular lattice, 22
triangular patch, 211, 212
triangulation, 95
trivial knot, 184
two-dimension, 78
two-dimensional interior voxel, 91
type I algorithm, 119
type II algorithm, 119

ultrasound image, 22, 25
umbra, 31
unary operator, 33
uniform weight smoothing filter, 51
unknot, 184
unknotted, 184
unraveling, 215

valley-like, 196
valley line, 194
vanishing point, 220
variable neighborhood distance

transformation, 145, 153
variable neighborhood DT, 170
variable neighborhood minimal path,

104, 108
variable neighborhood path, 103, 107
variable neighborhood RDT, 169
variance, 50
view direction, 218, 242
view point, 218
viewpoint, 218, 219, 230, 242
viewpoint transformation, 220
view volume, 220
virtual 3D space, 218
virtual bronchoscopy, 241, 242

virtual colonoscopy, 241
virtual endoscopy, 215, 241
virtual light source, 223, 229
virtual space, 231
visualization, 209, 235
visualization of a 3D gray-tone image,

209
visualization of equidensity surface, 235
VNDT, 153
volume cell, 24
volume element, 79
volume Euler number, 81
volume rendering, 209, 231–233, 236,

238, 239, 242
Voronoi diagram, 187, 189
Voronoi division, 186
Voronoi division surface, 189
Voronoi polygon, 187
Voronoi region, 188
Voronoi tessellation, 186–188
voxel, 24, 32
voxel data, 211
voxel model, 211
voxel surface representation, 211

waveform, 56
weight, 192
weighted mask, 111
weighted maximum intensity projection,

217
weighted sum projection, 217
weight function, 55
weighting in distance function, 112
weight matrix, 51
weight of a path, 192
width-first search, 179
world coordinate system, 218

X-ray CT, 25
X-ray image, 22

zero crossing, 66
zero dimension, 78
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